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Abstract:

In this article, a Cauchy problem for a fuzzy q-fractional differential equation of order a has
been considered.The results for generalized Hukuhara g-differentiablity of a fuzzy function
are established. This work has led to the study of existence and uniqueness of the fuzzy
function with Caputo Hukuhara g-differentiability and generalized Banach fixed point

theorem. A crucial qualitative property of the differential equation, which is continuous
dependence on initial conditions and the functions involved is analysed. An illustrative
example is given which ensures the result.
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1 Introduction

The generalized form of differential equations is termed as fractional differential equations (FDE),
which emerged as an application of fractional calculus. FDE engages as an important tool to perform
many physical phenomena which includes viscoelasticity, control theory of dynamical systems, optics
and signal processing etc. FDE attracted many scientists and mathematicians. The existence theory of
fractional differential equations of nonlinear type finds its consistent study by many researchers.

In recent years, Cauchy problem for nonlinear FDE has become the most interesting field to study the
existence, uniqueness, long time behavior etc. Fixed point theory has created extensive interest in the
researchers to utilize it for the existence of solution of the fractional differential equation. Fractional
derivative is derived mostly by two operators Riemann-Liouville and Caputo operators. But the Caputo
operator has advantages for initial value problems.

The core attention towards the analysis of existence and uniqueness of the solution of the FDEs is
prolific to study. In particular, the study of the existence of solution to Fuzzy Fractional Differential
Equation is quite interesting. In addition, fixed point theory is an inevitable tool to study the existence
and uniqueness of some mathematical models, which has been studied since many decades. Research
is progressing extensively to study the Cauchy problems, with the utilization of fixed point theory
approach.

Further, the study of uncertainty becomes the most interesting study in these days. Also the dynamics
itself is uncertain due to its dependence on time. Basically, the proposed ideas are a generalisation of
the theory and solution of fuzzy differential equations . However, the authors considered fuzzy
fractional differential equations under the Riemann-Liouville H-derivative[4]. Again, it requires a
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quantity of fractional H-derivative of an unknown solution at the fuzzy initial point. Also, the g-
calculus appears to be the connection between mathematics and physics. It has several applications in
the areas like quantum theory, hypo geometric functions and electronics[1, 3, 8, 9]. Z.Noeiaghdam
et.al and Obaidat et.al [6, 7] study the existence of g-fractional differential equations with uncertainty.
The existence of solution of a fractional g-integro differential equation with g-nonlocal condition has
been examined by Ibrahim et.al [5]. Z.Noeiaghdam et.al analysed the fuzzy g-derivative and fuzzy g-
fractional derivative in Caputo sense and used generalized Hukuhara difference. Fuzzy g-fractional
differential equation solving creates strenuous attention to the researchers [8]. Motivated by those, this
work studies the existence of integro differential equations

“D¥(p(1) = 2p(1) + f (7, $(1), G (1), SP(1)), (1.1)

¢(10) = ¢ (1.2)
where

Gp(0) = [ K(z,5)p(s)ds, X € C[D,R*],

where D ={(1,s) ER%:0<s <t <T}

So(1) = f:oﬂ-[(r, s)p(s)ds, H € C[D,, R*],

where D, = {(1,s) ER%:0<1,5s <T}

where 0 < a < 1,7 € [7y, T] A isaconstantand f: T, X Ry X Rg X Rg = R are continuous and
f(r,p(1),Gp(7),SPp (7)) satisfies the following condition

HDIf (@, ¢,.G9,5¢) — f(@ ¥, G, Pl < L[ — ¢ll + lIGu — Gvl| + [ISu — Svl]
with 0 < £ < 1.
2 Preliminaries
2.1 Basic Fuzzy Concepts

Definition 2.1 [2] Let R be the set of all fuzzy valued functions. Let ¢: R — [0,1] be satisfying the
following conditions.

1. ¢ isupper semi-continuous on R

2. ¢ is fuzzy convex

3. ¢ isnormal

4. Closure of {t € Rg|¢p(t) > 0} is compact.
Let Ry be the space of above said fuzzy numbers.

Also, for 0 <r < 1, denote ¢(r) = {t € R"*|¢p(t) > r}, which is known as the r-level set, which is
closed for all » € [0,1]. In R, for arbitrary ¢,y € Ry and a scalar k, define the following binary
operations, namely, addition and scalar multiplication, respectively.
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Addition:
(@D PI() =d() +y(r)

Scalar multiplication:
(kO () = (k$p(), k(). k =0

(k@ $)(r) = (Kp(r), kp(r)), k <0
2.2 Hukuhara Difference

We utilise Hukuhara difference from [?], for ¢,y € Ry, as follows.
e, ¢ =y + w,if we R
Then w is called as the Hukuhara difference of ¢ and .

