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1. Introduction 

It is well known that integral inequalities have become major role in the development of the 

theory of linear and nonlinear ordinary differential equations, integral equations, differential 

equations, and integro-differential equations. see for instance [1-5,9,10,15]. Some integral 

inequalities for differential and integral equations are introduced by Gronwall [1], Bellman [8] 

and Pachpatte [9] gives explicit bounds on unknown functions play a fundamental role in the 

study of qualitative as well as quantitative properties of solutions of nonlinear differential 

equations. One of the well-known inequalities in the study of nonlinear differential equations 

is Gronwall-Bellman-inequality and it's generalization can be found in [2, 5-7, 9, 11-14, 17]. 

Gronwall-Bellman inequality can be stated as 

Lemma 1.1  Let f(t) and u(t) be a real-valued nonnegative continuous functions 

defined on D1=[ 0, h]. and let u0 and h be positive constants for which the inequality  

𝑢(𝑡) ≤ 𝑢0 +∫ 𝑓
𝑡

0

(𝑠)𝑢(𝑠)𝑑𝑠, ∀𝑡 ∈ 𝐷1. 

 Then  

𝑢(𝑡) ≤ 𝑢0 + 𝑒𝑥𝑝 (∫ 𝑓
𝑡

0
(𝑠)𝑑𝑠) , ∀𝑡 ∈ 𝐷1. 
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2. Preliminaries 

 Throughout this article, ℝ denoted the set of real numbers, 𝕀 = 0,∞) ⊂ ℝ and  ℂ(𝕀, 𝕀)  denotes 

the set of all continuous functions from 𝕀 into 𝕀 and ℂ′(𝕀, 𝕀) denotes the set of all continuously 

differentiable functions from 𝕀into 𝕀. 

Lemma 2.1 [5]  Assume that  𝑎 ≥ 0, 𝑝 ≥ 𝑞 ≥ 0 and  𝑝 ≠ 0,  

𝑎
𝑞
𝑝 ≤

𝑞

𝑝
𝑘
𝑞−𝑝
𝑝 𝑎 +

𝑝 − 𝑞

𝑝
𝑘
𝑞
𝑝. 

 for any k > 0. 

Lemma 2.2 [5] Let f(t) and g(t) be continuous functions for 𝑡 ≤∝, Let u(t) be a differentiable 

function for 𝑡 ≤ 𝛼, and suppose 

𝑢′(𝑡) ≤ 𝑓(𝑡) + 𝑔(𝑡)𝑢(𝑡), 𝑢(𝛼) ≤ 𝑢0.       2.1 

Then, for 𝑡 ≥ 𝛼, 

𝑢(𝑡) ≤ 𝑢0 𝑒𝑥𝑝 (∫ 𝑔
𝑡

𝛼
(𝑠)𝑑𝑠) + ∫ 𝑓

𝑡

0
(𝑠) 𝑒𝑥𝑝 (∫ 𝑔

𝑡

𝑠
(𝜆)𝑑𝜆)𝑑𝑠.    2.2 

The main aim of this paper is to establish explicit bounds on retarded Gronwall-Bellman 

inequalities which play very important role in the study of certain retarded integral and 

differential equations. 

3. Main Results 

 In this section, we state and prove some new nonlinear retarded integral inequalities of 

Gronwall-Bellman type, which can be used in estimating the boundedness and global existence 

of the solution of retarded nonlinear differential and integral equations.  

Theorem 3.1 Let   𝑢(𝑡), 𝑓(𝑡), 𝑔(𝑡), 𝑐(𝑡) ∈ ℂ(𝐼, 𝐼)and c(t) is nondecreasing. Let 𝛼(𝑡) ∈ ℂ′(𝐼, 𝐼) 

be a nondecreasing function with  𝛼(𝑡) ≤ 𝑡,  𝛼(0) = 0 and 𝜙: 𝐼 → 𝐼 be a differentiable increasing 

function on (0,∞) with continuous nonincreasing first derivative 𝜙′on (0,∞). 

If the inequality 

𝑢𝑤1(𝑝)(𝑡) ≤ 𝑐(𝑡) + ∫ 𝑓
𝑡

0
(𝑠)𝑢𝑤1(𝑝)(𝑠)𝑑𝑠 + ∫ 𝑔

𝛼(𝑡)

0
(𝑠)𝜙[𝑢𝑤2(𝑞)(𝑠)]𝑑𝑠,    3.1 

 holds for ∀𝑡 ∈ 𝐼, for 𝑤1(𝑝) > 𝑤2(𝑞) ≥ 0. 

Then       

𝑢(𝑡) ≤ {𝑐(𝑡) + ∫ 𝑝1
𝑡

0
(𝑠) 𝑒𝑥𝑝 (∫ 𝑞1

𝑡

𝑠
(𝑟)𝑑𝑟)𝑑𝑠}

1

𝑤1(𝑝), ∀𝑡 ∈ 𝐼.     3.2 

  where,  

𝑝1(𝑡) = 𝑓(𝑡)𝑐(𝑡) + 𝛼
′(𝑡)𝑔(𝛼(𝑡))𝜙 (

𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

and  
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𝑞1(𝑡) = 𝑓(𝑡) +
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝛼′(𝑡)𝑔(𝛼(𝑡)) × 𝜙′ (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝)−𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)

𝑤1(𝑝)).3.3 

Proof:  Define a function z(t) by 

𝑧(𝑡) = ∫ 𝑓
𝑡

0
(𝑠)𝑢𝑤1(𝑝)(𝑠)𝑑𝑠 + ∫ 𝑔

𝛼(𝑡)

0
(𝑠)𝜙[𝑢𝑤2(𝑞)(𝑠)]𝑑𝑠.     3.4 

 Then we have  

𝑢(𝑡) ≤ [𝑐(𝑡) + 𝑧(𝑡)]
1

𝑤1(𝑝)𝑎𝑛𝑑 𝑧(0) = 0.       3.5 

Differentiating z(t) w.r.t. t and using (3.5) we get  

𝑧′(𝑡) = 𝑓(𝑡)𝑢𝑤1(𝑝)(𝑡) + 𝑔(𝛼(𝑡))𝜙[𝑢𝑤2(𝑞)(𝛼(𝑡))]𝛼′(𝑡) 

≤ 𝑓(𝑡)[𝑐(𝑡) + 𝑧(𝑡)] + 𝑔(𝛼(𝑡))𝜙[𝑐(𝛼(𝑡)) + 𝑧(𝛼(𝑡))]
𝑤2(𝑞)
𝑤1(𝑝)𝛼′(𝑡) 

≤ 𝑓(𝑡)[𝑐(𝑡) + 𝑧(𝑡)] + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝜙 [(𝑐(𝛼(𝑡)) + 𝑧(𝛼(𝑡)))
𝑤2(𝑞)
𝑤1(𝑝)]. 

 By applying lemma 2.1, we get 

𝑧′(𝑡) ≤ 𝑓(𝑡)[𝑐(𝑡) + 𝑧(𝑡)] + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝜙 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) (𝑐(𝑡) + 𝑧(𝑡)) +

𝑤1(𝑝)−𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)

𝑤1(𝑝)).3.6 

Now, by mean value theorem for 𝜙, 𝑥1 > 𝑦1 > 0, there exist 𝑐 ∈ (𝑥1, 𝑦1) such that  

𝜙(𝑥1) − 𝜙(𝑦1) = 𝜙
′(𝑐)(𝑥1 − 𝑦1) ≤ 𝜙

′(𝑦1)(𝑥1 − 𝑦1). 

 Therefore 

𝜙(
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) (𝑐(𝑡) + 𝑧(𝑡)) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

−𝜙(
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

≤ 𝜙′ (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) ×

𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑧(𝑡). 

Hence inequality (3.6) becomes 

𝑧′(𝑡) ≤ 𝑓(𝑡)[𝑐(𝑡) + 𝑧(𝑡)] + 𝛼′(𝑡)𝑔(𝛼(𝑡)) [𝜙 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

+
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝜙′ (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝))𝑧(𝑡)]. 

hence, we get, 

𝑧′(𝑡) ≤ 𝑓(𝑡)𝑛(𝑡) + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝜙 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑛(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

+[𝑓(𝑡) +
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝛼′(𝑡)𝑔(𝛼(𝑡))𝜙′ (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑛(𝑡) +
𝑤1(𝑝)−𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)

𝑤1(𝑝))] 𝑧(𝑡).3.7 

Therefore we get, 
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𝑧′(𝑡) ≤ 𝑝1(𝑡) + 𝑞1(𝑡)𝑧(𝑡). 

