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Introduction: In previous work authors were discussed fixed pointon
various metric spaces with F -contractions, a-type almost -F- contractions,
a-type F -Suzuki contractions, (¢, F)-contraction, F - weak contractions, o
—y-contractive type, o —y-Meir-Keeler contractive mapping, o-ratonal
contractive mappings, (o, B) — (¢,y)-rational contractive type mappings.

Objectives: Finding the unique fixed point for self mapping in S_b-MS, via
(a,,F)-contraction.

Methods: with the help of a- admisible mapping, (¢, F)-contraction, o type
F -contraction and (a.¢,F)-contraction we have fixed point findings in
complete S_b-metric spaces.

Results: we obtained unique fixed point results via (a,p,F) contractive type
for self mapping in complete S_b-MS.

Conclusions: In this article, Contractive mappings of the (a,¢,F) type are
used to show certain fixedpoint results in the context of S_b-MS, along with
appropriate example that illustrate the key findings. Appications to integral
equations and homotopy are also offered.

Keywords: S, —metric spaces, a-admissible mappings,(a, ¢, F) contraction
and completeness.

1. Introduction

Fixed point theory is a crucial topic of non-linear analysis. Numerous types of equations that
exist in natural, biological, social, engineering, and other branches of science and technology
are studied in order to understand their underlying relevance. Examining the situations in
which single or multi-valued mappings have solutions is a common application of this
technique. In 1922, S. Banach.[1] introduced the notion of Banach contraction principal. It is
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most fundamental tool in nonlinear analysis and some results related with generalization of
various types of metric spaces (See [2]-[6]). Recently Sedghi et. al. [7] defined S,-metric
spaces by using the concept of S and b-metric spaces and established common fixed point
results in S, -metric spaces. Subsequently to improve many author established so many results
on S,-metric spaces (See [8]-[13]). In 2012, Wardowski [15] introduced the concept of F -
contractions which plays a crucial part in the recent trend of research in fixed point theory.
After that, Wardowski and Dung [16] and Dung and Hang [17] extended the concept of F -
contractions to F -weak contractions and generalized F-contractions respectively.By mixing
up the concept of a-admissible mappings with F-contractions [15] and F -weak contractions
[16], Gopal et al. [18] introduced the concept of a-type F -contractions and a-type F-weak
cont ractions and Hafida Massit et al.[19] introducing (¢, F)-contraction to inspired by the
work done in ([20], [21]) and proved some fixed point results in C* -algebra valued metric
spaces. Subsequently, this type contractions extended or generalized by various researchers
(See.([22])-([25])). The purpose of the current paper is to provide unique fixed point
theorems for (a, ¢, F)-type contractive mappings in the context of complete S;,-metric spaces.
We can also provide examples that are appropriate and relevant applications to integral
equations as well as Homotopy.

2. Objectives

In this article we have proved the existence of unique fixed point solution to self mapping of
Sp-metric space using (a, ¢, F)-contraction and example provided which supports our main
results and also shown our results for nonlinear integral equations and Homotopy theory.

3. Methods

Definition 3.1 Let G be the set that is nonempty and assume that k > 1 is a real number.
Consider a function S,: G3 — [0 ) that satisfies the following conditions:

(Sp,) 0 <Sp(A145,43) forall Ay, Ay, Aze Gwith A+ Ay# Ay
(Sp,)  Sp(8105,43) =0 & A= A,= Ay
(Sp,) Sp(A1A2,A3) < k(Sp(A1A1,Ay) + Sp(A2,8,,A4) + Sp(A3A3,A4))

forall Ay, A, Aze G. Then the pair (G, S,) is referred as a S;, — MS and the function S,
referred as a S;,, metric on G.

Example 3.1 Define S,: G2 - [0 o) by S*(VLVZ,V3) = (S(VLVZ,V3))t when k = 22t=1
then S, is S, — MS.

Definition 3.2 Assuming a space (G, Sp,) isa S, — MS. It is argued that a sequence {,} is a
sequence in G.

(i) If po in N exists such that S,(3,, 3, {,) <€ each p, g = p, then the sequence is
known as the S, -Cauchy sequence.
(i) S, isconvergent to a point ¢ in G, if for each €> 0,3 p, € N such that
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Sp(Cp, $p ) <E Vp = py and write is as lim ¢, = ¢,
p—)OO

(ili)  An S,-metric space (G, Sj) is said to be complete, if every S,-cauchy sequence must
be S, —convergent in G.

