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1. Introduction

Throughout this paper, R and C denote the sets of real and complex numbers, respectively. AlsoR "=
(0,0),N,={0,1,.....} and Z ={-1,-2, ...... }.
Pathway Fractional Integral Operator :

In 2005 Mathai [1] presented the technique of evaluation and interpretation of special function and
integral transform and its applications in statistics and physical sciences. It was further extended by
Mathai and Hauhold [2,3], see also [14].

In 2009 Nair [4] derived a Pathway fractional integral operator as,

Let f(x) e L(a,b),7eC,Re(7)>0,a>0 and a >0 and « is taken as pathway parameter such
that o <1. Then the pathway fractional integration operator is defined and represented as follows:

n

(Po(f,a,a)) (X) - szj’;@‘i@}ua)f(t)dt (1)

where (a, b) is the set of Lebsgue measurable function defined on (a, b).

The pathway model is introduced by Mathai and studied further by Mathai and Hauboldm.
2. Objectives

Result Required:

The following result is required here
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where « <1; Re(n7) >0; Re(p)>0.

Marichev-Saigo-Maeda fractional Operators

The following MSM integral operators are required here [15], see also [16] to obtain the required
results

Let v,v,7,7,&0€C such that Re(v)>0

(@  If Re(o)>max{o,Re(v —7 ) Re(v+v +7r &)}, then

(G)F( V'+T'+0) XF( V—v —T+£+G)t_v Y rerol

(o7t )(t)_F(T +G)F( vV—v +€+0') F( 1% —T+€+O') )
by If Re(a)>max{Re( ), Re(—v—v +e), Re(-v-1 +6)},then

Ve _F(—r+a)l"(v+v' —g+0)x F(v+r' —8+O‘) e
(- tI0= F(G)F(v—r+0') F(v+v' +7 —¢+0 t )
(©  If Re(o)>max{0,Re(-v+7)Re(-v—v =z =)} , then

v e gl (a)l"(—r+v+a) y F(v+v' +7 —8+O‘) N
(Do, )= ( T+J)F(v+v'—g+0') F(v+z"—g+6) t ®)
d)  If Re(o)>max{Re(~7 ) Re(v +7—&)Re(v+v &)}, then
(DV'VY”"I'gt“’)(t)—F(TI +0)F(—v—v' +g+0')>< F(—v' —T+8+O') prv-eo

B - F(G)F(—v' +7 +0) F(—V—v' —T+8+U) (6)
Special G function :
The special G, [a,z] is defined by [5,6] as

pw[a Z] 7P lz ( ) @)

an+p7 n)n!

Generalized Mittag- Leffler Function

Gosta Mittag — Leffler the Swedish mathematician introduced the term Gosta Mittag — Leffler
function i.e., Mittag — Leffler function is defined [7] as

£ @=3

nzol“ yn +1

(d eC;R(y)>0)

where is a gamma function , after this Wiman generalized the Mittag — Leffler function as
follows,

(d e C;min(R(¥)R(v)) >0)

e (@)-3 -

n:OF7n+v

there are number of ways in which Mittag- Leffler function
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m

z

all= mzl“ /1m+ﬂ) m!
where 4,8,6cC (R(1)>0)

Product of G function and Mittag Leffler function

G,,, [az]xEf [z]=27" li ( ) i z

o n=anp+p)/ nn'm Fﬂ,m+ﬂ ml
let m = n=kthen

a Z]x Ef’ﬁ[z =z 1i (azp) (¢)k z“

G ;
p,w[ =T kp+,0]/ n)k! T(Ak +ﬁ) k!

Fox — Wright Generalized Hypergeometric Function

(8)

(9)

In 1933, E.M. Wright defined a more interesting generalized hypergeometric function of one
variable[8] and further generalizations of the series F, were given by Fox[9] and Wright

[10,11,12];
pl//q( ) . (al,Al),...,....(ap,Ap) ,
(B.,B)),ccer By By
_ ir(al + AN(er, + AN)....... F(ap + Apn)i
S 1(B, +B,n)(B, +B,n)...I(5, +B,n) n!
where the coefficients A ,........ A, eR"and B, ,....... ,B, € R" such that

1438, -3 A 20
j=1

i=1

for suitably bounded values of |7|. a;,a,,....,, By, By ...... B are complex parameters.

