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1. Introduction

In engineering and science ordinary differential operator equations (OD OE'S) play substantial
role [2,5]. In order to find the exact Solution of the certain differential operator equations, the
integral operator equations were extensively applied. The more importance of an integral
transformations technique is that they provide powerful operational techniques to evaluate the
solution of the initial value problems (1.V.P's) [3,4]. Mostly we apply Laplace integral
transformation method to evaluate the exact solution of differential operator equations. The
general ZZ integral transform technique is the new general integral transform technique and is
very useful to find the exact solution of differential equations. In this paper, we investigate a
general integral transform which is based on the previous integral transformations but in
another domain. This integral transformation takes another form in process of transforming an
equation and gets the solution of the equation where in it follows the set of functions C, an
exponential order defined by:

C={k(t):3AN,S,,S, >0,|x(t)| > NeSiltl,
t e (—1)]_1 X (—OO’ O] ] =1 '2 (1)

For the set-in equation (1), the arbitrary Constant N must be a finite and S and Sz can be
infinite or finite constants. Introducing a general ZZ integral transform which is defined in
equation (1). Let x(t) be function defined v t > 0. The general ZZ transform of k(t) is defined
as:
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Hy{x(®)} = q(s,v) ) e PV () dt . (2)
t=0

Where g and p are functions of a parameters s and v.

2. Existence of General ZZ Transform
(). If h(t) is a piecewise continuous function in every finite interval 0 < t < k and of
exponential order A VvVt >k , then its kernel of general ZZ transform technique
Hy{x(t)} exists Vs > A and v > A2
(i). General ZZ Transform of some Required Function

Properties:

1. If k (t)=k, where k is a constant, then

__ka(sv)
Hy{e(®} = S22 p(s,v) # 0.

Proof: By definition,

= ® =Pyt ka6 L —pse| P _kaGy)
Hy{k} = a(s,v) [,_,e k dt ) [e £=0 = pew p(s,v) #0
2. If k (t)=e% , where a is a constant, then
q(s,v)
Hy{e"} = ————— , p(sv) >
g{e } p(S,V)—a p(s V) a
Proof: By definition,

Hy{e®} =q(s,v) | e PEMtedt de,=q(s,v) | e Plm-alt gt

t=0 t=0
_ 9w [~ PGm=alt|® _abv)
p(s,v) —a 0 pGsv)—a

3. If k (t)=cos (at) , where a is a constant, then
p(s,v).q(s,v)

Hy{cos (at)} = PG +a

Proof: By definition,
H, {cos (at)} = q(s, v)f e PVt cos(at) dt,
0

q(s,v)
2

_ q(s, v) [J e~ @sv)tadt gp 4 J e~ (p(sy)—ai)t dtl’
t=0 0

J e—p(s,v)t(eait_l_e—ait) dt,
0

2

_ a(s,v). 1 e [p(s,v)+ai]t| 0
2 —(p(s,v) + ai) t=0

1 B oo
+ [e [p(s,v) al]tlo )

- (p(s,v) — ai)
_a(sv) [ 1 1 ]
2 YpGsv)+ad (p(sv)—ai)' '
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_q(s,v) [p(s,v) —ai+p(s,v) + ai
o2 (p(s,v))? + a?
_ p(s,v)q(s,v)
(p(s,v))2 +a? "

)

4. If k (t)=sin (at) , then

aq(s,v)
(p(s,v))* + a?
Proof: By definition,

Hy{sin (at)} =

[ee]

Hy{sin (at)} = q(s,v) e PVt gin(at) dt,
t=0

_ q(s,v) (*

: e—p(s,v)t(eait _ e—ait) dt,
20 Jizo

(0]

- M UOO e~ (P(sv)-adt g¢ _ j e~ (@sv)+ait gl
21 t=0 t=0

After simple computation, we get:

aq(s,v)
(p(s,v))* +a®
5. If k (t)=sinh (at) , where a is a constant, then

aq(s,v)
(p(s,v))*—a?
Proof: By definition,

Hy{sin (at)} =

Hy{sinh (at)} =

o

Hgy{sinh (at)} = q(s,v) e PVt ginh(at) dt,
t=0
— q(s, 1/) . e—p(s,v)t(eat _ e—at) dt
2 Ji=o ’

= a(s,v) If e~ Gv)-a)t g4 _f e~ Gsv)+a)t dtl_

2 t=0 t=0
_q(s,v) [ 1 1

2 WpGsv)— a) (psv)+ a)l

a.q(s,v)

T GwvPE—a p(s,v)>a.

6. If k (t)= cosh (at) where a is a constant, then
p(s,v).q(s,v)
[p(s,v)]? — a?

Hg{cosh (at)} = , p(s,v)>a.

Proof: By definition,
q(s,v) (%

t=0

Hg{cosh (at)} =

After simple computations, we have:
p(s,v).q(s,v)
[p(s,V)]? —a?

— _ _abwv)
7. Ifk ()=t , then Hy{t} = GG p(s,v) # 0.