Lemma 3.1 In Sp,-metric space, we have

Sp(G G R) < kSp(R,R.Qand S, (R, R.Q) < S, (3, ¢, X)
Lemma 3.2 In Sp,-metric space, we have

ST R) < 2kS,(3,(,0) + k2S,(8,8,R)

Lemma 3.3 Given that {ocp} is S, convergent to a and that (G, S,) is S, metric space k = 1,
then

. 1 . . .

i ESb(ﬁ, B,a) < zll_)r{.lo Lnbe(ﬁ, B, ap) < gl_rLlo sup Sb(ﬁ, B, ap) < 2kS,(B,B, o)

. 1 . . :

ii. k—ZSb(a, a,B) < zll_)r{.lo Lnbe(ap,ap,,B) < gl_rLlo sup Sb(ap,ap,ﬁ) < k%S, (a, o, B)

Definition 3.3

Let [:G — G be a self mapping and a: G x G x G - R* be a function then [ is called a-
admisible mapping, if a(£,£,)=1=>a([¢ [¢ [Q) =1 V¢ T€EG.

Definition 3.4 Let [: G— G be a self mapping and

a:G X G X G- R* are two mappings defined on a nonempty set G, [ is called triangular -
admisible mapping, if

Q) [ is an a- admisible mapping.
(i) a(,£,)=>1,a(({,X)=1=>a(,4,8) =21 VL, NEG.

Definition 3.5
Let y={F /F:R* > R}and £ = {¢/¢: (0,0) - (0,)} be a family of mappings satisfying

(a) For £,%,¢," € R* suchthat £, < £,%, F(£,1) < F(£,") (i.e., F is strictly increasing);
(b) z11_)1‘(010 Xp =0 ifand if Zli_r)‘go?'()(p) =—0;

(©) {Jl_i)grlll inf () > 0forall £ > 0;

(d) there exist 2 € (0,1) such that BIL%L BrF(B) = 0;

(e) F is continuous on (0,c0).

Definition 3.6

Assume that [: G— G isa mapping and (G, d) is a complete metric space then
[iscalled a (¢, F)-contraction if there exist ¢ € L, F € y with

d(M2, 1) >0=@(dE,Q)+F (d(6, TY) <F(AF,Q) V4IEG
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Definition 3.7

Assuming that (G, d) is a metric space, [: G — G and a: G X G —» R* be the functions,
if there exists & > 0 such that forany ¢, € Gand F € y

dMe, MY>0=0+a(t,) (F(T4 M) <F(d#,Q) V4,LEG.

then it is claimed that the function [ is called an a type F -contraction.

4. Result
In this part, we will demonstrate some basic fixed point theorems for
Self-mapping using novel contractive condition of the (a. ¢, F) -type in S, — MS.

Definition 4.1 Let [ : G = G be a mapping and (G, S,) be an Sy, — MS. Assume that F € y,

@ € L and a: G3 - R* are functions such that for £, € G with j= 3,4,5, then we say that [
is (a. @, F)-contraction if

(2, T2, T9>0= o(5,(640)+ a8 QFS,([¢ T2, [ Q) <F (ML) (4.11)

Where
M3((£,0)) = max {Sb (¢, ¢,0), 2Lt ”;ib@é (2D Syt T oz):bc 44 m}
M$((£,9)) = max {Sb(f,f, 0,8, (4,2, 14),5,@¢ I Z))’Sb(&& FZ); :4 Sp(L,4, rg)}

MSS((‘& Z)) = max {Sb (‘gi {), Z)ﬂSb (fﬂ fﬁ |—’L))l‘s’b (Z' Z' |— Z))'Sb (‘g, ‘g, [_ Z)),Sb( Z' Z' |—‘€)}
Theorem 4.2

A CS,MS with coefficient k > 1 is defined as (G, Sp).Let [: G — G be a mapping of the
type (a.q,F)-contraction with j = 5, where F € y, @ € L. Assume that each of the
following statements is true.

(i) I isan a- admisible mapping,

(iy) there exists £, € G such that a (€, €y, [€y) = 1,

(i) 1 {l,,} is sequence in G with a(¥,, £y, £,+1) = 1 for all positive integers p and
¢, > vasp— o, we have a(¥,, ¥, v) = 1forallpe N

Then, in G, there is a unique fixed point of T.

