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1. Introduction

Many different approaches have been suggested in academic writing to solve the challenging
issue of large scale unconstrained problems:

min{f(x): |x € R"} 1)
Such that f: R™ — R, R™ is called the n-dimensional Euclidean space. (see e.g. [10,13]).

Gradient descent methods are a crucial set of techniques used to solve (1), particularly for
issues that exhibit the following pattern:

X1 = X — eV (xg) 2

Such that x, is the current iterate, a; is a positive constant denoted as the step_length and it
can be calculate as:

o = -gldic/di Qe 1di 3
by some of the line_search, and dj, is the_direction of search generated by the rule:
di = -Vi(xi) (4)

see [12] for details.

Several suggestions have been made for adapting gradient calculation by using altered step
lengths, as this method is known for its simplicity and computational effectiveness. The one of
the first method, and the simplest one, noted by Barzilai and Borwein 1988, the step-length
was given as:
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lIsk |2 s
ot = e g = e (5)
Yk Sk [lyxll

where s, = X,cp1 — X = A, Vf(x,) and yy, = Vf(x,41) — Vf (x,). More details can be found
in [6].

In 2002, Dai et al. [8] suggested a gradient descent method which takes a different strategy to
choose the step size, given by :

T T
oPYY1 _ Sk Sk oPYY2 _ Sk Sk (6)
k 2(fi-fier1 HEL115K) | K 6(fic-fics1) +4EE 1 Sk+28E sic

Based on quadratic model, Basim et al. [5] we developed two efficient approximate optimal
stepsizes a; was updated by the formulas:

_ 2(fr+1-f) _ 1/2gg s+ (fiee1-fio)
= T , O = T (7)
gicdk gicdk

Ok
The efficiency of all these gradient methods significantly depends on the using suitable values

of the stepsizes ay,.

Some other known methods based on the gradient descent strategy to solve the large-scale
problems may be found in the literature [1,7,11,14,15,16].

The aim of paper is to offer a new gradient_descent algorithms in which a step length is
calculated by backtracking using a simple Hessian approximation based on the 2nd Taylor’s
series and study their important property. Numerical results show improvement in
performance.

2. Deriving A New Kind Step Size

New optimal phase sizes for gradient methods are revealed by examining the function through
the 2nd Taylor's series approximation. The 2nd Taylor’s series can be described as:

f(X) = f(Xicr1) + Grorr (XXpe1) + % (xXier1) T Qi) (XX 1) (8)

such that Q (x;.1) is knowen as the Hessean_matrices. To get the minimum, differentiate the
derivative by two sides of the Eq. (8) for (x — x;,,), and equate to zero, we obtain:

8k+1 = Bk-Q(Xk+1) (X-Xi41) )
Substituting x; in to x in equation (8) and putting relation (9) into (8), we get:
1/255Q(xk41)Sk = (fier1-fi-Biesi) (10)
Now, by equation (10) and equation (3) we can see that:
Sk Q(Xis1)Sk = (fier1-fi)-3/255 8k (11)
We propose to use our T, from an approximation to the Hessian, then above equation be:
TSk = (few1-fi0)-3/25K 8 (12)

From definition of y;, we have:
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YRSk = 8l 1Sk-8k Sk (13)

By putting (12) in (11) imply:

3 3
eSSk = 5ViSk + (fir1-fi) -5 Be15k (14)

will get the approximate optimal step-size:

T T
R 3/2y. S+ (fies1-f)-3/2 S
ak_Tkl_ /2Y Sk (k+% k)-3/28k+15k (15)

SkSk

Now, by using exact line search property in equation (15), we get:

_ 1 _ 3/2ygskt(fieer-fi0)
ak -_ ’Ck - SESk (16)

As a result, we describe the algorithm for our proposed method and called Algorithms New1,2.

New Algorithm

Stl. Select x, € R™ and compute d, = —g,. Set k = 0.
St 2. If converge case is satisy, then_stop.

St 3. Compute the step_length a;, as in Egs. (15-16).
St 4. Update : x,, = x; — ax gk, then go to St 2.

3. Converge Proparty

This part focuses on analyzing the convergente property of the BFGS tacneque. Specifically,
we make the assumption that f meets the requirements of being strong convex and the set ¥ =
{x € R™ f(x) < f(xo)} was closed. The strong convex of f by ¥ is characterized by the
presence of constants m and M, where:

ml < V2f(x) < MI 17)
to each x € ¥. A outcome for the strong convex of f on ¥ is must be bound f* as :
f()- —— V()13 < £(x) < ()~ - [IV2E) 13 (18)
For more details see [3-4].
Theorm 1.
The new algorethm utilizing backtracking achieves linear convergence and
fexi)-f" < (TS ei)f(xo)-f (19)

where ¢; = 1 — min{m, msPx} < 1and p; = 1is an integer, (p, = 1,2,3,.,.,.. as determined
by the backtracking algorithm).
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Proof :

By using (12), can rewrite :

TSk = (fier1-fi)-3/25k 8k (20)

Now, in point x,.,; = x,, — aiVf(x,) and d;, = =V f (x;) we have :

T VE(x) TVE(xR) = (fier1-fi)-3/ 204 VE(x,) TVE(x,) (21)
Hence :
o IVEIONG = (fier1-fi)-3/ 204 I VE 113
fir1-fic = -1/ 2| IVECxi) 115 (22)

By using backtrack procedure terminats may a;, = 1 or a;, = sPk such that p,, is any integer.
So:

f(Xi41) = f(xi)- min{r, rsPx} || VE(x) |3 (23)
Having that for strong convexity functions ||V f (x;) 15 = 2m(f (x) — f*) it follows that :

f(xier1)f < ce(fxi)-f7) (24)

where ¢, = min{rm,rmsPk}. because ¢, <1 n then the sequence f(x) is linear
convergence, like a geometricly series, f*.

4. Numerical Results

In this part of the study, numerical findings are presented and the New method's effectiveness
is contrasted with traditional gradient descent (GD) techniques for addressing unconstrained
problems commonly cited in previous research [1]. The evaluation is conducted utilizing
standard optimization problems outlined in prior literature [2]. Other different test functions
can be found in [3-4]. We stopp the algorithm when the stopping condition: ||V f (x)|| < 10~%or
arlgrd,] < 10720 £, 1| be satisfy. For the new with the gradient_descent (GD) algorithm,
this parameter would chosed: a = 0.0001 with s = 0.8.

In order to assess the numerical effectiveness of the (CG) methods being tested, details on the
performance can be found in Figures 1 and 2. These charts are based on the criteria set by
Dolan and Moré [8], which include the numbers of iteration and the numbers of functions
evaluation. We can also see from Figure 1 and 2, The new techniques have effectively reached
the desired outcomes and have demonstrated strong performance

It is clear that New methods are strong competitive with GS method and slightly better in some
cases for all graphs in Figures 1 and 2 which include the iterations number and evaluation
function.
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Figure 2: Assessment summary derived from changes in functionality

5. Conclusions

Our approach in this paper is based on utilizing a 2nd Taylor's series to determine the new step
size. We have established the universal convergence characteristic of our method and shown
through numerical trials that it is efficient. Additionally, we have developed alternative
versions of our method using different higher-order tensor models.
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