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eg¢Sand S™° € 5. As aresult, the vertices of the Cayley graph Cay (‘¥,S) are all

members of ¥, and two nearby vertices, x and y, are only adjacent if xy~! € S. The

given generalized Cayley graph is defined as Caym(Gr S)Thisisa graph whose vertex
set is made up of every column matrix X,,, It has two vertices and all of its components

=17t
in¥. X,,, and Y,,, are adjacent & Xm[(Ym) 71" € M(S), where Y, is a column
matrix in which Vv entry correlates to an associated element's inverse. Vi and M(S)

=171 —
is @ mxm matrix where every entry is in S, Y] is the opposite of Y ! and

m = 1 nthis study, we assign the structure of the new graph and highlight some of
its fundamental aspects Cay,, (G, S) when Cay(G, S) is the P, X P, and P, X Cj.
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Introduction.

Algebraic graph theory has emerged as a prominent mathematical topic of interest to specialists in the
domains of algebra and graph theory in recent years. Algebraic graph theory states that every graph
may be associated with a group, ring, module, or any other algebraic structure. An algebraic graph that
is particularly interesting is the Cayley graph for a group and related subset. In 1878, Arthur Cayley
created the Cayley graph to provide clarification on the concept of abstract groups, which at the time
were created by a group of generators. A graph with a group encoded is called a Cayley graph.
Assuming YV is a group and S is its inverse closed subset, we may conclude that e¢S. As a result, the
Cayley graph Cay(¥,S) is an undirected simpl-graph whose vertex set is made up of all of ¥'s

members, and X is next to y only if xy~! € S. We note that Cay(Gr Slisa simple r —regular graph

and it depends on to set S of the group. Also, Cay(G: Slis connectede S is a generating setof G. A
new definition of the generalized Cayley graph, called Caym (¥,S), was recently provided by Erfanian
in [4]. This new definition uses column mx1 matrices and is a novel extension of the standard Cay(
('¥.S)). The generalized Cayley graph, represented as Cay_m (G. S, is an undirected simple graph with
two vertices and a vertex set made up of all mx1 matrices, where x_i€G,1<i<m, for each positive
integer m>1 X = [xq, X3, ..., X;p]* @AY = [y, ¥4, ..., Y]t are contiguous only in the event that X(Y)
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NEM(S). Since it is obvious that the standard Cayley graph Cay('P,S) exists if m=1, we refer to this as
the generalized Cayley graph. In this work, we consistently assume that SN(-1)CS, e¢S, and S is a
entertain set of G. Cay(G,S) is therefore a connected graph in this case.
In this paper, we focus on the Cartesian product of two graphs in order to determine the generalized
Cayley graph. Cay(G,S) = P, X P, and Cay(G,S) = P, X Cs.

Binary operations create a new graph from two initial graphs G, H, such as graph union,
Cartesian graph product, Corona graph product, and generalized corona product. Here we define these
graph operations.

Definition 1. Assuming ¥ and H represent two graphs. Following that, the graph represented by
WYUH, which is the unionof WandH V(GU H) =V(G)UV(H)and E(GUH) = E(G) U E(H).
Definition 2. The graph denoted by WxH is the Cartesian product of ¥ and H, with V(G)xV(H) as its
vertex set. There are two vertices (g, k), (g', k') are next to each other if (gg'e G{ and |}
h=h~'€E(H)) or (g=g' 1 and |-hh'eE(H)). Therefore, E(GxH)={(g,h)(g',h") | g=g',hh'eE(H) or gg'e
E(G), } h=h") } and V(GxH)={(g,h) Hgeq V(G),heV (H)}. Factors of GxH are represented by the
graph G,H.

Definition 3. Assuming y and H are graphs, one may derive the Corona product of ¥ and H,
represented as WeoH, by linking each vertex of the i-th copy of H to the i-th vertex of G, where
1<a<IV(G)|, using one copy of ¥ and [V(G)| The functioning of copies of H. Corona product is non-
commutative. ie. GeH #H°G.

Lemma 4. Let X = [wy, @y, ..., Wy]" and Y = [yy, ¥, ..., Y]t be two arbitrary vertices of
Cayn,(G,S) where x; and y; are in G for all i,j € {1,2,...,m}, then X and Y are adjacent © x; is
adjacent to y; in Cay(G,S) vl i,j € {1,2,...,m}.