Applying Lemma 2.2  we get 

𝑧(𝑡) ≤ ∫ 𝑝1
𝑡

0
(𝑠) 𝑒𝑥𝑝 (∫ 𝑞1

𝑡

𝑠
(𝑟)𝑑𝑟) 𝑑𝑠, ∀ 𝑡 ∈ 𝐼.       3.8 

Hence inequality (3.5)  becomes  

𝑢(𝑡) ≤ {𝑐(𝑡) + ∫ 𝑝1
𝑡

0
(𝑠) 𝑒𝑥𝑝 (∫ 𝑞1

𝑡

𝑠
(𝑟)𝑑𝑟)𝑑𝑠}

1

𝑤1(𝑝), ∀𝑡 ∈ 𝐼.     3.9 

 Where 𝑝1(𝑡)   and  𝑞1(𝑡) are defined as in equation (3.3). 

Remark 3.1   If we put 𝑤1(𝑝) = 𝑝, 𝑐(𝑡) = 𝑢0, 𝛼(𝑡) = 𝑡, 𝑤2(𝑞) = 𝑞, 𝜙1(𝑢(𝑠)) = 𝑢(𝑠)then 

Theorem 3.1 reduces to Theorem 3.1 in [17]. 

Remark 3.2  If we put  𝑤1(𝑝) = 𝑝, 𝜙1(𝑢(𝑠)) = 𝑢(𝑠) and 𝑤2(𝑞) = 𝑞.then Theorem 3.1 reduces 

to Theorem 2.3 in [18]. 

Remark 3.3  If we put 𝑤1(𝑝) = 𝑝, 𝜙1(𝑢(𝑠)) = 𝑢(𝑠) and 𝑤2(𝑞) = 1.then Theorem 3.1 reduces to 

Theorem 2.1 in [19]. 

Remark 3.4  If we put 𝑤1(𝑝) = 1 in L.H.S. and 𝑤1(𝑝) = 𝑝, 𝜙1(𝑢(𝑠)) = 𝑢(𝑠), 𝑤2(𝑞) = 𝑝. then 

Theorem 3.1 reduces to Theorem 2.1 in [21]. 

Theorem 3.2 Let 𝑢(𝑡), 𝑓(𝑡), 𝑔(𝑡), 𝑐(𝑡) ∈ ℂ(𝐼, 𝐼)  and c(t) is nondecreasing. Let 𝛼(𝑡) ∈ ℂ′(𝐼, 𝐼) be 

a nondecreasing function with 𝛼(𝑡) ≤ 𝑡, 𝛼(0) = 0 and let 𝜙1  and 𝜙2: 𝐼 → 𝐼 be differentiable 

increasing functions on (0,∞)  with continuous nonincreasing first derivative 𝜙′on (0,∞). 

 If the inequality 

𝑢𝑤1(𝑝)(𝑡) ≤ 𝑐(𝑡) + ∫ 𝑓
𝑡

0
(𝑠)𝜙1(𝑢

𝑤2(𝑞)(𝑠))𝑑𝑠 + ∫ 𝑔
𝛼(𝑡)

0
(𝑠)𝜙2(𝑢

𝑤3(𝑟)(𝑠))𝑑𝑠,   3.10 

 for all 𝑡 ∈ 𝐼, 𝑤1(𝑝) > 𝑤2(𝑞) ≥ 0,   and 𝑤1(𝑝) > 𝑤3(𝑟) ≥ 0. then 

𝑢(𝑡) ≤ {𝑐(𝑡) + ∫ 𝑝2
𝑡

0
(𝑠) 𝑒𝑥𝑝 (∫ 𝑞2

𝑡

𝑠
(𝑟)𝑑𝑟) 𝑑𝑠}

1

𝑤1(𝑝), ∀𝑡 ∈ 𝐼,    3.11 

  Where, 

𝑝2(𝑡) = 𝑓(𝑡)𝜙1 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

+𝛼′(𝑡)𝑔(𝛼(𝑡))𝜙2 (
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)
𝑤1(𝑝)), 

and 

𝑞2(𝑡) =
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑓(𝑡)𝜙′1 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝))  

+𝛼′(𝑡)𝑔(𝛼(𝑡))
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) 𝜙′2 (
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝)−𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)

𝑤1(𝑝)).               3.12 

Proof: Define a function z(t)  by 

𝑧(𝑡) = ∫ 𝑓
𝑡

0
(𝑠)𝜙1(𝑢

𝑤2(𝑞)(𝑠))𝑑𝑠 + ∫ 𝑔
𝛼(𝑡)

0
(𝑠)𝜙2(𝑢

𝑤3(𝑟)(𝑠))𝑑𝑠.    3.13 
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 Then we have  z(0)=0, and 

𝑢(𝑡) ≤ [𝑐(𝑡) + 𝑧(𝑡)]
1

𝑤1(𝑝).        3.14 

 Differentiating (3.11) w.r.t. t and using (3.13),  we get 

𝑧′(𝑡) = 𝑓(𝑡)𝜙1(𝑢
𝑤2(𝑞)(𝑡)) + 𝑔(𝛼(𝑡))𝜙2 (𝑢

𝑤3(𝑟)(𝛼(𝑡))) 𝛼′(𝑡) 

≤ 𝑓(𝑡)𝜙1 ([𝑐(𝑡) + 𝑧(𝑡)]
𝑤2(𝑞)
𝑤1(𝑝)) + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝜙2 ([𝑐(𝛼(𝑡)) + 𝑧(𝛼(𝑡))]

𝑤3(𝑟)
𝑤1(𝑝)) 

≤ 𝑓(𝑡)𝜙1 ([𝑐(𝑡) + 𝑧(𝑡)]
𝑤2(𝑞)
𝑤1(𝑝)) + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝜙2 ([𝑐(𝑡) + 𝑧(𝑡)]

𝑤3(𝑟)
𝑤1(𝑝)). 

 Applying lemma 2.1,  we have 

𝑧′(𝑡) ≤ 𝑓(𝑡)𝜙1 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) [𝑐(𝑡) + 𝑧(𝑡)] +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

+𝛼′(𝑡)𝑔(𝛼(𝑡))𝜙2 (
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) [𝑐(𝑡) + 𝑧(𝑡)] +
𝑤1(𝑝)−𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)

𝑤1(𝑝)).  3.15 

 Applying mean value theorem for the functions 𝜙1 and 𝜙2 we obtain 

𝜙(𝑥1) − 𝜙(𝑦1) = 𝜙
′(𝑐)(𝑥1 − 𝑦1) ≤ 𝜙

′(𝑦1)(𝑥1 − 𝑦1). 

Therefore  

𝜙1 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) [𝑐(𝑡) + 𝑧(𝑡)] +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

≤ 𝜙1 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

+
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝜙′1 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝))𝑧(𝑡), 

and 

𝜙2 (
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) [𝑐(𝑡) + 𝑧(𝑡)] +
𝑤1(𝑝) − 𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)
𝑤1(𝑝)) 

≤ 𝜙2 (
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)
𝑤1(𝑝)) 

+
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) 𝜙′2 (
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)
𝑤1(𝑝))𝑧(𝑡). 

Hence inequality (3.15) becomes 

𝑧′(𝑡) ≤ 𝑓(𝑡)[𝜙1 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

+
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝜙′1 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝))𝑧(𝑡)] 

+𝛼′(𝑡)𝑔(𝛼(𝑡))[𝜙2 (
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)
𝑤1(𝑝)) 
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+
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) 𝜙′2 (
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)
𝑤1(𝑝))𝑧(𝑡)]. 

Thus 

𝑧′(𝑡) ≤ 𝑓(𝑡)𝜙1 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

+𝛼′(𝑡)𝑔(𝛼(𝑡))𝜙2 (
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)
𝑤1(𝑝))  

+[
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑓(𝑡)𝜙′1 (
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

+𝛼′(𝑡)𝑔(𝛼(𝑡))
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) 𝜙′2 (
𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤3(𝑟)

𝑤1(𝑝)
𝑘
𝑤3(𝑟)
𝑤1(𝑝))] 𝑧(𝑡). 

Therefore we get, 

𝑧′(𝑡) ≤ 𝑝2(𝑡) + 𝑞2(𝑡)𝑧(𝑡).        3.16 

Applying lemma 2.2 

𝑧(𝑡) ≤ ∫ 𝑝2

𝑡

0

(𝑠) 𝑒𝑥𝑝(∫ 𝑞2

𝑡

𝑠

(𝑟)𝑑𝑟)𝑑𝑠, ∀ 𝑡 ∈ 𝐼. 

 Hence inequality (3.14) becomes 

𝑢(𝑡) ≤ {𝑐(𝑡) + ∫ 𝑝2

𝑡

0

(𝑠) 𝑒𝑥𝑝 (∫ 𝑞2

𝑡

𝑠

(𝑟)𝑑𝑟)𝑑𝑠}
1

𝑤1(𝑝). 