Also, the generalized Hukuhara difference, denoted as ;H in short, is also defined as,

o (=P o
50t =0 = {1

It is obvious that (i) and (ii) are true, if and only if w is a crisp number.

2.3 ¢ Calculus

The usual derivative of a function 'f ()’ isdefined as lim £(x) "/ (xo) (Ti_’; o) Now we can study g-derivative
— —to
T

of f. For that, we use the following definitions from [?]. Let T, be the time scale, for 0 < q < 1.
T, ={q™:n € Z} U {0}
T," = {g**™:n € Z} U {0}

Consider an arbitrary function f: T, - R.

Its g-differential is
dof () = f(2) — f(a7)

Then the g-derivative of f is given by,

f(T) _ f@™—f(0)
Qf( ) = - (1-q)T , TE Tq - {0}

The g-gamma function denoted by T, (.) can be defined as,

I (a )_(1 W GeR-{0}UZ 0<q<1,

)a 1’

which is satisfied in the following relation

(1-9)*
L+ 1) = ~==T (@)

[((@)=1, a>0
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Definition 2.2 [6] Let for &« > 0, f(7) isa g-integrable function, the fractional g-integral of order

« is defined by,

1
[y (a)
Definition 2.3 [6] For an arbitrary fuzzy valued function f: T, — R, the g-differential by ,H
difference is jHd,f (1) = f(7) egH f(q). If JHd,f(7) = f(7) egH f(qt) exists, the fuzzy
generalized Hukuhara g-derivative of f is defined by,

JHAf(@) @O fa)
dt 1-qt

JEF (1) = f (T = 45)& £ (5)dys

FD.f(7) = 7 € T, — {0}

Definition 2.4 [6] Let f: T, — Ry be a g-integrable function. The fuzzy g-fractional integral of
order a for f is defined by,

1
(@)

Definition 2.5 [6] Let vm, {D™f be continuous and g-integrable functions in T,. The fuzzy
Caputo g-fractional derivative of order a of fuzzy valued function is defined,

FCDaf(t) F Im a(FDmf)(T)

FIaf(r) = f (= 49)% O f(s)d,s

where m—1<a<m, meN, t>a.

Definition 2.6 [6] For 0 < a < 1, the fuzzy Caputo qg-fractional ,H derivative will be,

§Df () =4 Iz~ * ("D ) (1) = O f (r — as)g* Og Df (s)d,

I[((1-a)
for T > a.

Definition 2.7 [7] For a fuzzy valued function f(7), where t € T,

the Caputo g-integral of order « is

JEf @ = o @ = )i (s

Definition 2.8 [6] For a fuzzy valued function f(7), where 7 € T,,

m-—1 _ k
JEEDYF@) = F() = Y D pre(q)
k

L T (k+ 1)

where m — 1 < a <m, m € N and for the special case 0 < a < 1,

JEGEDYF@) = (D) - f(@)
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Definition 2.9 [6] Let f: T, — Ry be Caputo differentiable at ¢, € T,. We say that f is Caputo
[(i)—4H] differentiable at ¢,,

if (16D f (bo37) = | SuDf (b0i1).S 5 DF (d0; )|
and f is Caputo [(ii)—4H] differentiable at ¢,, if

@DSuDf ($oiT) = | SuDF (B0iT). S D*f (poim)| for 0 <7 <1

Definition 2.10 The function E,(a > 0) defined by

Ea(2) = kZO F(ka + 1)

is called Mittag-Leffler function of order a.

Lemma 2.1 Suppose that f: T, — Ry be a fuzzy valued functionand f is _, q-differentiable and
g-integrable in T, then for 0 < a < 1, then

JdEGEEDf () =f(@ O yu f(@)

Lemma 2.2 Let v: [ty, T] = [0, +0) be a real function and w(.) is a non negative, locally
integrable function on [z, T]. Assume that there is a constant a suchthat 0 < a < 1.

v(r) <w(r) + ajT (Tt — s) %v(s)ds.
0

Then, there exists a constant K = K(a) such that

v(r) S w(r) + KafT (t — )" *w(s)ds
0
forevery t € [t,, T].