Here, we find the generalized Cayley graph when Cay(G, S) is the Cartesian products P, x P, and
P, X C5.

Lemma 5. Let Cay(G,S) = P, X P,, then Cay,(G,S) = K, 4 U 8P;.

Proof: Suppose that G, = P, with vertex set {x;,x,} and G, = P, with vertex set {x3,x,} and
Cay(G,S) = P, X P,. So, Cay(G, S) is a cycle of length 4 and its vertex set is

V(Cay(G,S)) = {(x1,x3), (x1,x4), (X2, Xx3), (X2, x4)}
and the set of four edges {(x1, x3) (%1, x4), (x1, x3) (X2, x3), (x5, x3) (%5, X4), (%5, %4) (X1, X4)}
Since the Cayley graph is a cycle (x;, x3) — (xq,x4) — (x5, x4) — (x5, x3) — (x4, x3). Then, we have
4% = 16 vertices in Cay,(G,S) and V(Cay,(G,S)) = {[}] |a.b € V(Cay(G,5))}
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{'(xl,xg)' [(x1, x3)] [(xq,x3)] [(rp, x3)]
[ (g, 2x3) 17 Lxp, x4)17 L(xp, x3) 17 1(x5, x4)1”
[(x1, x4)] [Crg, xg)] [Cre,xg)] [Crp, xg)]

[ (x1, x3) 1" L(og, x4 )07 LCxg, x3)17 L, x0) 1
[(x2, x3)] [(xz, x3)] [Cxa,x3)] [(x2, X3)]
[(xq, 23017 L(xg, x0) 17 L(x2, x3)17 L, x0) 1
(o2, x4)] [(xz, 407 [Cx2, 2x4)] '(xz,x4)'}
[ (xq, 23) 17 L(xg, x4) 17 L2, x3) 17 L(xp, x4) ]

Consequently. Every vertex in set A is obviously adjacent to every vertex in set B, and vice versa.
Thus, the bipartite graph is obtained K, ,. We demonstrate that every other vertex is an independent

(x1,x3)

vertex. Assume, without losing generality, that Ces Xa)l s not isolated. So, there is a vertex
[Ezg € V(Cay,(G,S)) such that (x,,x;) — (a,¢) , (1, %3) — (b,d) , (x1,%4) — (@, b) and
(x1,%x4) — (b,d). S0, (a,c) = (x1,x4)0r (a,c) = (x3,x3). If (a,¢c) = (xq,x4),then (a,c) —
(x4, x4) then it implies that (x4, x4) — (x4, x,) which is a contradiction. Similarly, If (a,c) =

(x5, x3) , then (a,c) — (x4, x4) which implies that (x,, x3) — (x4, x,) and gain it is a contradiction.

Hence, [glfg is an isolated vertex. The following procedure may be used to other vertices as
1,14
well. There are these solitary vertices in an amount of 4* — 8 = 8, and hence Cay,(G,S) = K44 U

8P,. The graph of Cay, (G, S) in this case, is shown below. =

(x1xx3)l (xpxa)l (2, x4) (x2,24)

(x1,x3) (2, x4)

(xl, X3) (xz, x3) (xl,x) (o2, x4)

(xZJ x4-) (‘xlr X4)

The graph P, X P, A component of graph Cay,(G,S) of P, X P,

In the next Theorem, we generalized the Cayley graph for each m=3 when the common Cayley graph
is P, X P,.

Lemma6. Let Cay(G,S) = P, X P,, then Cay3(G,S) = Kgg U 48P;.

Proof: Suppose that G, = P, with vertex set {x;,x,} and G, = P, with vertex set {x3,x,} and
Cay(G,S) = P, X P,. So, Cay(G,S) is a cycle of lenyth 4 and its vertex set is

V(Cay(GJ S)) = {(xl; X3), (xl; X4), (.'X'z, X3), (le X4)}
and the set of four edyes {(x, x3) (x1, x4), (31, x3) (X2, X3), (X2, X3) (X2, X4), (X2, X4) (X1, X4)}

Since the Cayley graph is a cycle (x1, x3) — (xq,x4) — (%2, x4) — (%2, x3) — (xq, x3). Then, we have
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43 = 64 vertices in Cay;(G,S) and V(Cay;(G,S)) = {lal a,b,c € V(Cay(G, 5))} So,

