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1. Introduction

As a generalization of metric space, the concept of partial metric space emphasized by Matthews [1]
in the year 1994.Recently, many fixed point theory researchers established fixed point theorems using
different contractions with different weaker conditions. The PME play an vital role in study of data
flows network and also theory of computation in the computer science. Some authors prove fixed point
theorems in PMS like, [2],[3],[4].[6], and [8].

In the metric space the notion of F-contraction proposed by Wardowski [5], which is generalization of
well known Banach contraction principle. Recently, Nazam M et.al, proved common fixed point
theorems using one and two self mappings concerning F-contraction in PMS [7].

On the other hand, Sessa initiated the notation of weakly commuting maps which generalized the
concept of commuting mappings consequently Jungck G, Rhoades B E [9] generalized this idea first
to compatible mappings and later to weakly compatible (shortly WC) mappings.

The aim of the research article is to establish existence of unique common fixed point theorem for four
self mappings through F -contraction using the idea of WC mappings in PMS.

Now we recall useful fundamental Definitions, Lemmas of PMS.

Definition 1.1[1]: A Partial metric on non-empty set X is a function :¥ x X — R* such that for all
A€ in X:

(PMS): P(A,)=PAw) =Puu) ©i=yu
(PMS,): P(ALA) <P W
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(PMS3): P(Au) =P, M)

(PMS,): P (Auw) <PAO+PE W —PES) .
The pair (X, P) is called partial metric space (briefly PMS) and P is a partial metric on X.
A mapping PS:: X x X - R*tisdefined by PS4, u) = 2P uw) —PAA) —P(u, 1)
is usual metric, where 2 is partial metric on X.

Example 1.2[2,3]: Suppose that X = R*U{ 0 }and we defined P (1, u) = max {1, u} VA, u €
X.Then (¥,P) is PMS but not (usual) metric space.

Definition 1.3[1]: Let (X, P) be a PMS. A sequence {1,.} € X convergesto A € X if and only if
P(4,24) = lim P(2,1,). Also cauchy sequence < lim P (A, A¢) exists finitely.

n—oo n,{—>0
Lemma 1.4 [1]: Let (X,P) be a PMS and then,

Q) {/’ln} is Cauchy sequence in (X,P) if and only if it is a cauchy in metric space (¥,P").
(i) (X, P) is complete PMS if and only if (X, P®) is complete. Moreover, lim ?S( A /1,7) =

7‘]—)00

0 P(2, 4) = limP (4 2,y) = Jim P (A 2¢) -

Lemmal.5 [4]: Assumethat 4, — £ asn — oo in (X,P) with P(&,&) = 0 then
lim P(4,, u) = P u) VYueEX

n—00

Lemma 1.6[4]: Let (X, P) be a PMS.

IfP (A u)=0thenA=p. (ii) ifA+#puthenP( A, u) > 0.

Definition 1.7[5]: A mapping F: R* —R is said to be F -contraction if it satisfying following
conditions

(F):if A, ueR*suchthat A < u = F(A) < F(u)

(F,): for each {a, },en € RY, 7}1—{23 a, = 0 if and only if %1_{130 F(ay) = —oo.

(F3) 3 real number 8 € (0,1) such that alirgl+ alF(a) = 0.

Notation 1.8[5]: We symbolize the collection of all functions which satisfy the above specified

constraints F, to F; by Az .

Definition 1.9[5]: A self mapping 2: X —X is said to F - contraction if there exists a ¢ > 0 such that
forall A, u € X, 4(UA, Uu) > 0 and we have T + F(d(UA, Aw)) < F(d (A, w)).

Example 1.10: Let F: R* — R be given by F(a) = log, a and satisfies F, to F5.Each mapping
A: X —>X is an F -contraction such that for all A, u € X, A # Uu,d (UL, Ap) < e *d(A, ).

Itis clear that A, u € X such that A4 = Up then (U, Aw) < e *d (A, u) also satisfying i.e. A is
Banach contraction.
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Example 1.11: Defined the complete PMS (X, P) by P (4, u) = max{A, u} and also complete
metric space (X,d) by d(4,u) = |A —u| forall A, u € X.
_ _ 2 ifAe[0,1)
Define mappings F : R* — R and F(a) = log, a and A by A(A) =1 2, then
2 is not a F -contraction in metric space certainly for 4 =1 and u =1/2,

d(AA, Aw) >0 and we have T + F (4 (UL, Aw)) < F(d(A, 1))

B (d (mm), 2% (%))) <F <d (19)

st+[i-2<|1-]
4 4 2
=>7T+ % < %Which is a contradiction for all T > 0.