The Fox- Wright function is a special case of the Fox — H function as [13]

{(al, Al),...,....(ap,Ap) Z
p¥yq (ﬁl’Bl), ..... ,( q q

3. Methods

Theorem 1

Let £<1, p,n,y,a,0,4,beC then for Re(u),Re(B), Re(p),Re(r7),Re(&)>0

Poﬁ'i'b[z"’leM[a z|xE ﬂ[z]]
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az (p+l)

ba-&)y ™| (or-m.p)(01),(01).01),(5,2), (—§+a+7p n(p+1)kj (b@-¢)y*

(12)

zww-ﬂ-lr(u 1“ j (72,82, (c+m-n-1p+1)

Proof : Let | be the left hand side of (12) and on applying (9) we get

0 k
I — P{:,cf,b Zo-—l x (y)k (¢)k a Zpk+k+7p771:|
R

kp+ py—n)KIKIT(Zk + 5)

N (7)k (¢)k ak < P ,u &b g o+ pk+k+yp-n-1-1
kzzc; T(ko+ py—n)KIKIT(2K + 5) {z k

(o + pk +k +;/p—77—l)1“(1+1i§]

F(lﬂ.ff +o+pk+k+yp—1 —1+1][b(1— )|t

after using equation (10) we get the right hand side of (12).

ki () (@) "

X
r kp+ Py — n)k'k'F(/Ik +ﬂ)

7 pu+o+pk+k+yp-n-1

Corollary 1. The result of (12) can also be represented as Fox H function in the following manner.

el G,, fa.2lez, 2]

g
bl )

—az (p+1)

Zy+o‘+7p—7]—ll—~(1+ H J

L-71).Q-g1).(c+rp-n.p+1)
(0.1),@- py -7, p).@1),(L1),(02).1- 5, /1)(1— 1_”5 —o—p+n.(p+ 1)kJ

13

(13)
Y - oy

Corollary 2. On taking¢= g = 0, the Generalized Mittag Leffler function reduces to the classical
Mittag Leffler function and (12) becomes

Poﬁyéyb [Z U_le,IW [a' Z]X E, [Z]]

— Po/i,é,b|: X i ( ) ak Zd&+k+yp—r]—l:|

S T(kp + py —n)KIT(Ak +1)

S ( ) ak ,u &b g o+ pk+k+yp—n-1-1
kz:;‘l" kp+p7/ n)k'F(/lk +1)X t }
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F(o-+pk+k+;/p—77—1)l"(l+l’uJ

B 7 pu+o+pk+k+yp-n-1

g (7). 2"
= X x
S T(kp + py —n)KIT(Ak +1) r( %

+o+pKk+k+yp—n-1+ 1][[3(1_ é:)]0+d<+k+yp—ry—l

Z#‘*‘O""%D"l_ll"(l_'_ ]-'ugJ (7/,1) ) (O' +typ-n-Lp+ 1)

B2 000,62 s o-nlo K B2

az (p+1)

Theorem 2

Let v,v,7,7,& 0,1,7,8,0,4,0 €C such that Re(v)> 0, p,7,7,a,0,4,b € C then for
Re(u),Re(8), Re(p). Re(17)> 0

I v e, 8[ Ufle’”J [a’ Z]X Ejiﬂ [Z]]

0+

(7 ).(81), o+ o —n—L p+1)(-vr+o+yp—n -1 p+1),
(v—v T+E+o+yp—n-— 1p+1)
(0

_ o V=V +s+o+yp-n-2
=1z sV

oo

1),002). (07—, p) (B, A) Q. + o+ 711 p+1)
~V—V +e+to+yp-n-— 1p+1)( vV —t+e+o+p-n-1p+1

Proof : Let | be the left hand side of (14) and on applying (9) we get

I Ivv rr£|: o 1>< i ) (¢)k ak Zp‘<+k+7p"]—lj|

S T(kp+ py —n)KIKIT (2K + B)

N )k (¢) ' pk+k+yp-n-1-1
I VWV, T,T,& £ 0+pK+K+yp-77
kZF (ko+py—n)KIKIT(K +B) * t ;

After using (3) we get
(7). (#), a" y F(o-+pk+k+;/p—77—l)1“(—v'+r'+o-+pk+k+7/p—77—1)
o kp+p7/ n)k'k'F(/lk +ﬁ) F(TI +a+pk+k+7p—77—1)1“(—v—v'+g+a+pk+k+7/p—77—l)

F(—v—v —T+e+0+ 0K +k+7//0_77_1)va—v'+£+cr+pk+k+;/p—7yflfl
F(—v' —z'+$+0'+pk+k+7/p—77—1)

X

ng

after using equation (10) we get the right hand side of (14).
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Theorem 3

Let v,v,7,7,& 0,1,7,8,0,4,0 €C such that Re(v)> 0, p,7,7,a,0,4,b € C then for
Re(u),Re(8), Re(p), Re(17)> 0

Il/,v',r,r £ [ZiUGpJN’ [a, Z]X Ef,ﬁ [Z]]

(7). (@) (~r—pp+o+n+l—p-1),(vV+v-s+o—yp+n+1l-p-1)
(v+r —-c+o—yp+n+l-p- 1)

(02).02).(py =1, £).(8.4). A1), (6 = o~ +1-p~1)
(v-t+o-ypp+n+l-p- 1)(v+v'+z"—g+a—7/p+77+1,—p—1)

i +e+o—yp+n+l W az -(p+1)