(%0 %7)

V(Cays(G,9)) =3 |(xp, x)| ¢ ik Lrs =1234 ;. Therefore, we have two independent sets
(7, x)
(g, x3) | |Oepyxs) | [Gepxs) | [Geaxa) | [Cepxs) | [z xa) | |Gz xa) | (2, xa)

A =10 x3) |, [ Oy xz) |, [z xa) | | Cens x3) | [ Oz xa) | [ Cens x3) [ | Cean xa) | | (s x4)
(ry,x3) | |(eaxg) | [Cepxa) | [ (e xz) | | (o) | [(e2xg) | | G xa) | [ (x2, xg)
and
(e xa) | | Cenxg) | (G xa) | |(ezxs) | [Gepxa) | |Gz x3) | [(gx3) | | (32, x3)

B = {|Cepxa) || Cenxg) |5 |G x3) | | (e xa) | | Gz xa) | [ G xa) |5 | (e, x3) | | (22 x3) | ¢
(g xa) | | (ex3)| [ Cepxg) | | (e xg) | [Gegox3) | [(xpox3) | | Cepxg) | | (30 x3)

It is clear that every vertex in set A is adjacent to all vertices in set B and vice versa. Thus, we yet
the bipartite graph Kgg. We demonstrate that every other vertex is an independent vertex. Absent

(X3, %)
loss of generality, suppose that | (x;, x;) | is not isolated where i, k,r = 1,2 and j, [, s = 3,4. So, there
(xr, Xs)
(a,b)
is a vertex [(c, d)| € V(Cay3(G,S)) such that (x;,x;) — (a,b) , (x;,x) — (c,d) , (x;, %) — (e, f)
(e.f)

and (xx, 1) — (a,b) , (X, x1) — (6, d) , (xp, %) — (e, f) and (xy, x5) — (@, b) , (X7, %5) — (¢, d)
, (Xr, x5) — (e, f) . but (x;, x;) is of deyree 2. So, (a,b) = (x;,x;) or (a,b) = (xx,x;) Of (a,b) =
(xr, x5). If (a,b) = (x;, ;) , then itimplies that (x;, x;) — (x;, x;) which is a contradiction.
Likewise, If (a, b) = (xy,x;) and (a, b) = (x,, x;) we yet the a contradiction. Hence, the rest
(xi:xj)]

(xx, x;) | are isolated vertices. We can prove by the same method as above for more

() X5)

vertices. There are these solitary vertices in an amount of |V (Cays(G, )| — (|A] + |B|) = 43 —

(8 +8) =48, and hence Cay3(G,S) = Kgg U 48P;. The graph of Cay;(G, S) is shown below. =

vertices
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(1, %3) (2, %4) (1, %3)
(x1,x3) (X2, x4) (x2,%4)

(x1,%3) (x1,%3) (x1,%3)
(x1,%3) (x1,%3) (2, %4)

(x1,x3) (x2,x4) (x1,x3)

(x2,%4) (x1,x3) (X2, %4) (x2,%4) (2, %4)
(x2,%4) (2, %4)

(x1,%3) (X2, x4)

|

\
—_—

(21, 204) (%1, 24) (o1, 24) (%2, 23) (o1, %4) (%2, x3) (%2, 3) (o2, x3)
(21, 204) (%1, 24) (22, 23) (21, 204) (o2, %3) (%1, 24) (%2, x3) (o2, x3)
(%1, %4) (x2,%3) (o1, x4) (31, %4) (oe2, %3) (2, %3) (21, 24) (o2, x3)

A component of graph Cay;(G,S) of P, X P,
In the next Theorem, we generalized the Cayley graph for each m > 2 when the common Cayley graph
is P, X P,.
Theorem 7. Let Cay(G,S) = P, X P,, then the generalized Cayley graph Cay,,(G,S) is the graph
Komym U (2M%1(2m1 — 1))P; forall m > 2.