 Where 𝑝2(𝑡)  and𝑞2(𝑡)  are defined as in Eq. (3.12).  

Remark 3.5 If we put 𝑢𝑤1(𝑝)(𝑡) = 𝜙1(𝑢(𝑡)), 𝑤1(𝑝) = 𝑤2(𝑞) = 𝑤3(𝑟) = 1. then Theorem 3.2 reduces 

to Theorem 2.2 in [18]. 

Remark 3.6  If we put 𝑤1(𝑝) = 𝑝 in L.H.S. and 𝜙1(𝑢(𝑠)) = 𝑢(𝑠), 𝑤2(𝑞) = 𝑝, 𝑔(𝑠) =

𝑘(𝑡, 𝑠), 𝜙2(𝑢(𝑠)) = 𝑢(𝑠), and 𝑤3(𝑟) = 1 then Theorem 3.2 reduces to Theorem 2.2 in [19]. 

Remark 3.7  If we put  𝑤1(𝑝) = 𝑝,𝑤2(𝑞) = 𝑝, 𝜙1(𝑢(𝑠)) = 𝑢(𝑠), 𝑤3(𝑟) = 1 and 𝜙2(𝑢(𝑠)) = 𝑢(𝑠) 

then Theorem 3.2 reduces to Theorem 2.2 in [21]. 

Theorem 3.3  Let 𝑢(𝑡), 𝑓(𝑡), 𝑔(𝑡), 𝑐(𝑡) ∈ ℂ(𝐼, 𝐼) and let  𝑐(𝑡) is nondecreasing. Let  𝛼(𝑡) ∈ ℂ′(𝐼, 𝐼) be 

a nondecreasing function with 𝛼(𝑡) ≤ 𝑡, 𝛼(0) = 0 and let  𝐿,𝑀 ∈ ℂ(𝐼2, 𝐼) satisfy 0 ≤ 𝐿(𝑡, 𝑥) −

𝐿(𝑡, 𝑦) ≤ 𝑀(𝑡, 𝑦)(𝑥 − 𝑦), 𝑥 ≥ 𝑦 ≥ 0. 

If the inequality 

𝑢𝑤1(𝑝)(𝑡) ≤ 𝑐(𝑡) + ∫ 𝑓
𝑡

0
(𝑠)𝑢𝑤1(𝑝)(𝑠)𝑑𝑠 + ∫ 𝑓

𝛼(𝑥)

0
𝑔(𝑠)𝐿(𝑠, 𝑢𝑤2(𝑞)(𝑠))𝑑𝑠,  3.17  

for all 𝑡 ∈ 𝐼, 𝑤1(𝑝) > 𝑤2(𝑞) ≥ 0.  then 

𝑢(𝑡) ≤ {𝑐(𝑡) + ∫ 𝑝3
𝑡

0
(𝑠) 𝑒𝑥𝑝 (∫ 𝑞3

𝑡

𝑠
(𝑟)𝑑𝑟) 𝑑𝑠}

1

𝑤1(𝑝), ∀ 𝑡 ∈ 𝐼.    3.18 

   where, 
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𝑝3(𝑡) = 𝑓(𝑡)𝑐(𝑡) + 𝛼
′(𝑡) 𝑔(𝛼(𝑡)) 𝐿 (𝛼(𝑡), 

𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)), 

 and  

𝑞3(𝑡) = 𝑓(𝑡) +
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝛼′(𝑡) 𝑔(𝛼(𝑡)) 𝑀 (𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +

𝑤1(𝑝)−𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)

𝑤1(𝑝)).3.19 

Proof:   Define a function z(t) by 

𝑧(𝑡) = ∫ 𝑓
𝑡

0
(𝑠)𝑢𝑤1(𝑝)(𝑠)𝑑𝑠 + ∫ 𝑔

𝛼(𝑡)

0
(𝑠)𝐿(𝑠, 𝑢𝑤2(𝑞)(𝑠))𝑑𝑠.                    

3.20 

 Then we have  z(0)=0 and 

𝑢(𝑡) ≤ [𝑐(𝑡) + 𝑧(𝑡)]
1

𝑤1(𝑝).                      

3.21 

Differentiating  (3.20) w.r.t. t and using (3.21),  we get 

𝑧′(𝑡) = 𝑓(𝑡) 𝑢𝑤1(𝑝)(𝑡) + 𝑔(𝛼(𝑡))𝐿 (𝛼(𝑡), 𝑢𝑤2(𝑞)(𝛼(𝑡))) 𝛼′(𝑡) 

≤ 𝑓(𝑡)[𝑐(𝑡) + 𝑧(𝑡)] + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝐿 (𝛼(𝑡), [𝑐(𝑡) + 𝑧(𝑡)]
𝑤2(𝑞)
𝑤1(𝑝)). 

Applying lemma 2.1 

𝑧′(𝑡) ≤ 𝑓(𝑡)[𝑐(𝑡) + 𝑧(𝑡)] + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝐿 (𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) [𝑐(𝑡) + 𝑧(𝑡)] +

                  
𝑤1(𝑝)−𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)

𝑤1(𝑝)).                                                                                                                           3.22                                                                                                     

Since 

0 ≤ 𝐿(𝑡, 𝑥) − 𝐿(𝑡, 𝑦) ≤ 𝑀(𝑡, 𝑦)(𝑥 − 𝑦),  𝑥 ≥ 𝑦 ≥ 0, 

we have 

𝐿 (𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) [𝑐(𝑡) + 𝑧(𝑡)] +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

≤ 𝐿 (𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

+𝑀(𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) ×

𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑧(𝑡). 

Hence (3.22) becomes 

𝑧′(𝑡) ≤ 𝑓(𝑡)[𝑐(𝑡) + 𝑧(𝑡)]

+ 𝛼′(𝑡)𝑔(𝛼(𝑡))[𝐿 (𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

+𝑀(𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) ×

𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑧(𝑡)]. 



Advances in Nonlinear Variational Inequalities 

ISSN: 1092-910X 

Vol 26 No.02 (2023) 

 

141 
https://internationalpubls.com 

Therefore 

𝑧′(𝑡) ≤ 𝑓(𝑡)𝑐(𝑡) + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝐿 (𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

+[𝑓(𝑡) +
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝛼′(𝑡)𝑔(𝛼(𝑡))𝑀 (𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡)

+
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝))]𝑧(𝑡), 

𝑧′(𝑡) ≤ 𝑝3(𝑡) + 𝑞3(𝑡)𝑧(𝑡).        3.23 

 Applying lemma 2.2, we get 

𝑧(𝑡) ≤ ∫ 𝑝3
𝑡

0
(𝑠) 𝑒𝑥𝑝 (∫ 𝑞3

𝑡

𝑠
(𝑟)𝑑𝑟) 𝑑𝑠 ∀ 𝑡 ∈ 𝐼.      3.24 

 Hence inequality (3.21) becomes 

𝑢(𝑡) ≤ {𝑐(𝑡) + ∫ 𝑝3

𝑡

0

(𝑠) 𝑒𝑥𝑝 (∫ 𝑞3

𝑡

𝑠

(𝑟)𝑑𝑟)𝑑𝑠}
1

𝑤1(𝑝). 

 where 𝑝3(𝑡) and 𝑞3(𝑡) are defined as in (3.19).  

Remark 3.8 If we put 𝑤1(𝑝) = 2 in L.H.S. and 𝑤1(𝑝) = 𝑤2(𝑞) = 1, 𝑐(𝑡) = 𝑐
2, 𝛼(𝑡) = 𝑡, 𝐿(𝑡, 𝑥) = 𝑥  

and 𝑓(𝑠) = 𝑔(𝑠) in R.H.S. of Theorem 3.3 then Theorem 3.3 reduces Theorem 3.4.1 in [9]. 

Remark 3.9  If we put 𝑤1(𝑝) = 𝑝, 𝐿(𝑡, 𝑥) = 𝑥, and 𝑤2(𝑞) = 𝑞  then Theorem 3.3 reduces to Theorem 

2.3 in [18] 

Remark 3.10 If we put 𝑤1(𝑝) = 𝑝, 𝑓(𝑠) = 𝑘2(𝑡, 𝑠), 𝑔(𝑠) = 𝑘1(𝑡, 𝑠), 𝐿(𝑡, 𝑥) = 𝑥, and 𝑤2(𝑞) = 1then 

Theorem 3.3 reduces to Theorem 2.3 in [19] 

Theorem 3.4 Let  𝑢(𝑡), 𝑓(𝑡), 𝑔(𝑡) ∈ ℂ(𝐼, 𝐼). Let  𝛼(𝑡) ∈ ℂ′(𝐼, 𝐼)be a nondecreasing function with 

𝛼(𝑡) ≤ 𝑡, 𝛼(0) = 0 and let 𝐿,𝑀 ∈ ℂ(𝐼2, 𝐼)  satisfy 

0 ≤ 𝐿(𝑡, 𝑥) − 𝐿(𝑡, 𝑦) ≤ 𝑀(𝑡, 𝑦)(𝑥 − 𝑦),  𝑥 ≥ 𝑦 ≥ 0.      

