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Abstract:

This work establishes unique common coupled fixed point theorems for given mapping in
complete partial b-metric spaces with the concept of (o, ¢)-H-contraction in the context of
partial b-metric spaces. (a, ¢)-H-contraction

Furthermore, we show how the results may be used and present applications to integral
equations and Homotopy theory.

Introduction In previous work, authors have discussed various fixed point theorems on partial
b-metric spaces with (y, ¢)-weakly contractive mappings, a—y-contractive type, Suzuki type
contractions, rational contraction and H-weak contractions. In our work, with the help of (o,
¢)-H-contraction, we investigated coupled fixed point theorems in partial b-metric spaces.

Objectives: Finding the unique common fixed points for a given mapping in partial b-metric
spaces via (o, ¢)-H-contraction

Methods with the help of a-admissible mapping, H-rational type, (o, ¢)—H-contraction we have
shown coupled fixed point findings in complete partial b-metric spaces

Results: We obtained unique common coupled fixed point results via (a, ¢)—H-contraction type
for the given mapping in complete partial b-metric spaces.

Conclusions: This present study uses contractive mappings of the H type in the reference of
partial b-metric space to give some fixed point results, appropriate examples that illustrate the
main findings, In addition, boundary value problems and homotopy applications are given.

Keywords: Partial b-metric space, w-compatible, H-type rational Contraction, Coupled fixed
point.

2020 Mathematics Subject Classification. 54H25, 47H10, 54E50.

1. Introduction

The principle of Banach contraction [1] holds significant importance in fixed point theory due
to its widespread application across various mathematical and mathematical sciences fields. The
concept of b-metric spaces was established by Czerwik ([2],[3]) in 1993, while Matthews [4]
introduced the idea of partial metric spaces in the year 1994.1n 2013 Shukla [5] combined the
concepts of the idea of partial metric spaces and b-metric spaces . Mustafa [6] introduced a
modified version of partial b-metric spaces that is dependent on b-metric spaces and
demonstrated some common fixed point solutions for (v, @)-weakly contractive mappings..
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Samet et al. [7] (2011) proved fixed point theorems for such mappings in the complete metric
spaces and introduced a- w-contractive type mappings to obtain a very general structure that
combines several existing fixed point theorems .They also developed the concepts of a-
contractive and a-admissible mappings. Karapinar and Samet [8] enhanced the findings in [7]
by creating the idea of generalized a-w-contractive type mappings. In particular the
theory proved by Jaggi [9] in 1977 meets a contractive criterion of rational type .A rational
type contraction is a novel contractive condition that was created by Dass and Gupta [10] in 1975.

In 1987 Guo and Lakshmikantham [11]first introduced the idea of coupled fixed point Later
employing a weak contractivity type assumption. Bhaskar and Lakshmikantham [12]
created a novel fixed point theory for a mixed monotone mapping in a metric space driven
by partial ordering. Refer to relevant references and study results in ([13]-[20]) for additional
details on coupled fixed point outcomes.

This work proves common coupled fixed point theorem for two mappings satisfying («,¢) - H-

type contractive constraints in the partial b-metric space. We also examine at numerous
boundary value problems and homotopy applications, withexamples.

In partial b-metric space, this work establishes a common coupled fixed point theorem for two
mappings meeting (a, @) - H-type contractive constraints. Along with examples, we also look

at number of boundary value issues and homotopy applications.
Objectives

Finding the unique common fixed points for a given mapping in partial b-metric spaces via (a, ¢)-H-
contraction

Methods

With the help of a-admissible mapping, H-rational type, (o, ¢)—H-contraction we have shown
coupled fixed point findings in complete partial b-metric spaces

2. Preliminaries:

Definition 2.1. ([5]) Let v>1 be a given real number and 3 be a nonempty set. A partial b-
metric is defined as a function ¢,:3x3—[0,0)if the following criteria are met for each

&, L, ®&,€J.

(c,Dee, =a,if andonly ¢ (ee,,28,) =¢ (,,88,) =¢ ,(&,. 28,)
(612) (e, 28)<¢ (&), 2e,)

(653) ¢p(e2e,) =¢ (28, 28))

(G 4)5 (&1 2e,) S V(S (28, 285) +6 (285, 88,) —¢ (285, 285)).

The pair (3,¢,) is called a partial b—metric space.
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Remark 2.2. The class of partial b-metric spaces (3J,¢,)is more extensive thanthe class of

partial metric spaces because a partial metric space is a specific instance of a partial b-metric
space (J,¢,,) when d = 1. In addition, the class of partial b- metric spaces, denoted as(3J,¢),is

larger than the class of b-metric spaces becausea b-metric space is a specific case of a partial b-
metric space (3,¢ , ) where the self- distance P(ze,,2e,)is equal to 0. The examples shown

demonstrate that both a b-metric on Jand a partial b-metric on 3 do not necessarily have to
satisfy the conditions stated in ([5]-[6]).

Example 2.3. ([5])Assume that3 = [0,1). ¢,(z;2) = [max{z, z}]*+|z -z |*, is the formula
to create a function. ¢,. For every z, z, €3. the pair (J,¢,) is called a partial b-metric

space whenv=2>1. However, ¢, is neither a b- metric nor a partial metricon 3.