Proof: Suppose that G; = P, with vertex set {x;,x,} and G, = P, with vertex set {x3,x,} and
Cay(G,S) = P, X P,. So, Cay(G,S) is a cycle of lenyth 4 and its vertex set is

V(Cay(GJ S)) = {(xli x3); (xll x4-); (xZ; x3); (xZ' x4)}
and the set of edyes is (xq,x3) — (x1,%) — (X3, x4) — (X3, %3) — (xq,x3) . So, V=
V(Caym(G,S)) = {[al,az, . |a1,a2,---,am € V(Cay(G,S))} . Therefore,
[V(Caym(G,S))| = 4™. Consider the subsets A and B of V as follows:
A={[ay,az ...,an]": a; € {x1,x3},i =1,2,...,m} and B = {[a,,ay, ..., an]" : a; €
{x,,x,},1 = 1,2,..., m}. We can see that A and B are independent sets and that every vertex from
one is adjacent to another set using the same technique used in the demonstration of the preceding

lemma. As a result, the entire bipartite network is induced by the union of disjoint sets AU B, and the
remaining vertices are all isolated vertices. Consequently, Cay,,(G,S) = Kym ;m U

(2m+1(2m—1 _ 1))p1
forall m > 2. =

In the next lemma, we find the generalized Cayley graph for the special case n = 2 when
Cay(G,S) = P, X C5.

Theorem 8. Let Cay(G,S) = P, X C3, then Cay, (G, S) has ((P, X C3) o 2P,) U 18P, as a subgraph.

Proof: Suppose that G, = P, with vertex set {x;,x,} and G, = C5 with vertex set {x3, x4, x5} and
Cay(GrS) = PZ X C3' SO’ V(Cay(G'S)) = {(xli X3), (x1'x4-)r (x1'x5)' (XZ,X3)(.X2, X4), (xZ:xS)}

and |V(Cay(GrS)| =6and E(Cay(G'S)) = {(xli x3)(x1,x4), (xl,x3)(x2,x3), (er x3)(x2,x4),

(22, x4) (1, x4), (2, x4) (X2, X5), (X2, X3) (X2, X5), (X1, X3) (X1, X5),, (X1, x4) (X1, X5), (2, x5) (%1, X5) T
he graph Cay(G,S) = P, x C3 shown in below.
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(xl,x3) (Xz; xs)

llxﬁ) (x2|x

(21, x4) (22, x4)

Then, we have 6 = 36 vertices in Cay,(G,S) and V(Cay,(G,S)) = {[,] [a.b € V(Cay(G,$))} =

{_('Xl;xﬂ_ [Cep, x3)] [ x3)] [Cenx3)] [, x3)] [ (g, X3
[Cep, x3) 17 LCcp, x4 )17 LG, x5) 07 L(oxg, x3) 17 L, x0) 1 1(p, x5) 17
(g, x4)] [Crq, x4)] [y, x)] [Oepxg)] [Crg,xg)] [, xg)T
[ Oy 23) 17 LG, xg )0 L(oeq, x5) 1 (g, 2301 (g, xa) 17 L (o, x5) 1
[y, x5)] [Cey,x5)] [y, xs5)] [ xs)] [y, xs)] [y, xs)]

[ O, x3) 17 LG, x )0 Ly, x5) 17 Qg x3) 1 L(xp, x4) 17 L (g, x5) 1
(x5, x3)] [(x2,x3)] [(xp,x3)] [(x2,x3)] [(x2,x3)] [(x2,x3)]

[ (g, x3) 1" LCeg, x0) 1 LCxp, x5) 17 L, x3) 1" L(op, x4)1 7 L(xp, x5) 1
(2, x4)] [(x2,x4)] [Crgyxg)] [Crgx0)] [(x2,x4)] [(x2,x4))]
[y, 23) 17 Ly, )7 LCxq, x5) 17 Lo, x3) 17 L0z, 24017 (x5, X))
[(x2, x5)] [Cxax5)] [Ceasxs)] [, x5)] [(oxz, x5)] '(xz,x5)'}
[Cep, x3) 17 LCp, x4) 17 1Cxg, x5) 17 L0, x3) 1" Lo, 24017 L(x, x5) ]

(% X))
(%0 %))

(xi'xj+1)

Therefore, each vertex
(xie1 %)

has deyree 4 and it is adjacent to the vertices

and Exi“'xjg and lExi'xj“% and Exi'xj“% . The other vertices are isolated. The graph
Xir Xj41 Xiy Xj41 Xir Xj42
Cay,(G,S) is shown in below. .
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