Now if we studying in PMS (¥, P) we get,
T+ F(PULAW) < F(P A, 1)

ST+ F <:P (91(1),% (%))) <F (7’ (19)

=>T1t+F (max {%,i}) <F (max {1, %})
=>1t+F G) < F(1) which is true.

In similar manner our assertion is true for every other points in X.

Definition 1.12: Let a pair if self mappings fand g are defined on a set X is weakly compatible
(WC) ifa point A € X issuchthat {1 = g4 implies fg4 = gfA.

The aim of this paper is to develop a fixed point theorem for F — contraction in PMS (X, P) using
the notation of weakly compatibility.

In the next section we present our main result.

3.Main Results

Theorem 3.1: Let (X, P) be a complete PMS. Suppose that f, g, S and I: X—>X are four self
mappings satisfying

f(¥)= T(¥) and g (X) = S(X)

two pairs (f, ©) and (g, T) are WC mappings

f(X) or I(X)org (X)or &S(X) is closed subset of (X,P)

assume that there exists F €Az and T > 0 for A, u € X such that

P(low) >0 = T+ F(PGAguw) SF(MA W) eeeeeennne. (3.1.1)

where M (4, 1) = max{P (&1, Tw), P(f1, &A), P (o, T, 5 [P (FA, T) + P (au, GA)].
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Then &, I,f and g have a unique common fixed point in X .
Proof: Let A,€X be any point. By the (i) of (3.1), we construct sequences {An} and
{1y} in X satisfying

Tons1 = TAay = tage1 AN Glyyin = Ghops1 = Hapsz coveervereeeeennenn. (3.1.2)
for n=0,1,2,.......
Step-1: To prove that P (uy, up+1) — 0asn — 0.
T+ F(P(Uan+1 Hag+2)) < FO Ay Azps1))eeeveeeeneeeeiiieeeiiieeaeiens (3.1.3)

It follows from (PMS,)and (PMS,) that

M (A, Azns1) = M, 1)

1
= max {?( Sz, z/1211+1): ?(fﬂzn, 6/1211), ?(9/1277+1, iz/1277+1),§ [?(fﬂzn' z/1277+1)
+ P(9225+1, G2y )]
= max {?(Hznw .u2fnn+1)l?(.u2/nn+1t.uZn/n)l?(MZnn+2uu2/nn+1)'

%[:P(,uZn/n,; llzn+2) + ?(H2n+1'ﬂzn+1)]}

< max {?(ﬂzwﬂ2n+1)»7’(l‘2n+2'ﬂ2n+1):% [P (2n+1 Hone1) + P (Han, tansr) +
P(Hansr Hznsz) = P(tan i1 Haysen) ]
< max{P (tay, tan+1), P(M2n+2: Han+1)}
If max{P (uzy, tan+1), P(Uzn+2s Man+1)} = P(aye1, ags2) then
T+ F(P(ans1, tans2)) < F(P(Uan+1, Hans2)) this implies
F(P(tan+1, Han+2)) < F(P(Hay+1, Ban+2)) — T Which is congtradiction to (F -1).
Thus max{P (uzn, ttan+1), P(Han+2  ban+1)} = P(dzn, tay+1) forall n € N.
From (10), T+ F(P(uzn+1, Hay+2)) < F(P(tay Han+1))--- (3.1.4)
Constituting this way, it follows that
F (P (g tizgsr)) < F (?(uz,,_l,uz,,)) —7......(3.15).
Using (3.1.4) and (3.1.5)
F(P(tan+1 tans2)) S F(P(bay tione1)) — 7 < F(P(dan-1 tan)) — 2T
< F(P(Un-2s Han-1)) — 3T < F(P(uo, u1)) — (20 + D)7.......(3.1.6)

And T(:P(.Han .u2n+1)) < T(?(MZn—lf MZn)) -7
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<F (?((Hzn—z’ﬂzn—l)) -2t

< F(P((po, 1)) — (2m)7.....(3.1.7)
Repeating,

F (P (g, ty+1)) < F(P (1o, 11)) — 17 then it follows lgm F(P(thy, ty+1)) = —0 by F €A and