Definition 2.4. ([6])Every partial b-metric ¢, defines a b-metricd, , where

d (2.2)=2¢,(2.2)—6,(2.2)—6(z.2), forall z,ze3

Definition 2.5. ([6])In a partial b-metric space (J,¢,,) , a sequence {z } is defined as follows

(i) The ¢, —convergent toward atarget if !)Lrpcg (@ 2,)=¢ (e x)then eI
@iy Ing, if p!gmoc »(2,,28,) exists and is finite, then ¢, - Cauchy sequence

(iii) A (3,¢,)partial b-metric space ¢, is said to be ¢, -complete if and only if, for each ¢,
- Cauchy sequence {& }in 3, converges to a point & 3 such that

p!!TOOC b(ap’&q) = !)I_)r?oc b(aiap) =¢ b(af&)

Lemma 2.6. ([6]) A sequence {a@}is a ¢,-Cauchy sequence in a partial b-metric space
(3, ¢,).ifand only if itis a ¢, -Cauchy sequence in the b-metric space (3,d, ).

Lemma 2.7. ([6]) If and only if the b-metric space (3, d, ) is ¢, -complete, a partial

b-metric space (J,¢,)qualifies as ¢ ,-complete. Additionally,

limd_ (e, e®,)=0 @LLr[\ogb(aep,ae):!ii?oqb(aeq,ae)=gb(ae,ae).

p.g—x

Definition 2.8. ([12]) Let a nonempty set be 3. If & =S(ae,c)ande =S(e,&), Then An
element (&,e)e I x Jisreferred to as a coupled fixed point of the mapping S:3IxI—>3T .

Definition 2.9. ([13])Suppose S :3*— 3 and f:3— I are two mappings. A point (z,ce)is a
connected coincident point of S and f if

S(ee,ce) =fae,S(ce,ae) =fce.
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Definition 2.10. ([13])Suppose S :3°— Jand f:3— I are two mappings. A point (z,ce)is a
coupled common point of S and f if
S(ee,e)=fae=2,S(ce,x)=foe=ce

Definition 2.11. ([13]) Let (I3,¢,) denote a partial b-metric space. Weakly compatible pairs are

those where f(S(&,ce)) =S (fe,fee) whenever for all &,c € Jsuch that

S(ee,e) =fae,S(0e, &) =fee.

Definition 2.12. ([7]) Consider S :3*— 3 and a:3° >R .Uf y,,y,€3, then S is «-
admissible.

a(y,y,) 21 implies a(S(y;,Y,),S (Y, 1)) 21

Definition 2.13. ([7])Suppose S :3*— 3J,f: 3 — Jand «:3*— R are mappings. If y,,y, €T,
then S and f are « -admissible.

a(fy,,fy,) =1 implies a(S(y.,y,),S(y,y1) =1

Definition 2.14. ([19], [20]) A rational type contraction S:3 — Jin the complete metric
space (3, d)is referred to as H-rational type, If 0<o+ f+2y <1 for every y,,y, €3 then the
following inequality holds

d(y, Sy,)1+d(y,,Sy,)]

d(Sy,,Sy,) <3d(y.y,)+
Sy, Sy,) <sdy.y,) + 5 1+d0Ly,)

+7(d(y,Sy) +d(y,,SY,))

Let A be a family of functions ¢:[0,0) — [0, ) that meet the following requirements.
a) ¢ is non-decreasing;
b) p(s)<s VvV s>0 and ¢(s)=0 iff s=0

We now prove our primary result.

3. Main Results & Discussion

Definition3.1. Consider (3,¢,) as a partial b-metric space with coefficient v> 1 and

a3 >R .Let S:3°> 3, f:3 >3 be two mappings. If 0<S+A+ 20 <land ¢ e A, for
every Vv,,¥,.&,,, €3; then («,¢) - H- contraction if

G b(fyl’f&l)’
a(fy,,fee ), (S (v.,Y,), S (e, 28,)) < &p[max{ ¢, (fy,,fee,) }j
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9 b(faps (391,392))[1+C b(fyps (y1ly2))]
1+¢,(frmy, fee) 1
+A¢| max
¢u(fee, S(ee, @)1 +¢,(fy, S (¥, ¥i))
1+¢,(fy,. fee,)

{ {C b(fylis(yl’yz))!} {C b(f&ys(&l’&\z))’}j
+6p | max + max
G b(fyz 'S (y2!y1)) ¢ b(faez 'S (O'ez ) 0'91))

(3.1)
Theorem 3.2. Consider (3,¢,)be a Partial b- metric space with the coefficient v> 1 and

S:3*— Jand f:3— Ibe two mappings satisfying («, ¢)— H-contraction. Assume
(3.2.1) S(3?) = f(3J) and f(3)is complete subspace of 3

(32.2) S and f are o —admissible mappings

(32.3) Fy,, &, €3> a(S(y, &) S (fe,,fy,)) =1,

(3.2.4) (S,f) is weakly compatible pair.

Then S and f have a UCCFP (unique common coupled fixed point) in 3.