 If the inequality 

𝑢(𝑡) ≤ 𝑢0 + ∫ 𝑓
𝛼(𝑡)

0
(𝑠)[𝑢(2−𝑤1(𝑝))(𝑠) + ∫ 𝑔

𝑠

0
(𝑟)𝐿(𝑟, 𝑢𝑤2(𝑞)(𝑟))𝑑𝑟]

𝑤1(𝑝)
𝑑𝑠,   3.25 

 holds for ∀𝑡 ∈ 𝐼, for 𝑢0 > 0,0 < 𝑤1(𝑝) ≤ 1, and  0 ≤ 𝑤2(𝑞) < 1 then 

𝑢(𝑡) ≤ 𝑢0 + ∫  
𝛼(𝑡)

0
𝑓(𝑠) 𝑞4(𝛼

−1(𝑠)) 𝑒𝑥𝑝(𝑤1(𝑝)(2 − 𝑤1(𝑝)) ∫ 𝑝4
𝑠

0
(𝑟)𝑑𝑟) 𝑑𝑠, ∀ 𝑡 ∈ 𝐼. 3.26 

   where, 𝑝4(𝑡) = 𝑓(𝑡) +
𝑤2(𝑞)

(2−𝑤1(𝑝))
𝑘(𝑤2(𝑞)−1)𝑔(𝑡)𝑀(𝑡, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞)), 

and 

𝑞4(𝑡) = 𝑢0
(2−𝑤1(𝑝)) + ∫ 𝑔

𝛼(𝑡)

0
(𝑡)𝐿(𝑡, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞)) × 𝑒𝑥𝑝(−(2 − 𝑤1(𝑝)) ∫ 𝑝4
𝑠

0
(𝑟)𝑑𝑟) 𝑑𝑠.  

Proof: Define a function z(t)  by 

𝑧(𝑡) = 𝑢0 + ∫ 𝑓
𝛼(𝑡)

0
(𝑠)[𝑢(2−𝑤1(𝑝))(𝑠) + ∫ 𝑔

𝑠

0
(𝑟)𝐿(𝑟, 𝑢𝑤2(𝑞)(𝑟))𝑑𝑟]

𝑤1(𝑝)
𝑑𝑠,   3.27 

 and 𝑧(0) = 𝑢0. 
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 Inequality (3.25) becomes  

𝑢(𝑡) ≤ 𝑧(𝑡).          3.28 

  Differentiating  z(t)  w.r.t. t and using (3.28), we get 

𝑧′(𝑡) = 𝑓(𝛼(𝑡)) [𝑧(2−𝑤1(𝑝))(𝛼(𝑡)) + ∫ 𝑔
𝛼(𝑡)

0

(𝑟)𝐿(𝑟, 𝑢𝑤2(𝑞)(𝑟))𝑑𝑟]

𝑤1(𝑝)

𝛼′(𝑡) 

≤ 𝛼′(𝑡)𝑓(𝛼(𝑡)) [𝑧(2−𝑤1(𝑝))(𝑡) + ∫ 𝑔
𝛼(𝑡)

0
(𝑠)𝐿(𝑠, 𝑧𝑤2(𝑞)(𝑠))𝑑𝑠]

𝑤1(𝑝)
.                 3.29 

 If we take 𝑣(𝑡) = 𝑧(2−𝑤1(𝑝))(𝑡) + ∫ 𝑔
𝛼(𝑡)

0
(𝑠)𝐿(𝑠, 𝑧𝑤2(𝑞)(𝑠))𝑑𝑠, 

 then we have 

𝑧′(𝑡) ≤ 𝛼′(𝑡)𝑓(𝛼(𝑡))𝑣𝑤1(𝑝)(𝑡),        3.30 

𝑣(0) = 𝑧(2−𝑤1(𝑝))(0) = 𝑢0
(2−𝑤1(𝑝)),  

𝑤1(𝑝) ≤ 1 ⇒ −𝑤1(𝑝) ≥ −1 ⇒ 2 − 𝑤1(𝑝) ≥ 1, and  𝑧2−𝑤1(𝑝)(𝑡) ≤ 𝑣(𝑡),  

𝑧(𝑡) ≤ 𝑣(𝑡).          3.31 

 Differentiating v(t) w.r.t. t and using (3.30) and (3.31), we obtain  

𝑣 .(𝑡) = (2 − 𝑤1(𝑝)) 𝑧
(1−𝑤1(𝑝))(𝑡) 𝑧′(𝑡) + 𝑔(𝛼(𝑡))𝐿(𝛼(𝑡), 𝑧𝑤2(𝑞)(𝛼(𝑡))𝛼′(𝑡) 

≤ (2 − 𝑤1(𝑝))𝑣
(1−𝑤1(𝑝))(𝑡)𝛼′(𝑡)𝑓(𝛼(𝑡))𝑣𝑤1(𝑝)(𝑡) + 𝛼′(𝑡) 𝑔(𝛼(𝑡)) 𝐿(𝛼(𝑡, 𝑧𝑤2(𝑞)(𝑡)) 

≤ (2 − 𝑤1(𝑝))𝑣(𝑡)𝛼
′(𝑡)𝑓(𝛼(𝑡)) + 𝛼′(𝑡) 𝑔(𝛼(𝑡)) 𝐿(𝛼(𝑡), 𝑣𝑤2(𝑞)(𝑡)) 

≤ (2 − 𝑤1(𝑝))𝛼
′(𝑡)𝑓(𝛼(𝑡))𝑣(𝑡) + 𝛼′(𝑡) 𝑔(𝛼(𝑡)) 𝐿(𝛼(𝑡), 𝑣𝑤2(𝑞)(𝑡)).                               3.32 

 taking 𝑤2(𝑞) =
𝑚

𝑛
 with 𝑛 > 𝑚 ≥ 0, 𝑛 ≠ 0 and applying lemma 2.1, we have 

𝑣𝑤2(𝑞)(𝑡) ≤ 𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑣(𝑡) + (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞). 

 Since 0 ≤ 𝐿(𝑡, 𝑥) − 𝐿(𝑡, 𝑦) ≤ 𝑀(𝑡, 𝑦)(𝑥 − 𝑦),  𝑥 ≥ 𝑦 ≥ 0, 

𝐿(𝑡, 𝑥) ≤ 𝐿(𝑡, 𝑦) + 𝑀(𝑡, 𝑦)(𝑥 − 𝑦), 

𝐿(𝛼(𝑡), 𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑣(𝑡) + (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞)) 

≤ 𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) + 𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))𝑣(𝑡). 

 Inequality (3.32) becomes 

𝑣′(𝑡) ≤ (2 − 𝑤1(𝑝))𝛼
′(𝑡)𝑓(𝛼(𝑡))𝑣(𝑡) 

+𝛼′(𝑡)𝑔(𝛼(𝑡))[𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) 

+𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝑣(𝑡)].     

 Thus 

𝑣′(𝑡) ≤ 𝛼′(𝑡) 𝑔(𝛼(𝑡)) 𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) + [(2 − 𝑤1(𝑝))𝛼

′(𝑡)𝑓(𝛼(𝑡)) 

+𝛼′(𝑡) 𝑔(𝛼(𝑡)) 𝑤2(𝑞) 𝑘
(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))]𝑣(𝑡).                      3.33 

 Using lemma 2.2 to the above inequality, we have 
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𝑣(𝑡) ≤ 𝑣(0) 𝑒𝑥𝑝(
∫ [
𝑡

0

(2 − 𝑤1(𝑝))𝛼
′(𝑠)𝑓(𝛼(𝑠))𝑛 + 𝛼′(𝑠)𝑔(𝛼(𝑠))

𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑀(𝛼(𝑠), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))]𝑑𝑠

) 

+∫ 𝛼′(𝑠)𝑔(𝛼(𝑠))
𝑡

0

𝐿(𝛼(𝑠), (1

− 𝑤2(𝑞))𝑘
𝑤2(𝑞)) 𝑒𝑥𝑝(

∫ [
𝑡

𝑠

(2 − 𝑤1(𝑝))𝛼
′(𝜏)𝑓(𝛼(𝜏)) + 𝛼′(𝜏)𝑔(𝛼(𝜏))

𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑀(𝛼(𝜏), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))]𝑑𝜏

)𝑑𝑠. 