Proof: According to the theory, there are ¢, € G such that a (g, (o, [ {y) = 1.

Create a sequence {(,} by setting ¢,.,= [ ¢, for all pe N. If an integer p exists and
(p= [ Cp, then T, is a Fixed point of [, and the proof is thus complete. We therefore
suppose that there is no number p such that g, ;= ,,. This means that that a (o, o, [¢p) =1
also holds fora({y,y,¢;) = 1. Since[ is ana-admissible mapping, we obtain

(8, 0y, 0peq) = 1 foreveryp e N.
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Assuming the above definition and S, ( [ G,—1, [ (-1, [(,) = 1 forall pe N.
We have
F ((S6(Cpr Gpr Gp+1)) = F ((Sp( [Gp-1, -1, )
< a(Gp-1.p-1.%p) F (Sp( [Gp-1, [Gp-1, [T))
< F G M Gp-1.5)) = 9(So (-1 3p-1.G))

1

< FloaM{Gp-1.3)). (4.2.1)
Now, by simple computations, we have

Sb(Zp—llZp—liZp)iSb(Zp—lrcp—l' er—l)'Sb(cplcp' rcp)'}
Sb((p—l: Cp—l' er)'Sb(cperr |_Zp—l)

_ {Sb(Zp—ll Zp—lﬂ Zp)' Sb (Zp—ll Zp—lﬂ Zp)' Sb (Zp' Zp' <p+1)'}
= max
Sb (Zp—l: Zp—l: <p+1): Sb (Zp' Zp' Zp)
= max{Sb (Zp—l: Zp—l: Zp)' Sp (Zp' Zp' Zp+1)' Sp (Zp—l' Zp—l' Zp+1)}

From the definition, we have
T((Sb (Zpr Zp: Zp+1)) <
1 1 1
F(max {25561 8p-1.5) 55555 (3 6o Gps) 3050 (G0 o1 pe) )

But

M] (Gp-1,0p) = max{

1 1
msb (Zp—l' Zp—l' Zp+1) = 2_k4 (Zka (Zp—lf Zp—l' Zp) + szb (Zp' Zp' Zp+1))

< max { %Sb (Zp—lr Zp—l' Zp)' %Sb (ZP’ ZP' Zp+1) }
Therefore,
1 1
(S5 GG Gp41)) < (MAX {3555 (41 Gp-18p), 5,3 S (3p: G Gpea))

We get a contradiction if ﬁsh (2, 8p) Uy ) is the maximum. Hence
F (S5 Gpr G Gpa1)) < F (555 (Gp-1.Gp-1.G))

=S5 Gps G Gpr1) < 755 (Gp-1,Gp-1, )

This demonstrates that the {C,} sequence of nonnegative real numbers is a decreasing
sequence. ~ We assert  thatlim S, (3, 3y, Gpeq) = O.1f  possible, ~ Assume  that
p— 00

lim S,(2y, 0y, 0p41) =y for some y >0. Therefore, for every pe N, we have
p—)w

S (p, 8y {pe1) = v By using condition (i) and the equation 4.1.2, we have
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F 1) <F (S5 G G Gpan)) < F (G555 Gp-1,5p-1.5)

< F (G5 S5 Gp-2:3p-2:3p-1)

<F (G (50 80,8) -

As gmﬂ(ﬁ(&‘b((o,(o,q)) =—oo, S0 we can find some Qg€ N such that

T((ﬁ@b((o,(o»ﬁ))< F(y) for all p>gq, which contradicts the above equation.

Therefore, we must have lim S, (Zp, Cps Zp+1) = 0. As of right now, we have established that
p—)OO

Cauchy sequence in (G, Sj,) exists. On the other hand, we assume that {C,} is not Cauchy.