Proof. Let y,, e, be arbitrary points in 3. From (3.2.1), there exist sequences
{y,}.{ee,}.{ce,},{B,} inJ suchthat, for all z>0

S(y,.e,) =1y, =08, S(e,.y,)=fe,, =B,

Case (i): If for some z,, we have

(Ezozcezonzs(yzo’%zo) :fy20+1 Bzo = Bzo+1 ZS(azo’nzo) :f&zf)ﬂ

then (ce, ., B, )is common coupled fixed point of S and f
Case (ii): Suppose that ¢ ,#c,, and B, #B, ,for all z>0.
Since S and f are a-admissible, we have

a(fyy,fy) 21= a(S (¥, 28,),S (y1,8)) = a(fy, fy,) 21
Recursively, we find that a(fn,,fn,,)>1, forall z=0,1,...
From (3.1), (3.2.2) and (3.2.3), we have that
¢p(0e,,02,,1)=6,(S(Y,,2,),S (Y10 28;.1))

S a(fyz ' fyz+1)c b(S (yz 1 &z )’ S (yz+l’ &z+1))
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fy ,f ,
S5¢ max{c b( yz yz+l) }
¢ b(f&ﬂfaul)

C b(fyz+l’ S (yz+1’ £z+1))[1+c b(fyz ’ S (yz ’ %z ))]
1+ gb (f 772 ' f 772+1)

C b(faul’ S (&z+l'yz+l))[1+c b(faz ' S (£z ’yz ))]
1+¢,(fee,,fee,,,)

+A¢| max

Cb(fyz’s(yzlaz))! cb(fyz+l’S(yz+l’&z+l))l
+0p [max {c R (aez,yz»}+ ™ {c J(,.,S (aem,ym))}]

¢ b(mz ’ @z+l)[1+g b(mz—l’ (Ez )]

oe, ,,0e), 1+¢,(ce, ;, 0.,
<S¢ max{gb( o Z)} + Agp| max ¢o(® 2,
Cb(Bz—l’Bz) Cb(Bz’Bz+l)[1+Cb(Bz—l’Bz)]

1+¢,(B,,.B,)

9 b((Ez—ll (Ez)’ ¢ b((Ez ’ (Ez+1)!
W (m""x{ (B, B) H [max{ 64(B.B,.) }]

Since ¢(s) <s forall s>0, then we obtain

o, ,,0e), ce,,0e,,, )
Cb( z-1 Z)}+ﬂ,maX{gb( z z+1)}

¢, (ce,, 0

z+1

C b(Bz_1! Bz) C b(Bz’ Bz+l)

+0 max{g b((EZ—l’(EZ)’}+ max{g b((EZ’(EZﬁI_)’} (3,2)
¢ b(Bz—l’ Bz) 9 b(Bz’ Bz+l)
Similarly, we can prove that

ce, ,08,), oe,,0e ,
Cb(Bz1Bz+1)35maX{Cb( o Z)}+7\max{cb( z z+1)}
d b(BZ_1' BZ) ¢ b(Bz' Bz+l)

+0 max{cb(oe”’oez)’}+ max{cb(oez’oe”l)’} (3.3)
¢,(B,1,B) ¢o(B,,B,.1)
Combining (3.2) and (3.3), we get
aX{C b(@z’mul)’}sé»max{g b(le,CEZ)’}+}\maX{C b(mz’CEHl)’}

)< 5max{

9 b(Bz ! Bz+1) 9 b(Bz—l’ Bz) ¢ b(Bz’ Bz+1)
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+0 max {c b(mz—l’mz)’}+ maX{g b(mz’mzﬂ)’}
¢ b(Bz—l’ Bz) ¢ b(Bz’ Bz+l)
Implies that

rnax{cb(CEz’CEHl)'}S 5+0 max{cb(cezl’cez)’}
Cb(Bz’Bzﬂ) 1-A-6 gb(Bz_sz)

< ( 6"‘ 6 jz max {Gb (%2—2 ' @z—l)l}
1_7\_9 Sh (BZ—Z’ Bz—l)

S( 0+0 ) max{cb(uo’ul)’}eo as N — oo
1-A—0 ¢(By, B)

It follows that

limg ,(ce,,ce,.;) =lim¢,(B,B,,)=0. (3.4)
From (3.4) and (¢ ,2), we have that

limg ,(ce,,ce,) =lim¢,(B,,B,)=0. (3.5)
From definition of d. , (3.4) and (3.5), we have that

Iimdb(mz’mul) :Ilm db(Bz'Bz+l):0' (36)

To show that {oez} and {BZ} are Cauchy sequences, we proceed by using triangleproperty.
¢ b(mz ! %w) < V(C b(@z’%ul) +¢ b(% 7411 %w)) ) b(% 7417 @Z+l)

VG, (e, 08, ) +VE (e, 00,)

z+1?

< VC b(@z’ceﬁl) +V(V(C b(@2+1’%2+2) +C b(%HZ' Cew)) - b(ce z+2? %Hz))

= VC b(wz1@z+l)+\/2§ b(@z+1’@z+2)+vzc b((E %W)

z+27

SVCb(@z’@z+l)+vzcb((EZJrl'%HZ)_'_V?’Cb(mz+2’%z+3)+"'+VW_ZCb(%w—l’ww)
z z+1
SV( 5+0 ] max{cb(oeo’oel)’}+v2( 5+6 ) max{gb(oe°’°el)’}+
1-A-0 ¢,(B,,B)) 1-A-0 ¢,(B,,B,))
v{ 0+0 jz+2max{gb(oe°'oel)'}+...+
1-A-0 ¢,(B,,B,)

+ Vw—z( 5+9 jW—l max{c b(mO’ml)’}
1-A-6 ¢,(By:B))
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z 2
Sv( 0+0 j 1+v( 0+0 j+v2( 0+0 j +... [max ¢o(02, CR,),
120 120 1-A-0 ¢.(B,,BY)
V( S+0 j
< 1-A-6 jmax{ﬁ'b(wo’@l)’

‘1_V( 5+6 ¢y(BoBY)
1-A-0

}—)O as z > o

Since 0< 0+0

<1, thatis lim ¢ (ce,,ce,)=0. Thus, {ce,}is a Cauchy sequence in (J,c,).