Hg{cosh (at)} = p(s,v)>a.
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Proof: By definition,

(0]

Hy{t} = g(s,v) e PVt gt
t=0
letu=t , du=dt , dv=e POV, y=_—1_ =pWt
p(s.v)
—t 0 1 *©
Hy{t} = q(s,v) e~Iplsme + e~ PVt dtl.
ot = a6 l =0 5Em ),
q(s,v)
H {t} = —————.
70 [pls )1
— 2q(s,v)
8. If k ()=t? then Hy{t} = ey p(s,v) # 0.
Proof: By definition,
Hy{t*} = q(s,v) e~ PVt 42 gt
t=0
Integration by parts we get
2q(s,v)
H {2} = =22
g (p(s,v))3
|
9. Similarly, if i (t)=t* then Hy{t3} = —2  5(s,v) % 0.

(p(s))*
, p(s,v) #0andn € z*.

nlq(s,v)
(p(sp)n+t
3. General ZZ Integral Transform for Derivatives

In general, Hy{t"} =

In this part, we provide the derivative of general ZZ integral transform.
Theorem (3.1). Let H, {k(t)} = z4 (s,v) then:

Hy{x' ()} = —k(0).q(s,v) + p(s,v).z4(s, V).
Proof: From definition Hy{ ' ()} = a(s,v) [,_ e PEV i’ (1) dt
Integration by parts:

u=e POV dy = —p(s,v)e PMiqt,
dv=x'(t)dt, v=k«(t).

Hy{x'(t)} = q(s,v) e‘p(s'v)t.rc(t)r;o + p(s,v) | e PV gk (t)dt|,
t=0

Hy {x'(t)} = —x(0).q(s,v) + p(s,v).24(s, V)
Theorem (3.2). Let Hy{x(t)} = z,(s,v) then:
2
Hy{x" ()} = — k'(0).q(s,v) — k(0).q(s,v).p(s,v) + (p(s,v)) . 24(s,v) .
Proof: From definition, H,{x" ()} = q(s,v) f;:o e~ POVt ! (£)dt,
Letu = e POVt du = —p(s,v)e” PEVide,

dv=x"(t)dt, v=rxK'(t).
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0]

Hy{x" ()} = q(s,v) e‘p(s"’)t.K'(t)ﬁo +p(s,v) e PVt (1) dt|,
£=0

= —k'(0).q(s,v) + p(s,v). Hy{x'(©)},
= —x'(0).9(s,v) + p(s,v)[—x(0).q(s,v) + p(s,v). 2, (s,v)],

= —k'(0)q(s,v) — k(0).p(s,v).q(s,v) + (p(s, v))z.zg(s, V).
Theorem (3.3). If Hy{k(t)} = z4(s,Vv) , then:

Hg{x"' ()} = —k"(0).q(s,v) — k'(0).q(s,v).p(s,v) — k(0).q(s,v). (p(s, V))Z
+ (p(s, v))3 .24(s,v)

Proof: From definition, H,{x""'(t)} = q(s,v) f::oe‘ p(sVIt " (£)dt,
u=e POV du = —p(s,v).e”PMiqe,

dv=x""(t)dt, v=k"(t).

Hy{x""(©)} = q(s,v) |~ PV, K"(t)lcz)o +p(s,v) | e POV () dt|,
t=0

= —k"(0).q(s,v) + p(s,v). Hy{x" ()},
= —K"(0)a(s,v) + p(s,v) [~ (0)a(s, v) — k(0)p(s,v)a(s,v) + (p(5,v)) 24 (5,V)],

= —k"(0).q(s,v) — k'(0).q(s,v).p(s,v) — k(0).q(s,v). (p(s, v))2 + (p(s, v)).3 Z4(s, V).
Theorem (3.4). If Hy {k(t)} = z4(s, V) then:

Hy{1€(©) = a(s,) ) k. (p(s, )™ + (p(s, V)" 24(5,7)

Where n is a positive integer number.
Proof. By Mathematical induction

4. Application of General ZZ Integral Transform in a Problem on Newton's Law of
Cooling of Analysis

Newton's Law of Cooling cases that the average of alteration of a body temperature is
proportional to the difference of the body temperature and that of its surrounding medium,[2].
Suppose that ¢ is the body temperature at any time t, ¢, the temperature of its surrounding
medium. Then via Newton's Law of Cooling analysis, we get:

de de
T [@(t) — @o(D)], then Frin —A () — o (V)] . (4.1)
Where A is a constant proportionality (4 is a positive number).

4.1 Problem. A body temperature is come down from 80°c to 60°c in 20 minutes, when it
was placed at which the surrounding air temperature is at 40° C.

https://internationalpubls.com 201



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 27 No. 2 (2024)

Then:

(1) What will be the body temperature after 40 minutes?

(2) When will be the temperature is 55° C?