The sequence of natural integers {qx}and {py} exists when € >0 and monotonically
increases such that p;, > qy

Sb(Caqter Sqier Gpie) = € (4.2.3)
and

Sb(iqk, qu'Zpk—l) <€ (4.2.4)
from Lemma (3.1), (3.2) and (3.3), we have

€ < (L Lio Gok)

< 2KkS, (qu» Cqkr qu+1)+k25b (qu+1' Cqk+1 Zpk)
so that

kiz < % Sp (qu' Cqks qu+1)+5b (qu+1, Cqk+1s Zpk)

We obtain that by setting k— co and applying F on both sides
F (:—2 < IlcirilooT (Sb(ch+1' qu+1:<pk))
< 1im F (Sp( Mg Mg [Gpin))
< lim (S Sqier Spi-1) F (So( MCqier [Sqier Gpr-1)
< ]11_)n;o ?(ﬁ Msj (Cqkr Cpk—1)) — ,11_{’{)10 ©(Sp(Cqrr Cqier Gpr—1))
< lim F (57 M{ Qi Gpi—1)) = Jim 9 €)

. 1 j
< lim F (G MJ o Gpic-1)) (4.25)
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Now, by simple computations, we have
lim M{ (Zqi Gpre-1)
=k_1)1£”1 max { S, (Cgrer Larr Sore—1)» Sb (Lo Sarer T i) Sb =10 Spre—15 T Lpr—1)),
Sb (qu; qu; erk—l))a Sb (Zpk—lr Zpk—lr [_qu))}
:k_l)logn max { Sy (Lo Sgier Spie—1)> b (Cgier Sater T 1) Sb Coie—1s Spre—10 [ i)
Sb (qu; qu» Zpk))a Sb (Zpk—lr Zpk—l' |—Zpk+1))}
=k_1)10131 max { €, O; Sb ((qkﬁ qur Zpk)r Sb (Zpk—l; Zpk—l' Zpk+1))}
< ]};LIEO max {E ,O,Zk Sb (qu' qur Zpk—l) + kzsb (Cpk—l' Zpk—l: Zpk)'
2kSp (Cpr—1, Gpr—1, Gq) + k2Sp (qu' Cqkr Zpk+1))}
<max {€,0,2k €,2k? €} = 2k* €
Therefore from Eqg. (4.2.5) and condition (e), we deduce
F ( ) < hm T( k4M1(qu:Cpk 1)) <F (

This is incongruous. Hence a S, — CS called {C,} exists in CS,MS (G, S;,). The sequence
{¢,} are convergentto v € (G, Sp), according to the completeness of (G,Sp).

lim [, = v—hm [Cps1 (4.2.6)

p—)OO
Assume that [ is a-admissible mapping, there is a sub sequence {Cyx} of {(,} such that

a(Cpks ok Gpr+1)) = 1 for all ke N and we have a(v,v, (k1)) = 1. At this stage, we
must demonstrate that v is a fixed point of [, Lemma (3.3) says that

If [ v+ v, then we have that

—Sp(Tv, T,v) < lim inf S( v, [v, [Gu).
p—00

Again, by the property of F and Eq (4.2.1), we obtain

F (586w, T,0) < im inf F(S,( v, Tv, Tp0)

< lim inf a(v,v, Cp+1)T(Sb( (v, [v, |_<p+1))

p—oo
< lim lnfT(mM] (v,p41)) — lim inf@( (S (v, v, Gp+1))
< llm 1nf§F’(—M] (v, Cp+1)) (4.2.7)

Where
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lim infF (g M{ (v, 3p11)) =
{Sb(v, V,8p41) Sp (0, T0), 85 (%pi1s Qs |—<p+1)'}
Sb(v, v, |—<p+1)15b(<p+1’ Zp+1' |—U)

{Sb(U» v, <p+1):5b(v» U, rv)’sb(<p+1' Cp+1s |—<p+1)'}
Sb(U,U, |—<p+1)15b(<p+1'<p+1' |—'l7)

lim infmax

p—>

< lim sup max

p—o

< max {0,S,(v,v, [v)}
=kS, (v, [v,v).
From Eq (4.2.7), we get

1

F (iSb( (v, Tv,v) <F(53

Sp(lTv, Tv,v)

This is incongruous. v is hence a fixed point of [. Assume that there is a fixed point in [
called v such that v+ v?

Consider
F (Sp,(v,v,vY)) =F (S (v, [v, [v1))
<a(v,v,v)) F (Sp( v, [v, [v))

L
<F (ﬁ Ml (v, vl)) — o(Sp(v,v,v1))
1
< F (WMS{ (v,v1)>
< F (s max{0, S, (v, v, 1), $, (w1, v, v)})
1
< FlozSw,v,vY)
This is incongruous. Consequently v = v1,
Therefore, the unique fixed point of [ isv.

