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1. Introduction

This research paper is devoted to finding the semi-analytical solutions of (2+1)-D and (3+1)-D
nonlinear fractional Schrodinger equations of the form:
iwf(Q) + aA’>w(Q) + a(Q)w(Q) — Blw|*w(Q) = 0, (1)

with initial condition w(€,0) = wy(Q) and i? = —1. Here, Q is either (x,y) or (x,v,z), a,f are
constants and « is a function of variables x, y and z.

Elzaki integral transform has been introduced in [1] for solving differential equations. In [2], various
applications of Elzaki transform had been used for solving several mathematical models in the PDE
(Partial Differential Equations) form. In [3], the authors have presented a comparison study between
Laplace and Elzaki transforms. For solving various differential equations, a new transform called
Sumudu transform-based technique had been utilized in [4]. A brief discussion about integral
transform for solving differential equations had been represented in [5]. Homotopy analysis
approaches had been applied for solving generalized Benjamin-Bona-Mahony equation and fifth-order
KdV egns in [6-7]. Homotopy analysis addressed nonlinear issues in science and engineering [8]. A
comparison study has been presented in [9] for solving various differential equations. For this purpose,
Homotopy analysis method and Homotoy perturbation method have been used. In [10], fractional Kdv-
Burgers-Kuramoto egn had been solved with the help of Homotopy analysis approach. Homotopy
analysis [11] finds semi-analytical solutions for nonlinear fractional differential equations. Linear
along with nonlinear fractional diffusion- wave eqgns had been solved by using Homotopy analysis
approach in [12]. In [13], homotopy analysis solves linear and nonlinear Schrodinger equations. To
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solve heat radiation equations, Homotopy analysis was devised [14]. 2D Schrodinger eqns were solved
utilizing a compact boundary value approach [18]. In [19], decomposition solves cubic Schrodinger
equations.

This research paper is constituted as follows: Section 2 consists of the basic definitions of fractional
calculus and the basic properties of the Elzaki transform. “Homotopy analysis approach has been
discussed in Section 3. The suggested scheme on the basis of the combination of Homotopy analysis
as well as the Elzaki transform approach for solving (2+1)-D and (3+1)-D nonlinear fractional
Schrodinger equations in Section 4. Test experiments have been performed to solve nonlinear (2+1)-
D and (3+1)-D fractional” Schrodinger equations in Section 5. The conclusion has been discussed in
Section 6.

2. Basic Of Fractional Calculus And Elzaki Transform

This section covers fractional calculus basics.

Definition 2.1. A real function h(t) e C,, t >0, u e Rifa1q € R;(q > ), s.t h(t) = tIm(t),

where m(t) € C[0,0) & h(t) € C}} ifh™ € C,,neN.

Definition 2.2. The Caputo fractional derivative of h(7) is written as:
T
ﬁh(r) = jn-o a—nh(r) = _t f(r — Q)" p(Q)dQ
oT« ot I'n—a) ’
0

where h € C*,n—1 < a <n,n € N,7 > 0. Here, ;7 is Caputo derivative operator & I' as Gamma
function.

Definition 2.3.The function g, (t) Elzaki transform has been expressed as:

(o]

E{g.(0)} = vJ gl(t).e_%dt, t>0
0

Definition 2.4. For 2 parameters a & b, the Mittag-Leffler function is defined as:

o] TTl
Eap(@) = Z)—F(an 5 wb>0
n=

SOME BASIC PROPERTIES

. The Caputo fractional derivative Elzaki transform is:
n—1
¢ E{h(7)}
{6‘[“ h(T)} = ;v hk0), n-1<k<n

o Below are the Elzaki transformations of certain partial derivatives:

Q) E|nfn] =" v f@0),
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D) E[Sf00]=SEF@ O]~ f(x,0) - v.2 @0,
0 E|nfG0]= B0
) E[fen] = EEf 0L

. The Elzaki transform of certain functions is provided in the list:
E(1) = v?, E(t) = v3, E(t") = nlv"t?,
2 Cl’l]3
E aty — ) E(si )= —
o 1—av (sinat) 1+ a?v?