We consider here the generalized Banach fixed point theorem, which is used to prove the existence
results.

Theorem 2.3 Let U be a nonempty closed subset of a Banach space B, and let a,, =0, n€ NuU
{03}, be a sequence such that Y'>°_, a,, converges. Moreover, let the mapping F: U — U satisfy the
inequality
IF"u — F™"v|| < apllu — vl
Vv n € N U {0}, and for every u,v € U. Then F has a uniquely defined fixed point u*.Furthermore,
the sequence {F™ug}n-, converges to the fixed point u* for every u, € U.

3 Results on Fuzzy g-fractional derivative by ,H difference

Let X be a nonempty closed subset of a R. Consider an arbitrary fuzzy valued function h: X - R,

where R is the set of all real numbers, and [h(7)], = [h(T; r),h(t;1)] is called as r-cut or
parametric form of the fuzzy valued function f.
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The results on Fuzzy q -fractional derivative by ,H difference of the fuzzy function

f(z,u(7), Gu(r),Su(r)) has been studied by Z.Noeiaghdam et.al in [?]. For an arbitrary fuzzy valued
function f: T, » R, g-differential by ,H difference is

dgn = f(® O u f(aT)
if f() © ,u f(q7) exists. Then the fuzzy generalized Hukuhara q derivative of f is defined by

dgu () O u f(aD)
Deaf 0 =45 = e

Lemma 3.1 The function f is ,H differentiable if and only if, f(z, $(7),Gd(7),S¢(7);7) and
f (1, d(1),Gd(1),SP(7)) are differentiable with respect to © fo;all r € [0,1] and
f'gH(T,¢(T),Q¢(T),5¢(T);r) =
|min (£ (z, (1), 66(2), 56(1); 1), F (1, (0), Gb (1), S$(1); 7)),

TeT,—0

q

max (£ (z, ¢ (2), 66(1), S$(1); 1), F (1, (1), Gb(1), S (2; 1) )|
Theorem 3.2 Let f: T, X Rg X Rg X Rg = Ry be a fuzzy valued function on J.
@If fis [(i)—gH] differentiable at ¢, € T,, then f is Caputo [(i)—gH] differentiable at ¢,
(b) If £ is [(ii)—gH] differentiable at ¢, € T,, then f is Caputo [(ii)—gH] differentiable at ¢,

Proof.

C D(f (z0, $(70), GB(70), S (T0)); 1) = I'"*(f) (To, $(20), G (T0), SP(70)); T)

[ 1 f1(T0,$(T0),GP(T0).SP(T0))iT)
f ds,
r-a)

(To—5)%

1 ff_'(To,¢(To),9¢(To)l5¢(To)):T) ds]
ri-a) (tg—9)%

= | 4D (70, (0), G (70, S (o)),

©uDF (10, $(20),G P(2), 59 (10))], 0<T<1

Therefore, f is [(i)—gH] Caputo differentiable. Similarly we can prove that f is [(ii)—gH]
Caputo differentiable.
4 Existence result for fuzzy g-fractional differential equations

Theorem 4.1 If the function f: T, X Ry X R X Ry = R is a continuous fuzzy valued function,

then the given equation (1.1) with the initial condition (1.2) is equivalent to the following integral
equation
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P O i b0 =175 O I, (1= 0 $()des + 5 O [} (1 =
as)“7f (s, 9(5), GP(5), SP(s))dqs (4.1)
Proof. Let ¢(7) be asolution of (1.1).
We claim that ¢(t) is also a solution of (4.1).
To assure that, let us consider,
(1) = A¢(7) + f(7, (1), G (1), $¢ (7).
Then we have, r(t) =¢ D%} (7).
Assume that here ¢ () is a monotone function for = € T,. Using Lemma (2.1), we have

1(° D) (¢(D) = ¢(¥) © ,u $(T0)

= ¢(1) O ,u do
Hence [*r(t) = ¢(7) egH b0

A T
¢(1) © ju po = @ ©) f (T—as)* 1p(s)d,s

q 0

T ( )
The necessary condition is satisfied.