Therefore 

𝑣(𝑡) ≤ 𝑢0
(2−𝑤1(𝑝)) 𝑒(

 
 
 
 

(2−𝑤1(𝑝))∫

[
 
 
 
 
 
𝛼′(𝑠)𝑓(𝛼(𝑠))

+𝛼′(𝑠)𝑔(𝛼(𝑠))

×
𝑤2(𝑞)

(2−𝑤1(𝑝))
𝑘(𝑤2(𝑞)−1)

𝑀(𝛼(𝑠),(1−𝑤2(𝑞))𝑘
𝑤2(𝑞))]

 
 
 
 
 

𝑡

0
𝑑𝑠

)

 
 
 
 

 

+∫

{
 
 

 
 
𝛼′(𝑠) 𝑔(𝛼(𝑠))𝐿(𝛼(𝑠), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))

× 𝑒(

 
 
 
(2−𝑤1(𝑝))∫

{
 
 

 
 

[
 
 
 
 
 
𝛼′(𝜏)𝑓(𝛼(𝜏))

+
𝑤2(𝑞)

(2−𝑤1(𝑝))
𝑘(𝑤2(𝑞)−1)×

𝛼′(𝜏) 𝑔(𝛼(𝜏))

𝑀(𝛼(𝜏),(1−𝑤2(𝑞))𝑘
𝑤2(𝑞))]

 
 
 
 
 

}
 
 

 
 

𝑡

𝑠
𝑑𝜏

)

 
 
 

𝑑 𝑠,}
 
 

 
 

𝑡

0
     

By using substitution 𝛼(𝑠) = 𝑠 and 𝛼(𝜏) = 𝜏, we obtain  

𝑣(𝑡) ≤ 𝑢0
(2−𝑤1(𝑝)) 𝑒𝑥𝑝( (2 − 𝑤1(𝑝))∫ [

𝛼(𝑡)

0

𝑓(𝑠) +
𝑤2(𝑞)

(2 − 𝑤1(𝑝))
 

𝑘(𝑤2(𝑞)−1)𝑔(𝑠)𝑀(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))]𝑑𝑠) +∫ 𝑔

𝛼(𝑡)

0

(𝑠)𝐿(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) 

× 𝑒𝑥𝑝( (2 − 𝑤1(𝑝))∫ [
𝛼(𝑡)

𝑠

𝑓(𝜏) +
𝑤2(𝑞)

(2 − 𝑤1(𝑝))
𝑘(𝑤2(𝑞)−1)𝑔(𝜏)𝑀(𝜏, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))]𝑑𝜏)𝑑𝑠, 

𝑣(𝑡) ≤ 𝑒𝑥𝑝( (2 − 𝑤1(𝑝))∫ [
𝛼(𝑡)

0

𝑓(𝑠) +
𝑤2(𝑞)

(2 − 𝑤1(𝑝))
𝑘(𝑤2(𝑞)−1)𝑔(𝑠)𝑀(𝑠, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))]𝑑𝑠) 

[𝑢0
(2−𝑤1(𝑝)) +∫ 𝑔

𝛼(𝑡)

0

(𝑠)𝐿(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) × 𝑒𝑥𝑝( − (2 − 𝑤1(𝑝))∫ [

𝑠

0

𝑓(𝜏) 

+
𝑤2(𝑞)

(2 − 𝑤1(𝑝))
𝑘(𝑤2(𝑞)−1)𝑔(𝜏)𝑀(𝜏, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))]𝑑𝜏)𝑑𝑠], 

𝑣𝑤1(𝑝)(𝑡) ≤ 𝑒𝑥𝑝(𝑤1(𝑝)(2 − 𝑤1(𝑝))∫ [
𝛼(𝑡)

0

𝑓(𝑠) +
𝑤2(𝑞)

(2 − 𝑤1(𝑝))
𝑘(𝑤2(𝑞)−1)𝑔(𝑠) 

𝑀(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))]𝑑𝑠)[𝑢0

(2−𝑤1(𝑝)) +∫ 𝑔
𝛼(𝑡)

0

(𝑠)𝐿(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) 

× 𝑒𝑥𝑝( − (2 − 𝑤1(𝑝))∫ [
𝑠

0

𝑓(𝜏)

+
𝑤2(𝑞)

(2 − 𝑤1(𝑝))
𝑘(𝑤2(𝑞)−1)𝑔(𝜏)𝑀(𝜏, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))]𝑑𝜏)𝑑𝑠]𝑤1(𝑝), 

then 
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𝑣𝑤1(𝑝)(𝑡) ≤ 𝑒𝑥𝑝(𝑤1(𝑝)(2 − 𝑤1(𝑝))∫ 𝑝4

𝛼(𝑡)

0

(𝑠)𝑑𝑠)𝑞4(𝑡). 

where, 

𝑝4(𝑡) = 𝑓(𝑡) +
𝑤2(𝑞)

(2 − 𝑤1(𝑝))
𝑘(𝑤2(𝑞)−1)𝑔(𝑡)𝑀(𝑡, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞)), 

𝑞4(𝑡) = [
𝑢0
(2−𝑤1(𝑝)) + ∫ 𝑔

𝛼(𝑡)

0
(𝑡)𝐿(𝑡, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))

× 𝑒𝑥𝑝( − (2 − 𝑤1(𝑝)) ∫ 𝑝4
𝑠

0
(𝜏)𝑑𝜏)𝑑𝑠

]

𝑤1(𝑝)

.   3.34 

Hence inequality (3.30) becomes 

𝑧′(𝑡) ≤ 𝛼′(𝑡)𝑓(𝛼(𝑡)) 𝑒𝑥𝑝(𝑤1(𝑝)(2 − 𝑤1(𝑝))∫ 𝑝4

𝛼(𝑡)

0

(𝑠)𝑑𝑠)𝑞4(𝑡). 

Integrating w.r.t. t  from 0 to  t  we have 

𝑧(𝑡) ≤ 𝑢0 + ∫ 𝛼′(𝑡)𝑓(𝛼(𝑡))
𝑡

0
𝑒𝑥𝑝(𝑤1(𝑝)(2 − 𝑤1(𝑝)) ∫ 𝑝4

𝛼(𝑡)

0
(𝑠)𝑑𝑠)𝑞4(𝑡)𝑑𝑡,  3.35 

By using substitution 𝛼(𝑡) = 𝑠 in (3.35), we obtain 

𝑧(𝑡) ≤ 𝑢0 +∫ 𝑓
𝛼(𝑡)

0

(𝑠)𝑞4(𝛼
−1(𝑠)) 𝑒𝑥𝑝(𝑤1(𝑝)(2 − 𝑤1(𝑝))∫ 𝑝4

𝑠

0

(𝑟)𝑑𝑟)𝑑𝑠. 

Hence inequality  (3.28)  becomes 

𝑢(𝑡) ≤ 𝑢0 +∫ 𝑓
𝛼(𝑡)

0

(𝑠)𝑞4(𝛼
−1(𝑠)) 𝑒𝑥𝑝(𝑤1(𝑝)(2 − 𝑤1(𝑝))∫ 𝑝4

𝑠

0

(𝑟)𝑑𝑟)𝑑𝑠. 

This is the required inequality. 

Remark 3.11 If we put 𝑤1(𝑝) = 𝑝, 𝐿(𝑡, 𝑥) = 𝑥, and 𝑤2(𝑞) = 𝑞 then Theorem 3.4 reduces to Theorem 

2.1 in [18]. 

Remark 3.12  If we put p=1 in L.H.S. and 0 1 2( ), ( ) ( , ), ( ) ( , ),u c t f s k t s g s k t s= = =
𝑤1(𝑝) = 1,

( ), ,L t x x=
𝑤2(𝑞) = 1 in R.H.S. of Theorem 3.4. then Theorem 3.4 reduces to Theorem 2.4 in [19]. 

Remark 3.13 If we put 𝑢(𝑡) = 𝜙1(𝑢(𝑡)), 𝜙2(𝑢(𝑠)) = 1, 𝐿(𝑡, 𝑥) = 𝑥,𝑤2(𝑞) = 1. and 𝑤1(𝑝) = 𝑝 then 

Theorem 3.4 reduces to Theorem 2.3 in [20]. 

Theorem 3.5 Let  𝑢(𝑡), 𝑓(𝑡), 𝑔(𝑡) ∈ ℂ(𝐼, 𝐼).Let 𝛼(𝑡) ∈ ℂ′(𝐼, 𝐼)  be a nondecreasing function with 

𝛼(𝑡) ≤ 𝑡, 𝛼(0) = 0on I.  