3. Homotopy Analysis Method [15-17]
Take into account the subsequent nonlinear differential equation
N[w(Q,1)] =0 ()

Where w(£, t) as an unknown function, N as a nonlinear operator, and Q may be {x, y} or {x,y, z}.
The variables x,y,z, andt as the temporal and spatial independent variables, correspondingly.
Utilizing the classical Homotopy method “(invented by Liao)

(1 -p)L[pQ,t;p) —wo(Q,t)] = phN[p(Q,t;p)] (3)

Where h is a nonzero auxiliary parameter, p € [0,1] is an embedding parameter, L is an auxiliary
linear operator, ¢ ( Q, t; p) as an unknown function and w,(Q,t) isasw(Q,t) initial guess . If p =
0 & p =1,itholds

p(Q,t;0) = wy(Q,t),
and
e(Q,t;1) =w(Q,t)

Therefore as p rises from 0-1, solution @( Q,t;p) which has been differs from the initial guess
wo(Q, t) to solution w(Q, t). Expanding ¢( Q,t; p) n Taylor series regarding p , then we have

P(0,6p) = wo( D)+ ) W (20" “
m=1
Where,
1 0"p(Q,t;p)
p=0

If the auxiliary linear operator, auxiliary parameter 4, initial guess, and auxiliary function which have
been appropriately selected, then the series (4) converges at p = 1 and we get

w(Q,t) = wo(Q,0) + z W (1), (5)
m=1
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This should be a valid solution to the original nonlinear eqn. The governing eqn could be derived from
the 0-order deformation egn (3) based on definition (5).

Define the vector
wy, = {(wo(Q,t), w;(Q, ), w,(Q, t) e oo .. Wy, (Q, 1)}

Differentiating the zero- order deformation eqn (3), m —times regarding embedding parameter p. After
that putting p = 0 and then dividing it with m!, then the mth-order deformation eqn is:

L [wn(Q,t) — xm Wm—1 (Q, )] = h Ry, [Wm-1 «Q, t)]
where

1 M N[p@tp)
m—1! opm-1

Ry (Wm-1) =

and

_{0, m<1
Xm = 1, m>1

4. Elzaki Transform Homotopy Analysis Method
Rewrite” Equation (1) as:
wi(Q) = i{aA?w(Q) + a(Qw(Q) — fw?w}.
Taking Elzaki transform both sides, we obtain
EwZ(Q)} = iE{aA’>w(Q) + a(Q)w(Q) — w?w}].
Using applications of Elzaki transform as well as an initial condition, we obtain
E{w(Q, )} = v2wy(Q) + v¥iE{aA’*w(Q) + Yp(Q)w(Q) — fw?w}.
Taking the nonlinear part as:
Rlp(Q t;p)] = E(p) — v*wo(Q) — v*iE{ad’p(Q) + P(Q)p(Q) — Be*F).
We formulate the zero-order deformation eqn under the given assumption. H(x,y, z,t) = 1, we have
(1 -p)E{p(Q,t) —wo(Q, 1)} = phR[p(Q,t; p)].
Whenp =0 &p =1, we get,

{qo(ﬂ, t; 0) = wo(,0)
P(Q,t;1) = w(Q,0).

Hence, we obtain the eqn of deformation of order m.
E{wyn (Q, 1) = XmWin—1(Q, 0)} = ARy (Wi 1 (Q, 1)).
Inverse Elzaki transforms both sides, we obtain,
Wm(ﬂi t) - mem—l('Q' t) = E_l{hRm(Wm—l('Qi t))}

From the above Eqon, we get

https://internationalpubls.com 308



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 6s (2024)
wi(Q,t) = —E7H{R, (wo(Q, 1))},
w,(Q,0) = wy(Q,t) — ETYR, (Wi (Q, 1))},

W3 (.Q., t) =W (.Q., t) - E_l{RS (W;(Q‘r t))}'

Therefore, the solution is:

w(Q,t) = wy +wy +wy + -

5. Test examples:

In “this Section, we will perform some test examples to find semi-analytical solutions of nonlinear
fractional (2+1)-D and (3+1)-D nonlinear fractional” Schrodinger equations.

Example 1: Consider the (3+1)-D fractional nonlinear Schrodinger egn of form
IWE + Wy + Wyy + Wy, + 4|lw|?w =0, (6)

with initial condition w(x, y, z, 0) = e!®*Y*2)_ The problem (a = 1)the exact solution is:

w(x,y,z,t) = elxty+z+)
Rewrite the given problem as:
iwd = —(Wyy + Wy, + Wy, + 4W?W),
It implies
Wi = i(Wax + Wyy + Wy, + 4WW) (7)

Taking Elzaki transform to both the sides of Eqn (7), we get,

E[wf] = E[i(Wyx + wyy + Wy, + 4w?w)]

This implies
n—1
Elw(x,y, zt)] = Z vit2w@(x,y,2,0) + VEE [wyy + Wyy + Wy, + 4w?w]
i=0