(F -2) we have lim P (uy, tp41) = 0.......(3.1.8)
7]—)00

Step-11

Now we prove that {ﬂn} is P -Cauchy sequence. By F eAs and (F -3) thereexists £ € (0,1) such

that
lim P (s tin41)* F(P (s, tin+1)) = 0.... (3.1.9)
By (3.1.6) and (3.1.7)
W}i_r)?o?(ﬂn’“nﬂ)k F(P(ty, ty41)) = 0
7}1_{120?(#277+1;ﬂ2n+2)k T(?(ﬂ2n+lrﬂ2n+2)) — F(P(uo, u1)

3

S ?(ﬂ2n+1, ‘Ll217+2) - (27] + 1)T S O """ (3110)
And
Y}L%P(HZnJHZn+1)/L T(P(Hzn'ﬂznﬂ)) — F(P(uo, 1)
#
< P(tzns tizge1) — (2n)T < 0----- (3.1.11)

Using the above inequality and (3.1.9)

. #
lim P(tznstons1) = 0.

. 3
Therefore, there exists n € N such that n-?(MZn'M2n+1) < 1foralln = n,.

O Py, Upay) < ﬁ ........... (3.1.12)

Let ¢,n € N with { > n > n, using triangular inequality we have

Py vg) = Py ya1) + P(ysns bnsez) o +P (g1, 1)
_[:P(.u'n+1uu17+1) + :P(.Un+2»lln+2) + "'-:P(//l(—l'ﬂ{—l)]

< 23;11?(#@ Hiv1) < Diz1 Py 1) < Xi2q

| »

Sl

1

As £ € (0,1) the infinite series Y%, = converges, consequently we get (lim P(pty, 1) = 0. This
=z ;N0

itk
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proves that {u,} is a Cauchy sequence in (X,) and consequently we get {u,} is Cauchy in

(%, dop).

Since (X, P) is complete PMS, this ensures that (X, d») is complete metric space, then 3 «, € X
such that ,}i_{gd?’(“n'“zo) = 0.

Moreover ?(uﬂ,,uﬂ,) = lim ?(un,uﬂ,) = {lri’m ?(,un,u() =0....... (3.1.13)
n—oo ,]— 00

Since p, = w, then TAy,4q,fA2y SAzps2 and gly,4q  CONVErges to .
Step-111
Now we claim that the mappings S, I,f and g have a common fixed point.

Suppose that the Range X (X) is closed, then 3 v, € X such that Tv, = w,,....... (3.1.14)

Now assuming that gv,, # w, and putA = 1,, , u =v,

in (3.1.1) then
(A2, 8v) > 0 = T+ F(P(day, av,)) < F (M (A2, v,))-..-(3.1.15)
where
M (A, v,) = max{P(Gzy, Tv,), P(FAay, Shay ), P 6V, TV, ), 5 [P (FA2y Tv,) +
P(avy, G229) 3
= max (P (s, 10,), P (14, 9%,), P (1), 5 [P0 105) + P (14 07,)]}
T+ F(P(uygv,) <F (?(u ,gv;,)> this a contradiction with = > 0.
Thus gv,=u,. ...... (3.1.15)

Therefore using (3.1.14) and (3.1.15) we obtain Tv,, = gv,, = «,, .Since g and T are WC mappings
then, gu, = g¥v, = Tgv, = Tty cvvvnnnnn. (3.1.16)

Now we show that gu,, = v,,.

On contrary, let gu,, # v, and use A = A,,, u = v,, in (3.1.1) then
7+ F(P (Ao av,)) < F (M (Azgn,))

M(AZn,uﬁ) = max{?(@lm, ilu;,),?(fxlm, SAZn),?(guzp, ituz,),% [?(mZn, %uﬁ)
+ ?(g/u;,, GAM)]}
= Pty g1tp).
By permitting, continuity of F and applying the limit as n—co ,we have

T+ F(P(wy gu,)) <F (M(u;,, gu;,)) which is contradiction.
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Therefore P(w,,gu,) = 0, this yields
Uy, =gy = Uy .. (3.1.17)

Now we show that ., is a fixed pint of the mappings f and &. Since g (X) < S(X) 3 a point
3p € X suchthat gu, = S3,,

Suppose that {3, # S3,, then

T+ T(P(f?)p' gu}?)) =F (M(sp'uﬁ))

1
M(?)zﬂ-"”’zﬂ) = max{?(@@,_,iul,)ﬂ?(fgﬁ, 63;}-)'?(9“@(1“;0)'5[?(B;U-'I’“p)
+ P(gu,, 3,3
1
= max{?(guﬂ,, 9“;0)'?(9/”‘;" 9“;7)'?(9“;7'73;7-)'5[:P(ft’)ﬁ' 9’””;7) +P(9""ﬁ'guﬁ)]}
= P(gu,, 13,.)
T+ F(P(f3,.,0u,)) < P(gu,,f3,) thisa contradiction with 7 > 0.