 If the inequality 

𝑢(𝑡) ≤ 𝑢0 +∫ 𝑓
𝛼(𝑡)

0

(𝑠)𝑢𝑤1(𝑝)(𝑠)𝑑𝑠 

+∫ 𝑓
𝛼(𝑡)

0
(𝑠)𝐿(𝑠, 𝑢𝑤2(𝑞)(𝑠)) [𝑢2−𝑤1(𝑝)(𝑠) + ∫ 𝑔

𝛼(𝑠)

0
(𝜆)𝑢(𝜆)𝑑𝜆]

𝑤1(𝑝)
𝑑𝑠,          3.36 

  holds for ∀ 𝑡 ∈ 𝐼,  for 𝑢0 > 0,0 < 𝑤1(𝑝) ≤ 1,0 ≤ 𝑤2(𝑞) < 1,  and  𝐿,𝑀 ∈ ℂ(𝐼2, 𝐼) satisfy 

0 ≤ 𝐿(𝑡, 𝑥) − 𝐿(𝑡, 𝑦) ≤ 𝑀(𝑡, 𝑦)(𝑥 − 𝑦), 𝑥 ≥ 𝑦 ≥ 0. 
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then 

𝑢(𝑡) ≤ 𝐾(𝑡) 𝑒𝑥𝑝 (∫ 𝜓
𝛼(𝑡)

0
(𝑠)𝑑𝑠) , ∀ 𝑡 ∈ 𝐼.         3.37 

where, 

𝐾(𝑡) = 𝑢0 +∫ 𝑓
𝛼(𝑡)

0

(𝑠) [

(1 − 𝑤1(𝑝))𝑘
𝑤1(𝑝)

+𝐿(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))

× 𝜃𝑤1(𝑝)(𝛼−1(𝑠))

] × 𝑒𝑥𝑝 (−∫ 𝜓
𝑠

0

(𝜆)𝑑𝜆)𝑑𝑠, 

 and  

 

𝜓(𝑡) = 𝑤1(𝑝)𝑘
𝑤1(𝑝)−1𝑓(𝑡)[1 +

𝑤2(𝑞)

𝑤1(𝑝)
𝑘𝑤2(𝑞)−𝑤1(𝑝)𝑀(𝑡, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝜃𝑤1(𝑝)(𝛼−1(𝑡))],3.38 

Where, 

𝜃(𝑡) =
𝑒𝑥𝑝(∫ 𝑞5

𝛼(𝑡)

0
(𝑠)𝑑𝑠)

𝑐−∫ 𝑝5
𝛼(𝑡)

0
(𝑠) 𝑒𝑥𝑝(∫ 𝑞5

𝑠

0
(𝜏)𝑑𝜏)𝑑𝑠

,      3.39 

and 

( ) ( )2 2( ( ) 1) ( )

5 1 2 2( ) 2 ( ) ( ) ( ) ,(1 ( )) ,
w q w qp t w p w q k g t M t w q k−

= − −
𝑞5(𝑡) = (2 − 𝑤1(𝑝))𝑔(𝑡)(1 +

𝐿(𝑡, (1 − 𝑤2(𝑞)))𝑘
𝑤2(𝑞)) + 𝑔(𝑡).    3.40 

Proof: Define a function z(t)  by 

𝑧(𝑡) = 𝑢0 +∫ 𝑓
𝛼(𝑡)

0

(𝑠)𝑢𝑤1(𝑝)(𝑠)𝑑𝑠 

+∫ 𝑓
𝛼(𝑡)

0

(𝑠)𝐿(𝑠, 𝑢𝑤2(𝑞)(𝑠)) [𝑢2−𝑤1(𝑝)(𝑠) + ∫ 𝑔
𝛼(𝑠)

0

(𝜆)𝑢(𝜆)𝑑𝜆]

𝑤1(𝑝)

𝑑𝑠. 

Then we have 

𝑧(0) = 𝑢0 and 𝑢(𝑡) ≤ 𝑧(𝑡).        3.41 

Differentiating z(t)  w.r.t. t and using (3.41), we obtain  

𝑧′(𝑡) = 𝑓(𝛼(𝑡))𝑢𝑤1(𝑝)(𝛼(𝑡))𝛼′𝑡) 

+𝑓(𝛼(𝑡))𝐿(𝛼(𝑡), 𝑢𝑤2(𝑞)(𝛼(𝑡))) [𝑢2−𝑤1(𝑝)(𝛼(𝑡)) + ∫ 𝑔
𝛼(𝛼(𝑡))

0

(𝜆)𝑢(𝜆)𝑑𝜆]

𝑤1(𝑝)

𝛼′(𝑡) 

≤ 𝛼′(𝑡)𝑓(𝛼(𝑡))𝑢𝑤1(𝑝)(𝑡)

+ 𝛼′(𝑡)𝑓(𝛼(𝑡))𝐿(𝛼(𝑡), 𝑢𝑤2(𝑞)(𝑡)) [𝑢2−𝑤1(𝑝)(𝑡) + ∫ 𝑔
𝛼(𝑡)

0

(𝜆)𝑢(𝜆)𝑑𝜆]

𝑤1(𝑝)

 

≤ 𝛼′(𝑡)𝑓(𝛼(𝑡))𝑧𝑤1(𝑝)(𝑡)

+ 𝛼′(𝑡)𝑓(𝛼(𝑡))𝐿(𝛼(𝑡), 𝑧𝑤2(𝑞)(𝑡)) [𝑧2−𝑤1(𝑝)(𝑡) + ∫ 𝑔
𝛼(𝑡)

0

(𝑠)𝑧(𝑠)𝑑𝑠]

𝑤1(𝑝)

. 

3.42 
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Taking 𝑤2(𝑞) =
𝑚

𝑛
 with 𝑛 > 𝑚 ≥ 0, 𝑛 ≠ 0, we have 

From lemma 2.1,  

𝑧𝑤2(𝑞)(𝑡) ≤ 𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑧(𝑡) + (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞). 

Since 

0 ≤ 𝐿(𝑡, 𝑥) − 𝐿(𝑡, 𝑦) ≤ 𝑀(𝑡, 𝑦)(𝑥 − 𝑦),  𝑥 ≥ 𝑦 ≥ 0, 

𝐿(𝑡, 𝑥) ≤ 𝐿(𝑡, 𝑦) + 𝑀(𝑡, 𝑦)(𝑥 − 𝑦),  𝑥 ≥ 𝑦 ≥ 0 

𝐿(𝛼(𝑡), 𝑧𝑤2(𝑞)(𝑡)) = 𝐿(𝛼(𝑡), 𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑧(𝑡) + (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞)) 

≤ 𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) + 𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑧(𝑡)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) 

𝐿(𝛼(𝑡), 𝑧𝑤2(𝑞)(𝑡)) ≤ 𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) + 𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 −

𝑤2(𝑞))𝑘
𝑤2(𝑞))𝑧(𝑡).Inequality (3.42) becomes 

𝑧′(𝑡) ≤ 𝛼′(𝑡)𝑓(𝛼(𝑡))𝑧𝑤1(𝑝)(𝑡) + 𝛼′(𝑡)𝑓(𝛼(𝑡))[𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) 

+𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝑧(𝑡)]𝑣𝑤1(𝑝)(𝑡).  3.43 

Where, 

𝑣(𝑡) = 𝑧2−𝑤1(𝑝)(𝑡) + ∫ 𝑔
𝛼(𝑡)

0
(𝑠)𝑧(𝑠)𝑑𝑠, 𝑣(0) = 𝑢0

2−𝑤1(𝑝), 𝑣(𝑡) > 0.    3.44 

For 𝑤1(𝑝) < 1 ⇒ −𝑤1(𝑝) > −1 ⇒ 2 − 𝑤1(𝑝) > 1,  and  𝑧2−𝑤1(𝑝)(𝑡) ≤ 𝑣(𝑡), 

𝑧(𝑡) ≤ 𝑧2−𝑤1(𝑝)(𝑡) ≤ 𝑣(𝑡).        3.45 

Differentiating  v(t)  w.r.t. t and using (3.43) and (3.45), we obtain  

\begin{align*} 

\\ 

𝑣′(𝑡) = (2 − 𝑤1(𝑝))𝑧
(1−𝑤1(𝑝))(𝑡)𝑧′(𝑡) + 𝑔(𝛼(𝑡))𝑧(𝛼(𝑡))𝛼′(𝑡) 

≤ (2 − 𝑤1(𝑝))𝑧
1−𝑤1(𝑝)(𝑡)(𝛼′(𝑡)𝑓(𝛼(𝑡))𝑧𝑤1(𝑝)(𝑡) + 𝛼′(𝑡)𝑓(𝛼(𝑡)) 

[𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) + 𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))𝑧(𝑡)]𝑣𝑤1(𝑝)(𝑡)) 

+𝑔(𝛼(𝑡))𝑧(𝛼(𝑡))𝛼′(𝑡) 

≤ (2 − 𝑤1(𝑝))𝑧
(1−𝑤1(𝑝))(𝑡)𝛼′(𝑡)𝑓(𝛼(𝑡))𝑧𝑤1(𝑝)(𝑡) + (2 − 𝑤1(𝑝))𝑧

(1−𝑤1(𝑝))(𝑡)𝛼′(𝑡)𝑓(𝛼(𝑡)) 

[𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) + 𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))𝑧(𝑡)]𝑣𝑤1(𝑝)(𝑡) 

+𝑔(𝛼(𝑡))𝑧(𝛼(𝑡))𝛼′(𝑡) 

≤ (2 − 𝑤1(𝑝))𝛼
′(𝑡)𝑓(𝛼(𝑡))𝑣(1−𝑤1(𝑝))(𝑡)𝑣𝑤1(𝑝)(𝑡) + (2 − 𝑤1(𝑝))𝛼

′(𝑡)𝑓(𝛼(𝑡)) 

[𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) + 𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))𝑣(𝑡)] 

𝑣(1−𝑤1(𝑝))(𝑡)𝑣𝑤1(𝑝)(𝑡) + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝑣(𝑡) 

≤ (2 − 𝑤1(𝑝))𝛼
′(𝑡)𝑓(𝛼(𝑡))𝑣(𝑡) + (2 − 𝑤1(𝑝))𝛼

′(𝑡)𝑓(𝛼(𝑡))𝑣(𝑡) 

[𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) + 𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))𝑣(𝑡)] 

+𝛼′(𝑡)𝑔(𝛼(𝑡))𝑣(𝑡) 

≤ [(2 − 𝑤1(𝑝))𝛼
′(𝑡)𝑓(𝛼(𝑡)) (1 + 𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))) + 𝛼′(𝑡)𝑔(𝛼(𝑡))]𝑣(𝑡) 

+(2 − 𝑤1(𝑝))𝛼
′(𝑡)𝑓(𝛼(𝑡))𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))𝑣2(𝑡), 
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𝑣′(𝑡) ≤ 𝐴(𝑡)𝑣2(𝑡) + 𝐵(𝑡)𝑣(𝑡). 

where, 

𝐴(𝑡) = (2 − 𝑤1(𝑝))𝛼
′(𝑡)𝑓(𝛼(𝑡))𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)), 

And 

𝐵(𝑡) = (2 − 𝑤1(𝑝))𝛼
′(𝑡)𝑓(𝛼(𝑡)) (1 + 𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))) + 𝛼′(𝑡)𝑔(𝛼(𝑡)). 

Since  

𝑣′(𝑡) ≤ 𝐴(𝑡)𝑣2(𝑡) + 𝐵(𝑡)𝑣(𝑡), 

Dividing by 𝑣2(𝑡), 

𝑣−2(𝑡)𝑣′(𝑡) ≤ 𝐴(𝑡) + 𝐵(𝑡)𝑣−1(𝑡), 

Letting 𝑣−1(𝑡) = 𝑦(𝑡),  we obtain 

(−1)𝑣−2(𝑡)𝑣′(𝑡) = 𝑦′(𝑡) ⇒ 𝑣−2(𝑡)𝑣′(𝑡) = −𝑦′(𝑡), 

−𝑦′(𝑡) ≤ 𝐴(𝑡) + 𝐵(𝑡)𝑦(𝑡). 

Then by lemma 2.2 we have 

−𝑦(𝑡) ≤ 𝑦(0) 𝑒𝑥𝑝 (∫ 𝐵
𝑡

0

(𝑠)𝑑𝑠) + ∫ 𝐴
𝑡

0

(𝑠) 𝑒𝑥𝑝 (∫ 𝐵
𝑡

𝑠

(𝜆)𝑑𝜆)𝑑𝑠, 

i.e.  − 𝑦(𝑡) ≤ 𝑢0
−(2−𝑤1(𝑝)) 𝑒𝑥𝑝 (∫ 𝐵

𝑡

0

(𝑠)𝑑𝑠) + ∫ 𝐴
𝑡

0

(𝑠) 𝑒𝑥𝑝 (∫ 𝐵
𝑡

𝑠

(𝜆)𝑑𝜆)𝑑𝑠, 

⇒ 𝑦(𝑡) ≥ 𝑢0
−(2−𝑤1(𝑝)) 𝑒𝑥𝑝 (−∫ 𝐵

𝑡

0

(𝑠)𝑑𝑠) − ∫ 𝐴
𝑡

0

(𝑠) 𝑒𝑥𝑝 (−∫ 𝐵
𝑡

𝑠

(𝜆)𝑑𝜆)𝑑𝑠, 

i.e. 𝑦(𝑡) ≥ 𝑢0
−(2−𝑤1(𝑝)) 𝑒𝑥𝑝( −∫ [

𝑡

0

(2 − 𝑤1(𝑝))𝛼
′(𝑠)𝑓(𝛼(𝑠)) (1 + 𝐿(𝛼(𝑠), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))) 

+𝛼′(𝑠)𝑔(𝛼(𝑠))]𝑑𝑠) −∫ (2 − 𝑤1(
𝑡

0

𝑝))𝛼′(𝑠)𝑓(𝛼(𝑠))𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑀(𝛼(𝑠), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞)) 

𝑒𝑥𝑝( − ∫ [
𝑡

𝑠

(2 − 𝑤1(𝑝))𝛼
′(𝜆)𝑓(𝛼(𝜆)) (1 + 𝐿(𝛼(𝜆), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))) + 𝛼′(𝜆)𝑔(𝛼(𝜆))]𝑑𝜆)𝑑𝑠. 

By using substitution 𝛼(𝑠) = 𝑠 and 𝛼(𝜆) = 𝜆,we obtain 

∴  𝑦(𝑡) ≥ 𝑢0
−(2−𝑤1(𝑝)) 𝑒𝑥𝑝( − ∫ [

𝛼(𝑡)

0

(2 − 𝑤1(𝑝))𝑓(𝑠) (1 + 𝐿(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))) + 𝑔(𝑠)]𝑑𝑠) 

−(2 − 𝑤1(𝑝))𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)∫ 𝑓

𝛼(𝑡)

0

(𝑠)𝑀(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) 

× 𝑒𝑥𝑝( − ∫ [
𝛼(𝑡)

𝛼(𝑠)

(2 − 𝑤1(𝑝))𝑓(𝜆) (1 + 𝐿(𝜆, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))) + 𝑔(𝜆)]𝑑𝜆)𝑑𝑠, 

i.e. 𝑦(𝑡) ≥ 𝑢0
−(2−𝑤1(𝑝)) 𝑒𝑥𝑝( − ∫ [

𝛼(𝑡)

0

(2 − 𝑤1(𝑝))𝑓(𝑠) (1 + 𝐿(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))) + 𝑔(𝑠)]𝑑𝑠) 
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−(2 − 𝑤1(𝑝))𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)∫ 𝑓

𝛼(𝑡)

0

(𝑠)𝑀(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) 

× 𝑒𝑥𝑝( − ∫ [
𝛼(𝑡)

𝑠

(2 − 𝑤1(𝑝))𝑓(𝜆) (1 + 𝐿(𝜆, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))) + 𝑔(𝜆)]𝑑𝜆)𝑑𝑠, 𝑦(𝑡)

≥ 𝑒𝑥𝑝( − ∫ [
𝛼(𝑡)

0

(2 − 𝑤1(𝑝))𝑓(𝑠) (1 + 𝐿(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))) 

+𝑔(𝑠)]𝑑𝑠) × [𝑢0
−(2−𝑤1(𝑝)) − (2 − 𝑤1(𝑝))𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)∫ 𝑓
𝛼(𝑡)

0

(𝑠)𝑀(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) 

× 𝑒𝑥𝑝(∫ [
𝑠

0

(2 − 𝑤1(𝑝))𝑓(𝜆) (1 + 𝐿(𝜆, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))) + 𝑔(𝜆)]𝑑𝜆)𝑑𝑠]. 