[ee]

1s)
Proof : Let | be the left hand side of (15) and on applying (9) we get

| = |VV o g{ X i ) (¢)k a* ZPk+k+7p771:|

S T(ko+ py —n)KIKIT(2K + )

i )k (¢) “ x| v,vv,r,r,g{z —(o‘—pk—k—yp+77+1}
@ T(kp+ py —n)KIKID(Zk + 8)

After using (4) we get

i )(¢)kak XF(z"+a—pk—k—;/p+77+1)l“(—v—v'+g+a—pk—k—7p+77+l)x
S T(kp + py—n)KIKIT(AK + ) To-—pk—k—pp+n+L(v-r+0—pk—k-yp+n+1)
F(V+r —8+0'—pk—k—7p+77+l)
F(v+v'+z"—g+a—pk—k—7p+77+1)
after using equation (10) we get the right hand side of (17).

7 —v—V +e+0—pk—K—yp+n+1

Theorem 4

Let v,v,7,7,&,0,1,7,8,0,4,0 €C such that Re(v)>0, p,77,7,8,5,4,b € C then for
Re(u),Re(8), Re(p), Re(17)> 0

D(‘)/;V"T’r & [Z J—leJN/ [a, Z]X Efﬂ [Z]]

(1)) p+o-n-Lp+1)(v-t+o+yp-n-1p+1)
(V+V +7 —g+0'+7p—77—1,p+1)

(02),00). (o7 =1, p).(8,2), (L), (-t + 5+ yp—1—1 p +1)
(v +V —g+o+yp—n-— 1p+1)(v+z- —-s+o+yyp-n-Lp+1

=7 v+v —g+o+yp-n-1 s l// az (p+1)

fee]

(L6)
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Proof : Let | be the left hand side of (16) and on applying (9) we get

I — D(;/_,Fv',r,r,g|: o-1 % i ) (¢)k a‘k Zﬁk+k+7p’71:|

ST (ko + py —m)KIKID(AK + B)

N ) (¢) ' PK+k —n—1-1
DYV TrE L0t pktktrpn
éf (ko + py—mKIKIT(2k+ B) ™ b }

After using (5) we get

i (7). (#), a" y To+pk+k+yp-n-1Cv-r+0+pk+k+yp-1-1)
ST(kp+ py—n)KIKID(AK + B) T(-c+o+pk+k+yp—n-D0(v+v'—e+o+pk+k+yp—-1-1)
My+v +7 —e+o+pk+k+yp-n-1) Sy —ero ekt
F(V+Z"—8+O'+,Ok+k+)/,0—77—1)
after using equation (10) we get the right hand side of (16).

Theorem 5 :

Let v,v 7,7 ,& p,7,7,8,0,4,0 €C such that Re(v)>0, p,77,7,a,0,4,beC then for
Re(u),Re(8), Re(p). Re(17)> 0

DY e [z G, [a, z]x Ej,ﬂ [Z]]

_(7/,1) (p.0), (z" —yp+o+n +1,—p—1), (~v—vis+to—yp+n+l-p-1)
— Zv+v —e+o—yp+n+l l// (_V _T+€+O__7p+77+1'_p_1)
"70102),(01), (o =1, p) (8, 2). 1), (0 =y + 7 +1-p 1),
(—v +7 +0'—;/p+77+1,—p—1),(—v—v'—z'—g+0'—7p+77+l,—p—1

17)

az *(/3 +1)

Proof : Let | be the left hand side of (17) and on applying (9) we get

| =D "¢ 779 % N (7’)k (¢)kak 7 Akkezp-n-1
) “T(kp + py—n)KIKIT(AK + 3)

N ) (¢)k ak ' —(o—pk—k— 1
Dv,v T,T,E o yo+n+
Z;F (ko+py - n)k'k'F(ﬂk+ﬁ)x St }

After using (6) we get
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i ()((,/S)kak ><1“(—T+0'—pk—k—}/p+77+l)1“(v+v —e+o—pk—k— ;/p+77+1)
k:oFkPJr,O]/ n)k'k'F(ﬂ,kJr,B) ( —pk—k — ;/p+77+1)F( vV +7 +0—pk—k— ;/p+77+1)
F(_ V —7T+&+0— pk -k - p+n +1) Zv+v‘—s+a—pk—k—yp+77+l
F(—v—v'—r'+g+o-—pk—k—7/p+77+l)
after using equation (10) we get the right hand side of (17).

4. Conclusion:

The Pathway fractional integral operator and MSM fractional operators can be used to construct
multiple integral formulas by applying them to the product of special G function and Mittag Leffler
function. Some corollaries are also derived from the main results as particular cases. This work also
uses generalized Wright hypergeometric function to express the derived results.
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