Thus gu, = f3, = &3, .... (3.1.18).
By using weakly compatible nature of f and &, we get
Gu, =163, =Cf3, =ftlp. .cooeevnnnn (3.1.19).

Finally we show that e, = 1w, .Assume fu, # w, and put 1 = u = u,, in (3.1.1) we get
T+ F(P (it 11)) < F(P (it 014,)) < F (M (11p,10,) )

M(uﬂ,,uﬂ,) = max{?(@uﬁ, zuﬂ,),?(fuﬁ, Suﬁ),?(guzz,, ituﬁ),% [?(fu;,, itup)
+P(gu,, Gu,)])
= P(up fup)
T+ F(P(fuy uy)) < P(fu,, u,) this a contradiction with 7 > 0.
Thus fu, = Gu, = u,.....(3.1.20).
Using (3.1.17) and (3.1.20) w,, is fixed pointof f,g, S and T .
Step-1V:
Let w,(#u,) be the another fixed point of f, g, &S and T.

Put A=wu,,u= w, inthe contraction (3.1.1), we get

T+F (?(f/u;,, w;,)) =17+F (:P(f/u’;?' pr)) <F (M(”’Lgp' w;ﬁ))
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M(t,,0,) = max(P (S, To,), Pl Gw,), P (0, T0r,), 5 [Pt T,
+ P80y, Gu, )}
= P(up wp)
T+F (?(fuﬂ,, wi,)) < P(u,, w,) this a contradiction with T > 0. Thus «,, = w,.
In conclusion, these four mappings have a unique common fixed point.

Example 3.2: Let (X, P) with X = [0,1] is a complete PMS and P (A, u)=max{ A, u} VA, u€X.
Define mappings F: R* — R and F(a) = log, a

Let f, 4, and T: X — X be defined as f(1) = 2,4 (1) = 0,6(2) =2, T(2) = A, then

f(X) = [O, ﬂ , g(X)={0}, &&= [0, ﬂ and I(X¥) = [0,1] these ranges of mappings
satisfying the inclusion inequalities (i) of theorem 3.1.

Now clearly {(0) = &(0) = 0 gives f&(0) = Gf(0) which gives the pair (f, G) is weakly
compatible and g(0) = T(0) = 0 gives gT(0) = Tg(0) this implies the pair (g, I) is weakly
compatible at the coincident point zero.

We discuss the existence of contraction condition (3.1.1) under some conditions

Now P (fA, gu) = max{ } P(GA,Tw) = max{ ,,u} P (A, 61) = max {/1 32/1}

A 34
P(gu, Tw) = max{0, u}, P(fA, Tu) = max {Z’”} and P (gu, 1) = max {O. 7}.

Case I: If % > 1 then

3131 1[4 3/1} 31
2

M(A”)_max{z P VR

P(fA, gu) = {AO}—A>0 +T<A)<:F(3/1>=» +1 </1><1 <6/1)
f,gu—max4, =1 =T 1) = > T oge4_oge4.

Casell:lf%<uthen
MO = { 31 1[ +3]}_
» ) = max .U’Zuu’zﬂ 4 =H
A A A A
?(fl,gu)zmax{1,0}=z>0 = T+F(4)<F(,u):>r+loge( )< log, ().

This gives T + log, - ( ) < log.(w).

In both the cases, inequality (3.1.1) is satified forall A, .

In this illustration, it is observed that zero is the unique common fixed point.

https://internationalpubls.com 456



Communications on Applied Nonlinear Analysis
ISSN: 1074-133X
Vol 31 No. 5s (2024)

4.Conclusion: In this research article, we have proved a fixed point result for F — contraction in

PMS via weakly compatible mappings. Finally, we have provided one example to support our main
result with unique common fixed point.
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