From definition of d , and Eq.(3.5), we have that

- Jim d (ce,,0e,)=2 lim ¢,(ce, ce,) =0

Z,W—>00

Therefore, {c ,}is a Cauchy sequence in (3,¢,). similarly, we can show that {B Z} is a Cauchy

sequence in(3,d, ).
Suppose f(J)is complete subspace of J.  Then {e,}and {B,} converges to
8,0 in (f(3),d, ), thus there exist y,ee e f(3)such that

limoe,=6 =fy and IimB,=0 =fe

Z—© 7w

[0)=0 forsome o =fy, [ =fae,

That is !ijpodcb(fyz+l,6)=o, limd, (fee,,,,
we have that
¢o(6,8) = lim ¢,(fy,.fy,) = lime (1Y, 6) = limc , (1Y, .. 6) = (37)
And

¢,0,0)= zIvivr%nmgb(faez,faew) = !mgb(faez,D )= !ilpoqb(faez+l,D )=0. (3.8)

Assume that (S,f) is «-admissible mapping. Therefore, there is a sub sequence

{€,} and {B,}of {=,} and {B,}respectively such that a(ce, ce,,)>1and

a(B,,B,,;)=1 for all ze N then a(ce, ,fy)>1 and «a(B, ,f&) >1 Now we claim that
S(y,e)=06 and S(ee,y) =10

From (3.1), we have
¢p(S(y,2),08,)=¢,(S(y,2).S(y,.2,))

< a(fy,fy,)s ,(S(y,2),S(y;,2;))
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¢o(fy, Sy, 2,))1+¢,(fy,S(y, %))l |
{cb(fy,fyz), } + 20| max 1+¢,(fy.fy,)
¢o(fee,fee,) ¢ (fee,,S(ee,,y,)[1+¢,(fee,S(a,y))]

<o@| max

1+¢,(fee,fee,)
[ {cb(fy,S(y,ae». } {cb(fyz,swz,aez»,H
+6p| max + max
¢o(fe,S(eey)) ¢p(fee,,S(ee,.y,))
¢ b(@z—l'mz)[l'i_g b(ﬁis (y! &))]

. 1 —
<&p max{gb(0 yz)} +Ag| max +65(0.1z)
¢,(U,fee,)

(B, B )L+, (0 ,S(eeY))]
1+¢,(,fee,)

{Cb(ﬁ,s(y,ae),} {cb(oezl,oez),}
+6p| max + max
( ¢,(U,S(eey)) ¢u(B,1,B,)

Letting z — o in the previous inequality, we get that

) ¢,(6,S(y, ),
¢,(S(y,2),0) < g(p(max{cb@ ,s(ae,y))B

. Hmax{cb(o,s(y. ae)),}
C b(D ’S (&7y))1
Similarly, we can prove

¢,(6,S(y, ),
¢o(S(@y).l) < emax{cb(D,S(ae,y))}

Therefore,

ax{cb(s(y!&)!o)!} < gmaX{Cb(O’S(y’%))'}
¢p(S(ey)l) T ERSICNY))

S(y,ee)=06 =fy andS(ee,y) =0 =fee follow as #<1.Therefore a coupled coincidence point
of S andfis (y,a&) . As a weakly compatible pair(S,f),

we have

fo =ty =f(S(y,a)) =S (fy,fae) =S (6,])

fl =f?ee=f((ae,y)) =S (fee,fy) =S (U ,6)

We now establish that f1 =0 and fé =6 we can see from (3.1) that

¢p(f0,08,) =¢,(S(0.11),S(y, 2,))
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< a(fo,fy, ) ,(S(6,00),S(y;.2;))

¢o(fy,, Sy, 2,)[1+¢,(f0,S(0,0))]

( {cbaa,fyz), }j 1+¢,(fa,fy,)
<op| max +Ap| max
Cb(fD 'f%z) Cb(faﬂs(&z’yz)[l_'_c b(f[I 1S(D ’a))]

1+¢,(f0 ,fae,)

{cb(f&s(@ﬂ )),} {c b(fyZ,S(yz,aez)),}
+ Bp| max + max
¢,(f1.S(U,0)) ¢p(fee,,S(ee,.y,))

¢ b(@z—l' mz)[l—i_g b(fa’ S (6’D ))]

<5p| max {C b(fa’CEz—l)} +Ao| max 1+¢,(fo,ce, ;)
¢o(fl,B,) ¢o(B,1,B)[1+¢,(f1,S(,0))]

1+¢,(f0,B, )

f0,S(0,10), 1, 08,),
+ 0 max{gb( ( )}+max{§b(@z 1 %z)}
5 {f,SU,0) s (B,1.B,)
In the inequality above, letting z — oo, we have that

s, (fo,0),
G, (f0,0) < op [max{gb(fD 0 )}j

< 5max{gb(fa’a)'}
&, (f0,00)