After applying initial conditions, we get
Ew(x,y,z,t)] = v2.e' 0D 4 9% E[wyy + wyy + wy, + 4w?i]
Or
Ew(x,y,2,0)] — v2. e+ —p&E[w, + wy, + w,, + 4w?w] =0
The nonlinear component is defined as:
(VD — v B[y + @yy + Pz +40°P]  (8)

We formulate the zero-order deformation eqn under the given assumption H(x,y,z,t) = 1, we “have

Rlo(x,y,2,t;p)] = E[p] —v*.e
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(1 - p)E{(P(x»Y» Z, t) - Wo(x,ylZ, t)} = th[(p(x,y,Z, t; p)]
Whenp =0 & p = 1, we have

{(p(x, ¥,Z,t;0) = wy(x,y,2,0)
o, v,2,t1) =w(x,y,zt)

So, the mth-order deformation egn

E{Wm(xf Yz, t) - mem—l(x' Yz, t)} = hRm (Wm—l(x' Y,z t)) (9)
By inverse Elzaki transform both sides, we obtain
Wm(xr Yz, t) - Xme—l(xi Yz, t) = E_l{hRm(Wm—l(x' Yz, t))} (10)

From Equation (10) (Taking h = —1), we obtain
wy(x,7,2,t) = —E"YRy(We(x,y,2,1))},
w, (X, Yz, t) = Wl(xi Yz, t) - E_l{RZ (Wl)(xﬂ Yz, t))}'

w3 (x,v,2,t) = wy(x,v,2,t) — ETY{R; (W5 (x,y,2,1))},

Where,”
Rl(Wo)(x; Yz, t)) = E[w,] — v2. elxty+z) VaiE[(Wo)xx + (Wo)yy + (Wo)zz + 4W02W_0]'
R,(Wi(x,y,2,t)) = E[wy] — v¥E[(W1)xx + W1)yy + (W), + 4w Wy + 8wWow, |,
Rs(W;(x,y,2,1)) = E[w,]

—VUE[(Wp) xx + (W2)yy + (W2, + 4w W, + 8woWiw, + BwoWow, + 4Wow, 2],

After simplifications, we obtain
Rl(WO)(x; Y, Z, t)) = —1. v“+zei(x+y+z),
Ry(Wi(x, y,2,t)) = e' ¥+ (jp*? 4 p*3),

R3 (WZ)(X, y, 2, t)) — ei(x+y+z){_va+3 _ iv“+4},

Therefore,
a .
wy (x, v, Z, t)=1i ol el(x+y+z)'
tO_’+1 '
wo(x,y,2,t) = i? mel(’fﬂHz)’
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ta+2

(a+2)!

W3 (x, y,Z, t) — i3 i(x+y+z),

For ¢ = 1, the solution is:
w(x,y,z,t) =wg+wy +wy +ws + -
Or

(it)?
2!

w(x,y,z,t) = e!*+y+2) {1 + (it) +

w (Real Part)

/,/;;;;’;:;;(r;? % /1’% 7

1 - g Vi

7 o \ W/;{%Wﬂ;;{% \ \\\\\\\“@\\1\“&\\\%%%;{%%%/ TN
g N NN

2 o5 \ 4{/?%"%%”’%, \\S?\\\\ \\\\\ \4/%/%%///];&//%#

Figure 1: Physical behavior of solutions of real part for z = 2 and t = 0.5

w(lmaginary part)

w (Imaginary part)

Figure 2: Physical behavior of solutions of imaginary part for z = 2 and t = 0.5
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w (Real part)

S

Figure 3: Physical behavior of solutions of real part forz = 10 and t = 2

w( Imaginary part)

A
i

w (Imaginary par)

0.5+ -

i,

i
L
N\

Figure 4: Physical behavior of solutions of imaginary part for z = 10 and t = 2

Figures 1 & 2 show the real & the imaginary part solutions' physical behavior of Example 1 at z = 2,
t = 0.5 respectively. Figures 3 & 4 show the real & the imaginary part solution's physical behavior
of Example 1 at z = 10, t = 2 respectively.