Corollary 4.1
A CS,MS with coefficient k> 1 is defined as (G, Sp). Let [:G— G be a (a.¢,F)-

contraction type mapping with j = 3 or 4, assuming that all the requirements in Theorem (4.2)
are true. Then, in G, there isa UFP of [.

Corollary 4.2
If (G, Sp,) is a CS,MS with coefficient k > 1, then suppose that a self map [:G — G meets
the condition.

1

So(T8, T8, TY> 0 o(S,(L 8D+ F(S(T6 T2, 7)< F (o
where F € yand ¢ € L,j=5,4 0r 3. Then, in G there is UFP of [.

ML (£,0)
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Corollary 4.3
If (G, Sp,) is a CS,MS with coefficient k > 1, then suppose that a self map [:G — G meets
the condition.
Sy (e, T2, TO>0=>1+ F(S,(4, T2, 7)) < T( M. (¢,0)
whereF € yand ¢ € L,j=5,40r 3. Then, in G there is UFP of [.
Corollary 4.4

If (G, Sp,) is a CS,MS with coefficient k > 1, then suppose that a self map [:G — G meets
the condition. S,( %, (¢, Q) < AM](¢,0),where F € yand ¢ € L, j=5, 4 or 3. Then,
in G there is UFP of [ and A € [O,ﬁ].

Example 4.1

Let S,: G3 —» R* be a mapping defined as

Sp(V1,V2,Vs) = (IV, + V5 — 2V, | + |V, — V3[)?, where G = [0, ).

Clearly (G, Sp) is CS,MS with k =2

Define [:G—->Gby [ (a) = . Let ¢: (0,0) — (0,0) and F:R* - R as

i,j €[0,1]

1

:L = - G3 + [ 1.7) =
o(t) o and F(t) =tand a:G°> - R" as a(i,i,]) {; otherwise
Leti,j € G, a(i,i,j) =1 forije [0,1]. On the other hand, [i < 1 for every i,je [0,1].

As aresult, a( i, I'i, [j) = 1. As a result, the prediction is correct. In support of the
preceeding argument, «(0,0,0) > 1. If {i,} and {j,} are sequences in G such that

a(iy, iy jp)>1landi, - i,
jp—Jj€G, for all peNuU{0}. Then i,j, <[01], and hence i,j € [0,1] which
implies a(i,i,j) = 1.
Leti,je [0, ), we have
FSp(F@, F@, TN = Sp(r@, @, rg
= 4 I_i - [jI?

—_ 2
- U375 3\/_ 3\/_|

< 2800 ) < 5555 () = 77 Sp (i)
1
Sz max{Sy (0, 1,7), Sp (i, i, D), Sp (0,4, )SpU,J, 1), Sp (i, T)DSyGoJ, [}

2k
1
e Sp(@ i)

2k4 MS (l ]) - m'sb(i’ l’])
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< F (= MEGD) - (S, i)

As a result the theorem (4.2) presumptions are all met, and 0 is the only fixed point of [.

5. Application to Integral Equation:
We take into account the subsequent integral equation as an application:

a(t) = A(t) + 2k* [ K(t,2) h(2 a(A)) dA forall te [01] (5.1)
Let ® = {H /H:(0,00) = (0,0)} be a family of non-decreasing functions and
B={F/F:R* - R} be afamily of increasing functions satisfying

(H ()P < (t9) — 2k*tP forall@ > 1andt> 0
Eq (5.1) will be examined under the ensuing presumptions

(i) A:[01] » [T oo] is a continuous function
(i h:Ix [2—"4 oo] - [2%,00] is continuous function, h(t,a) = 0and I H €D

Suchthat Va,p € [2k4, ]

H(t, a) —b(t, F)| < H(la — L) with H(t,) = == So=7 8 P> © implies lim ¢, = 0.

p—>

(i,) K:[01] x [0 1] — R is continuous function in te [0 1] and is measurable in each A€

[0 1], for every t in such a way that K(¢,1) = 0 and fol K(t,A)dA <

23+§

Consider the space of continuous functions G=C (I, [ e

oo]) and

Sp:G3 > R be a mapping defined as

Sp(V1,V2,Vs) = (IV, + V5 — 2V, | + |V, — V5])? where G=[0,0).