Similarly, we can prove that

o, (f1,0)<s max{gb(fa,a),}

&, (f,0)

ax{%(faaa),} ngax{gb(fa,(?),}
&, (f0,00) &, (f0,00)

As 5<1. It follows that S(8,0)=0=f0 and S(U,0)=0 =fI . Therefore (0,0])is CCFP
(common coupled fixed point) of S and f for uniqueness let us suppose (8,01 ") be another
CCFP of S and f such that 0=0",and [ =[] “Now from (3.1), we have that

Therefore,

6,(0,0") = ¢,(S(8,0),S(o".07))

< a(fo,f0")¢, (S (6,0 ),S (07,0 7))
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6,(fo", S (0,0 )L+g, (fa,S (8,0))]

( {gb(fa,fa*),B 1+¢,(f0,f0") '
<o¢p| max i + Ap| max
G, (fo,f0) ¢, (f07,S(C 7, 0)+g,(f0,S(C,0)]

1+¢ (f0,f07)
00 max{gb (fo,S (0, )),}+ max{gb (", S @1 ))}
s (f,S(U,9)) ¢, ((fF07,S(07,8Y)
e[S o 552
G (.0) s ,07)
+0p max{gb(a’a)’}erax{gb(a*’a*)'}
g (1) 0509
s&p(max{gb(a'a*z’H+ﬂgp(max{gb(ai’a)’}]
g (L0) g (U ,0)
+9(p(max{gb(a’a*2’}+max{gb(ai’a)'}J
& U.0) s ,0)

Since ¢(s) <s for all s>0, then we obtain

* gb(a*!a)a
6, (0,0) < (5+/1+2¢9)max{gb(D ‘0 )}

Since,0<5+ A+ 26<1, we have

¢,(0,07) < max {Gb(é ,a),}

g, (U7,10)
Therefore,

max{g, (9,06, (71,0 ")} < Amax {¢,(8,87),6,(1,1 )}

it is a contradiction.

Therefore the UCCFP (unique common coupled fixed point) of S and fis (,[).

Corollary 3.3. Let (J,5,) be a Partial b- metric space with the coefficient d >1and

S :3* — 3 bea mapping satisfying H-contraction, for all y,,y,,e,,%, €3

with positive real numbers §,4,0 such that 0<5+A+26<1,
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g, (e, S (e, ,)[1+6, (Y, S (Y1, Y,))]
gb(yl,ael),} 1+6,(y,.2) 7
+ A max
Gy (Y2, 28;) g, (8, S (@, )[1+6, (Y., S (Y., )]
1+6,(Y,.28,)

( {gb (yl,S(yl,yz)),} {gb (ael,S(ael,aez)),H
+60 | max + max
S (Y2, S (Y., Y1) ¢, (e,,S(ee,, %))

6 (S (,Y,). S (20, 28,) < 5max{

In 3 there is a unique coupled fixed point for S .

Example 3.4. Let 3={1,2,3} and ¢, :3° —[0,) be defined as

|77—ae|2+max{77,ae} if n+ae
G, (meae)= n for n=a =#1. Then (J,5,) is a complete partial b-metric
0 for n=e =1

space with coefficient v=4>1
Define S :3*—> 3 be as S(1L)=1,S(1,2)=1,S(1,3)=2,S(2,1) =1,
S(2,2)=1,S(23)=2,5(31)=15(3,2)=1S(3,3)=1, and f:3— Ihy

fl=1f2=3f3=2. Also, define ¢:[0,:0) —[0,0) as ‘/’(t)zgand

1 for n,eee{l 2,3}

a:F—>Rasa (n®)= )
0 for otherwise

We show that S, f are a-admissible mappings. Let 7,2 €3, if a(frn, fe)>1thenfn, fe e 3
and so S(fe,fn)e I implies that «(S(n,2),S(fee,frn))>1.Therefore, the predication holds.
Obviously, S(1,1) = 1 =f1 implies that (1, 1) is a coupled coincidence point of S and f.
Moreover  f(3)={12,3} and S(3%)= {1, 2}.Hence, S(3*)cf(I)and  also
S@L1) =S(f,f]) =fSQL1 =f1 =1, then (S , f ) is w-compatible. Then, S and f with

5:%,1 :%,6’:%, satisfy all the requirements of theorem 3.2. According to Theorem 3.2, S

and f have a unique coupled fixed point whichis (1, 1).

3.1 Application to BVP.

In this section, we investigate the existence of a unique solution to a boundary value
problem as an application of Corollary 3.3.

Think about the boundary value problem.

2

352 +T(5,7(8),1(5)) =0,8 e 1 =[0,1],7(0) =7 (1) =0 (3.9)
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The associated Greens function ¢:1x1 —1 to Eqg. 3.9, can be defined as follows

s(-t) if 0<s<t<l1
c(s,t)=<t(l—s) if 0<t<s<1

We have the following properties of the Greens function ¢:

a) ¢(s,t)>0 for all s,t<[0,1];

t
1
b) sup0<tﬂ£g(s,r)dr :Z

Let 3 = C(l)represents the set of continuous functions defined on I. Define themapping
d. :3x3I—>[0,0) by d_(f,9)=ll(f-9g)* [I=sup|f(s)—g(s) |* Vf,geT,sel.