Next, let us consider that ¢(7) is a monotone function for 7 € T,, such that (4.1) is satisfied.
Operating fuzzy Caputo oH derivative of order a, by employing Definition (2.5), on both the sides

of equation (4.1), we get
“DH(@() = A9 (1) + f (7, 9(1), G (T), Sp(7))

for T € T,. Now, this part is sufficient to prove the theorem.

Theorem 4.2 Let T, = 0 and let € = 0 be a constant such that 0 € [¢, — €, ¢ + €]. Assume that

[Ty X [¢o —€,¢o + €] X [Pg — €, P + €] X [Py — €, D0 + €] = [P — €, ¢ + €] satisfies the
condition (H1).

i T [(a+1)e ;c
o= mm q'[(6+|I¢OII)(A+L(1+K*+H*)+M] '

where M = Supcr, mlf(7,0,0,0)|. Then the cauchy problem for (1.1) has a unique solution
u: [0, k] = Ry.
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Proof. Define the set B = {¢ € C([1, k], Rp): d(T0) = Po, |l — doll < €}

Since ¢, € B, B is nonempty. Also, B is a closed, bounded and convex subset of Banach space
C([0, k], R).

On B, define an operator X by
2 _
Ko@) © g b0 = -5 O J;, (7 = a5)* 1 p(5)dgs

1

+ @ ) f; (T = g8)* 1 f (s, u(s), Gu(s), Su(s))d,s

Now, it needs to prove that K maps B to itself.

Considerany ¢ € B and 7 € [0, k].

[ %6 © 1 o <775 © [, T = a)* b ldes
+ = O 1 (0= @) (5 (50, G (5D, SB () s
<50 I (= @) LIP(S) — doll + ligolds
g © Joy @ = 007 ([I£ (s, B (5), Gus), Su(s)) -
£(s5,0,0,0)|)d,s
iz O J (0= a9 M If (5,0.0,0)lld,s

By the assumption (H1) and the definition of B for any t € [0, ],
P < l9(T) = Poll + llPoll < € + [l ol (4.2)

Consider,

1

o © ffo (T =) UIf (s, $(5), GP(5), SP(s)) — f(5,0,0,0)[Ddls

1
Fg(a)
L
Tq(a)

where max||Go|| = K* and max||S¢|| = H* Therefore,

||7€¢(T) O ,u ¢o|| <=0 [, (t=a)* (e + llgolDdys

<

O [; (= a)* LBl + GBIl + ISBIl]dgs

O[5 x—as)™ Mgl (1 + K" + H)dgs

A
Ty (o)

L T a—
5 O Jr, (7= a5) (e + llgo )
M

‘ _ a—-1

+

+
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_ (A+LA+K*+H"))(e+¢po)+M Tq(a) (T = 75)“
N T4(a) To(a+1) to

< (A+LA+K*+H"))(e+Po)+M Ty(a) ( )a
- [q(a) [q(a+1)

I
m

Hence K maps B to itself.

Next we consider that, for 0 < 7; <1, < K,

T

1K p (1) = Kp(r)ll < A © f’l (11— qs)* 1 p(s) dys — f ’ (t2 — 45)*1p(s) dys
Fq(a) To To
rqza) O] f:ol (11 — a)* 1 f (s, d(5), Gu(s), Su(s)) d,s

_ f:oz (T2 — as)* 1 f (s, d(5), Gp(s), SP(s)) dq5||

Consider
75 O I @ = 09719 ()dgs = [ (ra = a5) "1 p(5)ds|
< T 0 1 (= 09 = (5 = 4 DBl
+—=0 fh( —49)* Dlp(s)lld
f@ @ ), (e Ieelde
= Fq)(La) © f:ol ((T1 = as)*7t = (12 = 9)* D UIP(s) — doll + ol dgs
+- 0 7 (02— 41D U9() = foll + 9olDds
<O 7 (@ — a9 = (12— 49)% (e + Igoll)dys
i O L7 (12 = @) (e + gDy
< Metligol)
Iy(a)
Consider
] H L2 (11— a5)%7f (5, $(5), G (5), Sp(5)) g
fo(@ = [ (t2 = a5)“ 7 f (5,9 (5), GB (), SP())d,s