Clearly (G, Sp) is CS,MS with k =2

Theorem 5.1

Equation (5.1) has a unique solution in C (I, [ oo]) under assumptions (i) — (i,)

c/l(t)

Proof: Define [: G - G by [(a) () =7

]
Now, for p,u € G

F (Sb( F(p)®), T, ( r(#)(t))) = S(TP@), T(P)(®), T(w(®))
= I T(P® - Tw®h?
=4| 3 K(t, 2) (T, a))dA — [ K (¢, Db(T,n(0)dA)?
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t

< @ [ Kt Dlp(r.a®) - BT uD)D?

0

< =75 (H 2lp — pl))?

270
1
< 53 (FQlp — ‘ul)Z - 2k4(2|p — /,LDZ)
20
1
< =55 (F(Sp(p, o)) — 2k45b(p,p,,u))
20
1 1
< FGaSelop)) =5 Sp(ppo )

1

< Floz M (o)) — 9(Su(p, p, 1))

6+1

Inwhich == =k, F(t) = tand p(t) = g

According to theorem 4.2, equation (5.1) has a unique solution in C (I, [2% oo]).

6. Application to Homotopy
This section investigates the existence oef a unique solution to Homotopy
Theorem 6.1
If (G, Sp) is a CS,MS, then A and A are open and closed subsets of G respectively such that
AC A. Let £,:A x [0 1] - G be an operator meeting the requirements listed below.
(t9) a# #p(a,s), foreach a € dA and s€ [0 1] (Here dA is boundary of A in G
(t1))  Sp(#p(a,s), #,(a,s), £,(B,s))= 0 implies
T+ FQRk*#y(a,s), #p(a,s), £,(B,5)) < F(Sy(a,a,p)
forall ¢, € Awith 7> 0andse [01]
(t)) AM, =0 3 S,(£y(a,s), £p(a,s), £,(a,t)) < My|s — t| for every a € A and
s, te [0 1].
Then #4(.,0) has Fixed Point & #,(.,1) has Fixed Point.
Proof: Take into account the set A= {s€ [0 1]: @ = £, (a, s), for some a € A}.

Due to the fact that £, (.,0) has a Fixed Point in A, we have that 0 A. The set A is not empty
as a result. We will prove that A = [0 1] by establishing that A is both open and closed in [0
1]. #£,(.,1) has a Fixed Point as a result. The first thing we do is show that Ac [0 1] is
closed. To observe this, assign s, — s € [0 1] as p— oo and let {s,},-; € A.

We must show that s is in A. Given that s,in A for p=0, 1, 2....... , there is a, in A with
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apy1 = #p(ap,s,). The proof is successful if ne N exists such that S, (ap, ap, #p(ay, sp)) =
0. So we assume that , for any p € N, we have
Sp(@ps A, tp41) = Sp (R (-1, Sp-1), Fep(Ap-1,5p-1), £ (@, 5p))

< 2k (Sp (s (@1, Sp1) 2o (@p—1, Sp-1), £ (ep, Sp-1) )

+k2Sy (o (ap, Sp-1), #p(ap, Sp-1), £ (p, )
< 2k(S, (kb(ap_l,sp_l),kb(ap_l,s,,_l),kb(ap,sp_l)) + k2My s, — Sp_q
Letting p — oo, we obtain

gl_{‘rc}o Sp(ap, ay, apy1) < 2k(Sp (kb(ap_l,sp_l),/&b(ap_l,sp_l),/cb(ap,sp_l)).

Since F is continuous and increasing function, we obtain

,E‘lIPOT(k3 Sp(ap, Ap, Ap11))

:gil?o F(2k*S, (kb(ap_l, Sp—1) #op(@p—1,5p-1), £ (ap, sp_l))
< 5})‘})10(7:(519(%—1; Ap-1,0p)) = T)

= %L@O(T(Sb(“p—z: Ap—2, Ap-1)) — 2T)

< Lim(F(Sp(ep-3, ap-3, tp-2)) = 37)

< %LQ(T(SI:(%' o, 1)) — PT) (6.1.1)

In the above inequality Eq (2.3.1), we have

Lim F (k3 Sp(ay, ap, apiq1)) = —o0.
p—)fx)

Which together the above definition (3.5) (b), gives lim S}, (a, @y, @p41) = 0. It is now time
p—oo

to demonstrate the S, —Cauchy Sequence in (G, S;,). on the other hand, Assume {a,} is not a
Sp —Cauchy Sequence. Natural numbers {q;} and {p;} can be arranged in a monotone
increasing sequence with €> 0 such that p, > q,