Then obviously, the pair (3,d_,) is a complete with v=2. The associated integraloperator

S:3° - 3 to Eq. 3.9 is defined by
1
S(f,9)(s) ZIG(S,T)F(T,f(T),g(T))dT
0

It is noted that the operator S has a fixed point that solves Eq. 3.9. Thecondition under
which the BVP has a solution is given by the following theorem.

Theorem 3.5. Let the function T': IXC(1)XC(l) - R is continuous and satisfiesthe
following condition:

IT(s,f,g) —T(s,h 1) < 16| 5] F(s)=h(s) [ +4|h(s) =S (h1)(5) |2+9[|g(5)_5(g’f)(5)|2J for all
+I(s)-S (1.h)(s)|

sel,f,ghleC(l) and 6,4,0<(0,1) with 56+A+26<1. Then the BVPEQ.3.9 has a
solution.

Proof. To accomplish this proof, Corollary 3.3 will be used. The operator S : 3° — 3 defined
above is continuous since the function I" is continuous. We continue as follows to demonstrate
that the mapping S forms a H— contraction

|S(F,0)(s) =S (1)) I°= | [ (s, 2)(T(z. F(2), 9(2)) ~ Tz, (), | (7)) d [

Slf(s)—h(s) (|g(s)—8(g,f)(s)|2J
,t o , dr
+/”t|h(s) -S (h,I)(s)| +|I (s)—S(I,h)(s)|

< j.g(s,z') 16[
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1
Since (supJ‘g(s,r)dr)2 =% forall se |, thus, taking supremum on both sides of above
0

inequality, we have

(dg (I,S(I,h))]
d, (S(f,9).,Sh1) <&d, (F,h+id,(hShH)+6|

d_ (9:S(g)

Now for any partial b-metric ¢, on 3, we can have a b-metric d_, on 3 by

o9 if f=g

d_ (f,g) =
- (9 { 0if f=g

The last inequality can be written as:

6 (S(f.9).Sh) S5gb(f,h)+/1gb(h,S(h,I))+6?( s(.S0h) ]

+6,(9.:5(g.1)

s, (h S+, (f,S(f, 9]
S (f,h),} 1+, (f,h) ’
+ A max
s (g 6 (,S(,MA+¢,(9.S(a.f)]
1+¢6,(a0)

{gb(f,S(f,g)),} {gb(h,S(h,l)),}

+6 | max + max

(9.S(a.1) ¢ (1,S(.h)

Therefore the BVP (3.9) has a solution J in according to Corollary 3.3
4. APPLICATION TO HOMOTOPY

< 5max{

In this section, we study the existence of a unique solution to homotopy theory.

Theorem 4.1. Let (J,¢,) be complete partial b-metric space the coefficientv>1,

U and U be an open and closed subset of 3 such that U cU. Suppose A :UZX[O,l] — 3 be
an operator with following conditions are satisfying, 7,) & # A (e, ,ce,1),ce = A, (e, 2, 1), for each

2,0e e U and 1 <[0,1] (here AU is boundary of U in 3);

z,)for all &,e, B,xe U,and 1 €[0,1] with 0< 5+ y +26 <1such that

gb (£! B)!}

vg, (A, (e,0e,1),A,(B,x1)) < 5max{
G, (08, %)
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6 (B.A (B, x A))[1+g, (e, A (e, 00, 4))]
1+¢,(se,B)

6 (XA (X B, A))1+g,(ce, A (ce, e, 1))]
1+¢,(ce,X)

0| max (e A, (B, 1)), -+ max (B, A (B,x 1)),
gy (0., A (ce,2e, 1)) 6 (XA,(xB,2))

+A max

7) IM 20 5¢,(A (e A)A (@ )M [A-(]

for every @,cc e U and 4,¢ €[0,1].
Then A (.,0)has a coupled fixed point <= A (.,1) has a coupled fixed point.
Proof. Consider the set

A={1€[01]:e=A (e 0e,1),0e=A (ce e 1)forsome e, ceec U}.

We have that (0,0) eA® since A (.,0) has a coupled fixed point in U?, proving that the set

Ais non-empty set. We will demonstrate that A is both open and closed in [0, 1].
Consequently, A = [0, 1] may be obtained by the connectedness. Consequently there is a
coupled fixed point for A (.,1) in U 2. We first demonstrate the closure of A in [0, 1]. Let

{1,}., <A where z—o A, > 1€[0,1] showing that AeA is necessary. Considering that
A, €A

for z=1,2,3,..., 3 &,,0e, eUand that &,,, =A (&, c,,4,).Ce,, =A (e, &, 1)
Think about
gb(&z'%ul) :gb(Ap(Eez—l’(Ez—li/lz—l)’Ap($z’(Ez'/’Lz))

gb (A p (az—l’ (Ez—l’ ﬂ“z—l)’ A p (az ' %z ! ﬂ“z—l))
SV H6, (A (.08, 4,,),A (&,,00,,1,))
—Sb (A p (az ech ﬁ’z—l)’ A p (&z 0,5 j’z—l))

< ng (A p (az&’ Cez—l’ 1271)1 A p (az 1 wz ' ﬂ‘z—l) +VM |ﬂ’z—l - ﬂ“z |
Letting z — o0, we get
Ilm gb (az ! az+1) < Ilm ng (A p (%2—1’ %z—li /12—1)1 A p (%z ! mz ! )“2—1)) + 0
From (z1) we obtain

limg, (ee,,&,,)<lim 5max{
Z—0 20

gb (& zfl’% z)’}

Gb(mz—l’oez)
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gb(&NAp(% (Ez'/ll ))[1+gb(&z 1’A (az 1’(E —l’lz 1))]