Solution: Given that, the surrounding of the air temperature is ¢, = 40° C, initial temperature

that is for time t=0, ¢ (0)=80°C and after t=20 minutes, ¢(0)=60° C.
From Cooling Newton's Law (eq. (4.1)), we obtain:

d
[0() — @o(B)], then —= = —1.[p(t) — po(D)],

T dt

Where A is a constant, then:

d
2= 1[0 + 0o(®)].
Then:
d
d—‘f 000 = 1 9o(0) . (4.2)

Taking " general ZZ transform " on both sides' eq. (4.2), we get:
Hy{p' ()} + AHy{p(t)} = 40 AH {1} .
Now, by Appling property " general ZZ Transform "of derivative,

—9(0).q(s,v) + p(s,v). Hy{o(t)} + L. Hy{p(t)} = 40.1% . (4.3)

Since at the time t=0 give ¢(0)=80°C, substituting this in equation (4.3), we get:

~80.q(s,v) + p(s,v). Hy{o (D)} + 1. Hyfop ()} = 40.2 52

p(sv)
[p(s,v) + Al. Hy{p(®)} = 40/1;2:3 + 80.q(s,v),
40.14 q(s,v) 80.q(s,v)

Holo(®)} = z4(s,v) =

p(s,v).[p(s,v) +1] * [p(s,v) + 4]’
40.1+ 80.p(s,v)

=q(s,v) [p(s’v)_ DGV A
= q(s,v) 4 LB ]_ApEv+Bplv)+B.2
=q(s,v [p(s,v) + ] p(s,v)] GV )+ A

_(A+B).p(s,v)+B.1
p(s,v).[p(s,v) + 4]
401 = BA then B=40, and A+B=80 —» A=40, then:

)

40
p(s,v)

40
Hy{p(©)) = 7(s,v) = a(s, ). (45)

p(s,v) + /1]] +als,v).
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Applying inverse of " general ZZ transform " on both sides' eq. (4.5) then we obtain:

_ 1 . A0q(s,v) 40q(s,v)
YGH e} =H 1g[m] Tl o (5,7) }
@(t) = 40.e”* +40 =40.(e"* +1). (4.6)

Using the condition at the time t=20 minute ¢ (20)=60°C, we get:
60 = 40 + 40e~2%4 then, 20 = 40e~20%
Then:

1
_N20 1 _ 1\20
(e ) =2 set= (1) (4.7)
To evaluate the temperature after time t=40 minutes, from equation (4.7) we get p(t) =

40
40 + 40e™*% = 40 + 40(3)20

1
(t) =40 + 40(5)20 - ¢(t) = 50°C.

Therefore, after 40 minutes of the time temperature of the body is 50°C.

(2) To evaluate the time required to become the body temperature is equal to 55°C , we have:

55 = 40 + 40e ™% - 15 = 40(e ™) > = = (e™H)". (4.8)
Substituting equation (4.7) in equation (4.8) we have:
15 1t
40 (2)
Taking natural logarithms on both sides of the above equation, we have:
15
15\ ¢t (1 201n (75)
n(2) = Lin(d) - - 2000
40/~ 20 \2 In (1)
2

t=28,3 minutes.
Therefore, after time (28.3) minutes, the body temperature is equal to 55°C.
5. Application to Beam

A beam which its hinged at its ends, x = 0 and X = L Carries a uniform Loud w, per unit
Length. Evaluate the deflection at any point P,[3]

Solution:

The ordinary differential equation and boundary conditions are:

x@® =W o dx_wo , 0<t<lL. (5.1)

El dt* El
x(0) =x0=0,x"(0)=x,"=0,x(L)=0,x"(L) = x,"" = 0. (5.2)
203
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Where E is a young's modulus, I be the moment of inertia of the cross section about on axis
normal to the plane of bending and El is called flexural rigidity of the beam. Some physical
quantities associated with problem are x'(t),

M(t) = EIx" (t)and s(t) = M'(t) = EIx"' (1),
which respectively represent the slope, bending moment and shear at a point.

Taking " general ZZ transform™ of both sides of above equation (5.1), we get:

Hy(Get) = e Hy{1),
—x"'(O)q(s,v)—x"<0)q(s,v)p(s,v)—x’(O)q(s,v)(p(sm))z
—x(0)q(s,(p(s,v))’ + (p(s,v)) Hyfx (D)} = H {1} (5.3)

Appling the 15¢ and 2™?conditions in eq. (5.2) and the unknow conditions x'(0) =
c1,x'""(0) = c, we find:

—¢5.9(5,v) — c1.9(5,9). (p(s,v))” + (p(s,v)) " Hy{x(£)} = @.Hgm,

.q(s,v)
EI p(s v)’
cp.q(s,v)  c¢1.q(s,v) Wo .q(s,v)
()" (p6w)° EL(psw)’

(p(s, )" Hyfx(®)} = cz.a(s,v) + c1.a(s,v). (p(s, ) +o2

Ho{x(t)} = Zy(s,v) =

Inverting to find:

Wo t3
t) =—— t* —
O =gt tagtat
From the last two conditions in equation (5.2), we find:
= Wot? = Wol
1% 5r2a 2T 2

Thus, the required deflection is,

x(t) = —t)(L? — Lt — t?).

El 24
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