Example 2: Consider the (2+1)-D fractional nonlinear Schrodinger egn of the form
o 1 1 s 02 s 02 2 11
iwg' = =2 Wyx — 7 Wyy — wsin“x sin y + |w|“w, (11D

with initial “condition w(x, y, z, 0) = sin x siny. The exact solution to the problem (a = 1) is:

w(x,y,t) = e"/2sinxsiny
Rewrite the given problem as:
(1 . . _
wf =i (Z Wix +7Wyy + wsin?x sin?y — sz) (12)

Taking Elzaki transform to both sides of Eqn (12), we obtain

E a =FEli 1 1 P2 P2 27
Wil = LZWxx+ZWyy+W5m X sin‘y — w*w

This implies
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-1
E _n i+2,,,0) 0 ag 1 1 i 2 i 2 27
w(x,y,t)] = v ew(x,y,0) + v¥i wax+zwyy+wsm x sin‘y — w*w
i=0
After applying initial conditions, we obtain
E _ 2 . . a.E 1 1 . 2 . 2 2_
w(x,y,t)] = v°.sinxsiny + v%i 7 Wax +Zwyy + wsin“x sin“y — w*w

Or

1 1
E[w(x,y, t)] — v%.sinxsiny — v*iE [Z Wix +7Wyy + wsin?x sin?y — WZW] =0

The nonlinear component is:

1 1
Rlo(x,v,t;p)] = E[p] — v%.sinxsiny — v*iE [Z Prx + 7Py + @sin?x sin?y — (pzcﬁ] (13)

We build the zero-order deformation egn with the assumption H(x,y,t) = 1,
(1 -p)E{e(x,y,t) —wo(x,y,6)} = phR[@(x, . t; )]
Whenp=0& p =1, we get

{<p(x, y,t;0) = wy(x,y,0)
px,y,t1) =w(xy,t)

Therefore, the mth-order deformation eqn

E{wm(x,,8) = XmWm-1(%, ¥, 1)} = hRy (W1 (x, ¥, 1)) (14)
Inverse Elzaki transforms both sides and gives
Wm (x, Y t) — Xme—l(x: Y, t) = E_l{hRm(Wm—l(x' Y, t))} (15)

From Equation (15) (Taking h = —1), we obtain
1241 (x' Y t) = _E_I{Rl(WO)(x' Y t))}'
Wy (xl .'V; t) =Ww; (x) y, t) - E_l{RZ (Wl)(xl }"’ t))}l

W3 (xP Yy, t) =Ww; (x) Y, t) - E_l{R3 (WZ)(-X‘: Y, t))};
where
Ry (wg(x,y,t)) = E[wy] — v2.sinxsiny
1 1 . . __
—v%E [Z (Wo)xx + 7 (Wo)yy + Wosin®x sin®y — WOZWO],

_ 1 1 . . __ __
Ry(wi(x,y,t)) = E[w;] — v%E [Z (W1)x + 7 (W1)yy + wysin®x sin®y — wy?w; — 2W0W0W1],

R3 (Wi(x! YV t)) = E[WZ]
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1 1
—v%E 7 (W) yx + 7 (W2)yy + wysin?x sin®y — wow, — 2woWwiw, — 2woWow, — Wow, % |,

After simplifications, we obtain

R (wg(x,y,t)) = i.v**2sinxsiny,

[ 1
Ry(wi(x,y,t)) = sinxsiny (— Ev“” +7 v“+3>,

1 [
Rs(W5(x,y,t)) = sinxsiny {— Zv“” - gv‘”“},

Therefore,

)

wi(x,y,z,t) =—i —lsinx siny,
a

iz (t/z)a+1

wy(x,y,z,t) = msinxsin Yy,
t a+2

wi(x,y,2,t) = —i3(/Lsinxsiny,
(a+2)!

For ¢ = 1, the solution” is:
w(x,y,z,t) =wog +wy +wy +ws + -
Or

i )
w(x,y,z,t) =sinxsiny 1+<—)+—+--- = e /2sinxsiny

which is totally equal to the exact solution.
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w (Imaginary part)

w (real part)
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w (Real part)

Figure 5: Physical behavior of real part solution at t = 0.5

Figure 6: Physical behavior of imaginary part solution at t = 0.5
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Figure 7: Physical behavior of the solution of real partat t = 2
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w (Imaginary part)
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Figure 8: Physical behavior of the solution of imaginary partat t = 2

Figures 5 & 6 show the real & imaginary part solutions physical behavior of Example 2 at t = 0.5
respectively. Figures 7 & 8 show the real & imaginary part solutions physical behavior of Example 2
at t = 2 respectively.

6. Conclusion

The numerical data suggests that the Elzaki transform-based Homotopy analysis technique provides
accurate solutions for solving (2+1)-D and (3+1)-D nonlinear fractional Schrodinger egns. In the
future, this approach will be valid for various applications of sciences and engineering.
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