Sp(agk, Agr,apk) = € (6.1.2)
and

Sp(agk, Agr,Apk—1) < € (6.1.3)
From Eq (4.2.1) and Eq (6.1.2), we have

e< Sp(agk, Agr,Apk)
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< 2k Sp(aqr, Aqi, Aqie+1)TK>Sp(Agr+1, Agic+1,%pk)
< 2kS, (aqk, aqk,aqk+1) + k2S, ((/"'b (“qk.qu)/&b (“qk,qu)/&b (apk—lrspk—l))
< Zka (aqk’ aqk‘aqk+1) + 2k35b((kb(aqk,sqk),kb (aqk,sqk),/('/b (Olpk_l,sqk)) +

k4Sb ((/"'b (“pk—p qu), R (apk—l' qu), L (apk—lr Spk—l))-
So that

ke < 2k?S), (aqk, aqk,aqk+1) + 2k45b((kb(aqk,5qk),/&b (“qk,sqk),/&b (apk—l'sqk))
+k5 |qu — Spk—ll'
We obtain that by setting k— oo and applying F on both sides.

F(ke) < lim F(2k*S, (£ (@i Sqi)s 2o (i Sar): #6(@pic—s, Sai))
S gl_)rg F(Sp(agk, aqr,apk-1)) — T
< Fle)—7
This leads to the conclusion that T + F(ke) < F(e). It contradicts itself.

In the S, —metric space (G, S,,), the sequence {a,} is a S, —Cauchy sequence. The sequence
{a,} - v €(G, 5,) comes from the completeness of (G, S;,)
gij‘;%H =v =£ij‘30“p

We can prove v=+£, (v, s)). Suppose that S, (%, (v, s), %, (v,s),v) >0

From Lemma (3.3) (i), we have
F(k3Sy(#yp(v,5), £, (v,5),v)) < 1}1_1)120 inf F(2k* S, (/&b (v,8), £, (v,5), % (ap,s))
< zli_r)‘glof'(Sb(v, v,a,) — T
This is F(k3S, (%, (v,5), %,(v,5),v) = —0 as T - .
Accordingly, v =&, (v, s) indicates that S, (%, (v, s), %, (v,s),v) = 0. So, s in A.

It is obvious that A is closed in [0 1]. Let s, € A, then a, exists in A such that

ay = #p (@, So)- Because A is open § > 0 must exist forBg, (ay6) S A. Select the value of
s € (sg —€,Sp + €) such that|s — sy| < % <E€.

Consequently, for B, (ay, 8)={a € G: S, (a0, a, ay) < & + k%S, (ap, ag, @g)

Now, S, (% (a, s), % (a, s), ap) =Sp (/&b (a,5), #p(a, ), #p, (ay, 50))

< 2k (Sp (%b (a,5), #p(a,s), £y (a, 50)) + k2S, (’kb (a,50), #p (@, s0), £p (g, 50))

< 2kM|s — so| + szb(’kb(a; So), #p(a, 50);/%(“0,50))-
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If p is allowed to reach oo and F is applied on both sides, then
F(Sp(#ep(a, s), #p(a,5), @p))) < F(2k>S, (£p(a,s), £y (a,s), @p)))
< F(2k*S, (£ (@, 50), £, (@, o), #1, (@0, 50))
< F(Sp(a,a,ap)) — t
< T(Sb(a, a, ao)).

Therefore,

Sp(#y(a,s), p(a,s),ay) < Sp(a,a, ) < 8+ k2S,(ay, ay, ap).
Thus for each fixed s € (sy — €,50 + €), £,(.;5): Bp(ag, 8) = Bp(ay, §). Then, all of the
criteria of Theorem (4.2) are satisfied. As a result, we conclude that %, (.; s) has fixed point
in A. However, this must be in A. As a result, s € A for s € (s) — €,55 + €). As a result,
(s —€,5¢ + €) € A. Clearly A is open in the range [0 1].

A similar method can be used to demonstrate the converse.

7. Discussion
We have discussed unique fixed point theorems via (a, ¢, F)-contraction in complete Sj,-
MS and aillustrated an example also applications to nonlinear integral equations and
Homotopy theory.
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