1+¢, (e, .08,
+1im » max 6 (281,02,

ZHOO Gb(%z'Ap(%z’ 7! z))[1+gb(@z 1'A (mz 1'a l’ﬂ’z 1))]
1+gb(mz—l’mz)
+lim @max & (&, 1’A (&, ,,¢,,,4.9)
o® (mz 1’A (mz & z—l’ﬂ‘z—l))
im g G, Ayle,,®,,1,))
Im & max
+Z—>oo G, (ce,, A (oe 2 ,,1,))

= ’£Z+ !
<lim 5max{ }+I|m max{gb( : 1)}
1o gb (@ 1o® gb (%z 1 CEZ+1)

+lim @ max{gb(aez‘l’an)’}+ max{gb(aez’ae“l)’}j
oo gb (mz—l’ mz) gb (@z 1 mz-¢—1)
Similarly

e 1£Z ! i aﬂau )
limg, (ce,,ce, ;) <lim 5max{gb( o )}+I|m 7max{gb( 1) }
20500 P> (oo, ,,0e)| o= G (ce,,ce,.,)

& _,2)), x,,&
+I|m e(max{gb( z-1 Z)}-i-maX{gb( z z+l)}j
o Gb(mz—l’mz) gb((ﬁz’mu—l)
Therefore, we have

lim max{g 5 (@ ”1)} <lim 5max{gb(ae”’an)’}+lim 7max{gb(aez’ae“1)’}

zoe z+1) 2o gb ((Ez—l' (Ez) Zoe gb ((Ez ! (Ez+1)
e, _,,L,), e ,ce )
+I|m 0 maX{gb( z-1 z) }-{-ma)({gb( z z+1)}
oo gb (@zfll @z) gb ((Ez 1 @Z+1)
It follows that
®, .,.&,),
||m maX{ ( z+1)} | +0 max{gb( z-1 )}
2o Gb(mz’(ﬁz+l) Z_)wl 7/_0 gb((ﬁz—l’(ﬁz)

<lim( 0+0 )% max 6 (@1 00® )
2o ]~ 7_9 gb((ﬁz—Z'wz—l)
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<1im(=27 ) max 5 (@ 0,21),
o]y —f g, (ce,, )

It follows that
limg, (e, ,2,.,) =0=Ilimg,(ce,,ce,.,). (4.2)
From (g,2),
limg, (e ,.2,) =0=limg, (ce,.ce,). (4.2)

We now demonstrate that the Cauchy sequences in (3, g,) are {e,}and {ce,} Conversely,

let’s say that neither {ae,}nor {oe,}is Cauchy. A monotonic rising series of natural numbers
{w,}and {z,} with 0 >0 existssuch that z, >w,,

oy, @, )20 Gp(ce,, @, )20 (4.3)
and

G (e, &, ,)<0 Gy (ce,, e, )<o 4.4
From (4.3) and (4.4) we obtain
0 Sgb(aewk,aezk)
V(g (e, 2, )+a(e,, 2, )-g(eE, .2, ))
Using k—>o  35the limit and Working from (4.1) to (4.2), we obtain that

0= I!E?ovgb (awm ! &Zk) - lngb (A P (&Wk ,(EWK ! /1Wk )’ Ap(&zm 1O, k-1, ﬂ'zm))

. G(®y, 2, )
<lim 6 max
k—o0 gb (ka ’(Elk,l‘)
Sb (&Zk—l A p (azm ! CEZH, ’ﬁyzkfl ))[1+ Sb (aWk A p(awk 'CEWk ! /’{\’Vk ))]
1+, (2, .0, ) ’
+lim y max e
e gb ((Ezk,l' ’A p ((Ezkflv ’&zk,l ! ﬁ“zki1 ))[1+ gb (Cewk ’A p ((Ewk ! awk ’ﬂ‘wk ))]
1+g,(ce,, .0, )
. gb(&w“Ap(%wk’(Ewk ’ﬂwk ))1
+lim @ max
1o gb (@Wk 7Ap(CEWk ’awk '//{Wk ))
+lim @ max

Z—»0

gb(&zk—l'Ap(&Zk—l’mzk—l, ’ﬂzm))’
gb(mzk—l, ’Ap(mzk—l, ’aa'zm’lzm))
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R Gb (awk 1%2%1)1 . gb ("392IH ! %zk )’
<lim 6 max +lim » max
koo Gy (ce,, 0, ) S

Zg,

. Sb (awk ’%Wm)’ Sb (&Zkfl’&zk)’
+lim 8| max + max
2% Sh (oeWk e, ) G, (ce, 08 )

. gb (%Wk 1%2k71)$
<lim 6 max
k—a Sh (CEwk ,0e )

Zya

. 2 Sb (&WH 138, k-2 )’
<lim 6 max
ko0 gb(oewkfl,oezkf )

2,

x,,xL,),
<lim s* max{gb( ! 0)}
k—»o0 gb(ml’mo)

<0

Hence, 6 <1, isin conflict with 0 <0. Therefore in(J,¢,), {&,}is a Cauchy sequence and

lim g, (&,,2,)=0. Similarly, we can demonstrate that {ce,}is a Cauchy sequence in

Z,W—>0

(S,¢,) and z,Ivierocgb((BZ’(EW) =0. Given the completeness of (J,¢,) ’ B,xe U exist.
5 (B,B)= !i_l‘)ggb(%z, B)= !i_r)ggb(%zﬂ’ B)= Z!\Lr_r)]wgb(aa ,&,)=0

6, (%0 =limg, (e, %) =limg, (@,,,, = |im g, (ce,,ce,) =0

From Lemma 2.7, we get !ijpogb(aez,Ap(B,xl))=gb(B,Ap(B,x,/1)).