= rq;) O [ ((r1 = a5)*™ = (72 = a)“ D[ (5, ¢ (), G (5), Sp(s)) —
£(s,0,0,0)||dys

1 T _
i O L, (12 = 9) 7 1f (5,0,0,0)lld,s
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1

i © 22 (01 = 45)*7 " = (2 = a) DI f (5, 0(5), G(5), S (s)) —
£(s5,0,0,0)||dqys
i © I (12 = a9 £ (5,00,0)lldgs
L * * _ B
< D © 7 (- 450 = (12 = 09)° e + [dolDdys
M - —
+ Tq(@) @ f:: ((Tl - qs)a 1 (Tz - CIS)a l)qu
L * * _ B
D @ 72 (14 = 49)7 = (22 = 49)° (e + 1 goldes
M - —
+ Tg(a) © f: ((t1 = q8)¥ " = (12 — 45)* Nd,s
Then
||j€¢( ) _ :K(l)( )” < (A+L(1+K*+H*))(E+¢)o)+M @ le( (Tl — qs)a_l )d s
f IIl= Tg(a) To _(Tz _ qs)a—l q
(A+LA+K*+H*))(e+¢o)+M Ty _ a—1
+ Tq(a) @ le (TZ qs) qu
_ (A+LA+K"+H"))(e+po)+M _ « « _ —a
- [‘q(a) @ (Z(TZ Tl) + T TZ)

Hence K¢ is continuous.

Hence for any ¢ € B, we have K¢ € C([0, k], Ry) i.e. Kp(ty) = ¢ and || K¢ — ¢poll < €. This
concludes that K¢ € B whenever u € B. i.e. K¢ maps B into itself. The next step is to prove
that, for every n € N U {0}, and every ¢,y € B, we have

”¢ - 1/1”'7 € [O' K] (43)

[A+L(1+K*+H"]"
Fq(na+1)

K" = K™pll <

This can be seen by induction. For n = 0, the inequality (4.4) is trivially true. We assume that (4.4)
is true for n = m — 1 and prove it for n = m. By using definition of operator X', we have

17 () = K™ Pl < == O [T (= ) HH™ 1 p(s) — K™ Hp(s) s

Iq (o)

f(s,Km1P(s), K™ 1Gh(s), K™ 189 (s))
—f(s, KM (s), KM 1GY (), KIS (s))

1
Iy(a)

O [ @-"

q

For n =m — 1, we get

A (A+LA+K*+H*)™M~
[g(a) Fg((m-1Da+1)

K™ p(2) = KMp(D)l <

=l © [T (x = )% 5™ d, s

L(1+K*+H™)

+
Ty(a)

O [ (=) K™ 1P (s) — K™ p(s) s

(A+L) A+LA+K*+H*))™m 1
T Ty(@) Fy((m—-Da+1)

lp = ll © J] (x = )% s d,s
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_ [Q+L@A+K*+H )™
- [y(ma+1)

i — vl

which is our desired inequality (4.4). Hence we have

[A+L(A+K*+H*) k"
Fy(ma)+1

K" — K™l < i =l

By definition(2.10), we have

ZOO [(A+L(1+K*+H*)k*]™
n=0 Iq(na+1)

=EA+LA+K"+H"))K”*
We have proved that the operator K satisfies all the conditions of theorem (2.3) and hence £ has
a unique fixed point ¢: [0, k] —» R which is the solution of (1.1).
5 Continuous Dependence and Uniqueness of Solutions
Theorem 5.1 Suppose that the function f: T, X Rr X Rp X R = Rg. Let ¢4 () and ¢, (t) be the
solutions of equation,
“DP(r) = A9 (1) + f (T, $(1), G (1), S$ (1)), T € T, (5.1)
corresponding to ¢4(0) = ¢, and ¢,(0) = ¢ respectively.
Then

K(A+L(1+K*+H"))

62— ol < {1+ T} ligo - d5l. T € T,
To(@)

Let ¢;(r) and ¢,(r) be the solutions of equation (5.1) corresponding to ¢;(0) = ¢, and
¢2(0) = ¢§ respectively.

“D%p1 (1) = A1(T) + f (T, $1(1), G1(7), S$1(7)),

$1(0) = ¢y,
D%y (1) = A2 (7) + f (T, $2(2), GB2(7), S (7)),
7,(0) = ¢y

This implies that,

$.1(r) =¢ r( )C)f (T —qs)* 1y (s)dys +

qs)a—lf(s’ ¢)1 (S)' gd)l (S)' 5¢1 (S))qu

and

$2(7) = g + - (a) O Jy @—a)  p,(s)d,s +

(S)' gd)Z (S)' 5¢2(S))dq5
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Using the hypothesis (H1), for any t € [t,, T], we obtain

A

1919 = 6201 =l = i1l + - © | (=@ 416 = h2Oldgs

1

w5 @ Jo @09 f(s b1(5), G81(5),51(5)) -
f(s,$2(5), Gba(5), Sua(s))||dgs
< llpo = p5ll + KA+ LA +K +HN O [; (= a5)* o — Pilldes

+

_ B K(A+L(1+K*+H)")) T Na-1

= ligo - 3l {1 + LN @ [7 (7 5yt )
. K(A+L(1+K*+H)")) a}

< —

< ligo — gl {1 + DN e}

T € T,. This proves the uniqueness of the solution of (1.1).

6 Continuous Dependence on Functions involved and Parameters
Consider (1.1) and
‘DX (1) = Ax(¥) + £ (z, x (1), Gx (1), Sx (1)) (6.1)
x(0) = Xo,
where f:T; X Rp X Ry X Rp = Rp

Theorem 6.1 Suppose that f in (1.1) satisfies the hypothesis (H1). Let y(t) be a solution of
(6.1) and suppose that

If (0. x (0, Gx (0, Sx(©) = £ (@ x (0. Gx (), Syl s €, T€T,

and

[P0 = Poll <&

where €,8 > 0 are arbitrary small constants. Then the solution of ¢(7) of (1.1) depends
continuously on the functions involved therein.

Proof. Let ¢p(7) and y¥(t) be solutions of (1.1) and (6.1) respectively.
“DEP(r) = A (D) + f (T, $(7), GB(T), SP (1)), $(0) = ¢o
“DYY(x) = (@) + £ (1, (@), G (1), S¥(1)), Y (0) = 1,
This implies that,

A T
$®) = b + 75 O | @-9ds

To
1

L@

o f (T = 45) L1 (5, B (5), G (S), Sb())dys
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and

V() = o + ﬁ O [, (T =49 (s)dys

as) (s, (), G (), SP(5))dys

To

lp(@) =YDl < llpo - l/)ollw“m@f (r = as)* B (s) — P(s)lldys

as)“HIf (s, §(5), GB(5), SP(5)) —
fr(s,9(5), G (), SP(s))ldys

A
< llpo = oll + —

05)“ Y| (s, 9 (5), G (5), Sp(s)) —
f(5,9(5), G (s), S(s))||dgs
as)* | (5, 9(), Gy (s), S¥(s)) —
£ (s,(s), GP(s), Sp(s)) | dgs
< llgo = Yoll + 135 O J; (0 = as)* I (s) = W(s)lldys

YL =l + IGp — Gyl +
IS¢ — SYllld,s

gs)* d,s

A
< llpo — woll ++

as)* LA+ K"+ H)lp — Ylidgs

gs)* d,s
€ a A+L(A+K*+H") T _ a—1 _
<8+ o+ (M) 0 [ (- 4907 g~ wlldys

By Lemma (2.2),
€
() = pONl < 8+ 7+

T € T,. From the above inequality it comes to know that the solution ¢ (z) depends continuously on
the functions involved in the given FDE (1.1). If € = 0, the continuous dependence of solutions of
the inequality is on the initial conditions. Here it is noted that as €, 5 > 0 were arbitrary, by taking
€,6 > 0, we have ¢ - i, where ¢: T, - R and y: T, — Ry are the solutions of (1.1) and (6.1)
respectively.

K(A+L(1+K*+H*))6 A+L(1+K*+H*
(2 )8 a4 o AL ) r2a
Fy(a+1) Fq(2a+1)
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7

Ilustrative example

The incorporation of an illustrative example can serve as a powerful tool to amplify the overall impact
of the presented idea in the article. To accomplish the same, we provide an example to illustrate the
execution of our main result. We consider

T+1
11

“Dp(m)] =
$(0) =0

PO+ [ L p(s)ds + [} "= p(s)ds, T € [1,T](7.0)

(s+1+2)2

T+1

Define f(z,$,56,5¢) = “2u(m) += + f; s+ [} T e(s)ds

Clearly the function f and g continuous, since

169

If (7, ¢(2), G (1), S () — f (7. Y (D), GY (D), SY (Nl < o ll¢ — Y

Here by (1.2),weget £ = <,

264

Therefore by theorem(3.2) this problem has a unique solution.
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