Now,

gb(aaZJrl’Ap(B’xiﬂ“)) :gb(Ap(aaﬂ(Bz’A’z)’Ap(le’ﬂ'))

SV{gb(Ap(aez,oez,ﬂuz),A,,(aeu,oez,/l))+gb(A,3(aez,oez,z),Ap(B,x,z))
—6u (A, (;,08,,2), A, (2, e, 1))

<SVM |4, = A|+Vg, (A (e,,0e,,2),A (B, X 1)).
Letting z — oo, we obtain

5o (B,A,(B,x4)) <limvg, (A, (e,,08,,4),A,(B,x 1))

’B b
slim&max{%(aez )}
Z—>0 gb((ﬁz’x)
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5o (B, A, (B, x )L+, (2, A (2,08, 4,))],

) 1+¢,(ee,,B)
+lim y max
e gb(xiAp(X’Blﬂ’))[l—'_gb(%z’Ap(%z!&212’2))]
1+¢,(ce,,X)

+lim&| max 5 (3@, A, (2,08, 4,)), -+ max (B, A (B, x 1)),
7% gb(CEZaAp((Ey%za/Iz)) gb(X,Ap(x,B,),))

s@+mmw{

(B, A (B, % 1)),
5 (XA, (% B, 1))

It follows that

1-y-6) max{Gb(B’Ap(B’xﬂ»’} <

5 (XA, (X B, 1))

This suggests that both ¢, (B,A (B,x4))=0 and ¢,(x A (xB,4))=0. In order for
A,(B,x1)=B and A (xB,1)=x tobeequal . Therefore 2eA. Thusin [0,1]

A isclosed. Let A contain 4,. When &, = A (e&,,08,, 4,) then 3 &, ,0e, € Uaswell as

o, =A (0ey, 8, 4).B,, (@, rcUand B, (e,r)c U Since U is open

Choose A €(4,—0,4,+0) such that| 1 — 4, |< I\/TZ

<e

Then for e B_ (e, r)={eee I/, (e 2,) <r+g,(2, %,)} and
ceeB_ (cg,,r)={ceeI/g,(ce,0))<r+g,(0e,,0e)}. Now we have
gb(Ap(m!oevﬂ’)’EEO) :gb(Ap(‘r‘B!m’ﬂ’)vAp(an’(EWﬂ’o))

<V{§b (A, (2,08 1), A (28 ., 4)) +5, (A, (2, Oe,ﬂo),Ap(aeo,OGMU))}
- —Gp(Ag (e 08 4) A (2,08, 4))

SUM 42| +V, (A, (32,00, 40), A (20, 024, Ap)).

1
SVF +Vg, (A, (3,08, 4)), A, (2, 02, 4)).
Letting z — oo, we obtain

Go(A (e,0.,4),28)) <vg, (A, (2,004, A, (&),08),4))

Gb (% 1$0)!}

< 5maX{
Gy (ce,0e)
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Gy (30, A, (2eg, 08, )L+, (e A (e, 08, 2))]
1+, (e )

Gy (08g, A\, (08, 38, A)[1+6, (e, A (08, 28, 1))]
1+g,(ce 0ey)

( {gb(&’Ap(EE7(B’Z‘))’} {gb(&O’Ap(a?O’(BO’/?’O))’}J
+6| max + max

+y max

gb(oc,Ap(af:,(E,ﬂ)) gb(oco’Ap(Oco’eeovﬂo)
< (§+y+20)maX {gb(&;mo)vgb(m’mo)}
<max{g, (e, 2,),,(ce,ce,)}

Similarly

6, (A, (ce, 28, 1), 08y) < max{g, (e, 2e,), 5, (08, 08,)}-

Thus

max{g, (A, (e, 0e,1),2,),6,(A (e, 3, 1),08,)} <max{g,(ee,a,).s,(0e,0ey)}

<max{r +g¢,(ae,,a,),r +¢,(ce,,0e,)}

For every constant Ae(4,—0, 4,+0) thismeansthatU, (., 1):B_ (&, r)—>B_ (@, r) and

A, (., 4):B, (e, 1) > B, (e, r). Since (r,) also holds, Theorem 4.1 is satisfied in all of its
conditions. From this, we infer that there is a coupled fixed point for A (., 1) in UZ_ However,

since (z,) holds, this coupled fixed point has to reside in U?>. For any A € (4,—0,4,+0). 1A
. Therefore (4,—0,4,+0)c A

Hence, in [0, 1]. A is open.
We employ the identical method for the opposite inference.
Conclusion

This paper presents several fixed point results and appropriate examples that demonstrate the major
findings in the context of partial b-metric space using contractive mappings of the (a, ¢)-H type.

Applications to homotopy and boundary value problems are also provided.
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