Then 

𝑦(𝑡) ≥ 𝑒𝑥𝑝( − ∫ 𝑞5
𝛼(𝑡)

0
(𝑠)𝑑𝑠) × [𝑢0

−(2−𝑤1(𝑝)) − ∫ 𝑝5
𝛼(𝑡)

0
(𝑠) 𝑒𝑥𝑝( ∫ 𝑞5

𝑠

0
(𝜆)𝑑𝜆)𝑑𝑠].  3.46 

Where, 

𝑝5(𝑡) = (2 − 𝑤1(𝑝))𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑓(𝑡)𝑀(𝑡, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞)),and 

𝑞5(𝑡) = (2 − 𝑤1(𝑝))𝑓(𝑡) (1 + 𝐿(𝑡, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))) + 𝑔(𝑡). 

Inequality (3.46) becomes 

𝑦(𝑡) ≥
𝑢0
−(2−𝑤1(𝑝)) − ∫ 𝑝5

𝛼(𝑡)

0
(𝑠) 𝑒𝑥𝑝( ∫ 𝑞5

𝑠

0
(𝜆)𝑑𝜆)𝑑𝑠

𝑒𝑥𝑝( ∫ 𝑞5
𝛼(𝑡)

0
(𝑠)𝑑𝑠)

, 

Since 

𝑦(𝑡) = 𝑣−1(𝑡) =
1

𝑣(𝑡)
, 

𝑣(𝑡) ≤
𝑒𝑥𝑝( ∫ 𝑞5

𝛼(𝑡)

0
(𝑠)𝑑𝑠)

𝑢0
−(2−𝑤1(𝑝)) − ∫ 𝑝5

𝛼(𝑡)

0
(𝑠) 𝑒𝑥𝑝( ∫ 𝑞5

𝑠

0
(𝜆)𝑑𝜆)𝑑𝑠

. 

Let 𝑢0
−(2−𝑤1(𝑝)) = 𝑐, and ∫ 𝑝5

𝛼(𝑡)

0
(𝑠) 𝑒𝑥𝑝( ∫ 𝑞5

𝑠

0
(𝜏)𝑑𝜏)𝑑𝑠 < 𝑐, 

⇒ 𝑣(𝑡) ≤ 𝜃(𝑡), 

𝑦(𝑡) = 𝑣−1(𝑡) =
1

𝑣(𝑡)
, 

where, 

𝜃(𝑡) =
𝑒𝑥𝑝( ∫ 𝑞5

𝛼(𝑡)

0
(𝑠)𝑑𝑠)

𝑐 − ∫ 𝑝5
𝛼(𝑡)

0
(𝑠) 𝑒𝑥𝑝( ∫ 𝑞5

𝑠

0
(𝜆)𝑑𝜆)𝑑𝑠

. 

From (3.43)  and taking 𝑤1(𝑝) =
𝑚∗

𝑛∗
, 𝑛∗ ≥ 𝑚∗ > 0, 𝑛∗ ≠ 0, we get 

𝑧′(𝑡) ≤ 𝛼′(𝑡)𝑓(𝛼(𝑡))𝑧𝑤1(𝑝)(𝑡) + 𝛼′(𝑡)𝑓(𝛼(𝑡))[𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) 

+𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝑧(𝑡)]𝑣𝑤1(𝑝)(𝑡). 
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By Lemma 2.1 we have (𝑤2(𝑞) = 𝑤1(𝑝) and 𝑤1(𝑝) = 1) 

𝑧𝑤1(𝑝)(𝑡) ≤ 𝑤1(𝑝)𝑘
(𝑤1(𝑝)−1)𝑧(𝑡) + (1 − 𝑤1(𝑝))𝑘

𝑤1(𝑝) 

( ) ( )

1 1

2 2 2 1

( ( ) 1) ( )

1 1

( ) ( ( ) 1) ( ) ( )

2 2

' ' '

2

( ) ( ) ( ( )) ( ) ( ) (1 ( )) ( ) ( ( ))

( ), (1 ( )) ( ) ( ), (1 ( )) ( ) ( ),

[ ]

[ ]

w p w p

w q w q w q w p

z t t f t w p k z t w p k t f t

L t w q k w q k M t w q k z t v t

   

 

−

−

 + − +

− + −
𝑧′(𝑡) ≤

𝛼′(𝑡)𝑓(𝛼(𝑡))[(1 − 𝑤1(𝑝))𝑘
𝑤1(𝑝) + 𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝑣𝑤1(𝑝)(𝑡)] + 𝛼′(𝑡)𝑓(𝛼(𝑡)) 

[𝑤1(𝑝)𝑘
(𝑤1(𝑝)−1) +𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))𝑣𝑤1(𝑝)(𝑡)]𝑧(𝑡). 

Since, 𝑣(𝑡) ≤ 𝜃(𝑡) ⇒ 𝑣𝑤1(𝑝)(𝑡) ≤ 𝜃𝑤1(𝑝)(𝑡), 

𝑧′(𝑡) ≤ 𝛼′(𝑡)𝑓(𝛼(𝑡))[(1 − 𝑤1(𝑝))𝑘
𝑤1(𝑝) + 𝐿(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝜃𝑤1(𝑝)(𝑡)] + 𝛼′(𝑡)𝑓(𝛼(𝑡)) 

[𝑤1(𝑝)𝑘
(𝑤1(𝑝)−1) +𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑀(𝛼(𝑡), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))𝜃𝑤1(𝑝)(𝑡)]𝑧(𝑡).Applying lemma 

2.2 we obtain  

𝑧(𝑡) ≤ 𝑧(0) 𝑒𝑥𝑝(∫ 𝑞
𝑡

0

(𝑠)𝑑𝑠) + ∫ 𝑝
𝑡

0

(𝑠) 𝑒𝑥𝑝(∫ 𝑞
𝑡

𝑠

(𝜆)𝑑𝜆)𝑑𝑠, 

𝑧(𝑡) ≤ 𝑢0 𝑒𝑥𝑝(∫ 𝛼′(𝑠)𝑓(𝛼(𝑠))
𝑡

0

[𝑤1(𝑝)𝑘
(𝑤1(𝑝)−1) 

+𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑀(𝛼(𝑠), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝜃𝑤1(𝑝)(𝑠)]𝑑𝑠) 

+∫ 𝛼′(𝑠)𝑓(𝛼(𝑠))
𝑡

𝑠

𝑡[(1 − 𝑤1(𝑝))𝑘
𝑤1(𝑝) + 𝐿(𝛼(𝑠), (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝜃𝑤1(𝑝)(𝑠)] 

𝑒𝑥𝑝(∫ 𝛼′(𝜆)𝑓(𝛼(𝜆))
𝑡

𝑠

[𝑤1(𝑝)𝑘
(𝑤1(𝑝)−1) +𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1) 

𝑀(𝛼(𝜆), (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))𝜃𝑤1(𝑝)(𝜆)]𝑑𝜆)𝑑𝑠, 

Using the substitution 𝛼(𝑠) = 𝑠 and 𝛼(𝜆) = 𝜆, we obtain 

∴ 𝑧(𝑡) ≤ 𝑢0 𝑒𝑥𝑝(∫ 𝑓
𝛼(𝑡)

0

(𝑠)[𝑤1(𝑝)𝑘
(𝑤1(𝑝)−1)

+𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑀(𝑠, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝜃𝑤1(𝑝)(𝛼−1(𝑠))]𝑑𝑠) 

+∫ 𝑓
𝛼(𝑡)

0

(𝑠)[(1 − 𝑤1(𝑝))𝑘
𝑤1(𝑝) + 𝐿(𝑠, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝜃𝑤1(𝑝)(𝛼−1(𝑠))] 

𝑒𝑥𝑝(∫ 𝑓
𝛼(𝑡)

𝛼(𝑠)

(𝜆)[𝑤1(𝑝)𝑘
(𝑤1(𝑝)−1)

+𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑀(𝜆, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝜃𝑤1(𝑝)(𝛼−1(𝜆))]𝑑𝜆)𝑑𝑠,i.e. 𝑧(𝑡)

≤ 𝑢0 𝑒𝑥𝑝(∫ 𝑓
𝛼(𝑡)

0

(𝑠)[𝑤1(𝑝)𝑘
(𝑤1(𝑝)−1) +𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑀(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) 

𝜃𝑤1(𝑝)(𝛼−1(𝑠))]𝑑𝑠) + ∫ 𝑓
𝛼(𝑡)

0

(𝑠)[(1 − 𝑤1(𝑝))𝑘
𝑤1(𝑝) + 𝐿(𝑠, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝜃𝑤1(𝑝)(𝛼−1(𝑠))] 

𝑒𝑥𝑝(∫ 𝑓
𝛼(𝑡)

𝑠

(𝜆)[𝑤1(𝑝)𝑘
(𝑤1(𝑝)−1)

+𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑀(𝜆, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝜃𝑤1(𝑝)(𝛼−1(𝜆))]𝑑𝜆)𝑑𝑠,i.e. 𝑧(𝑡)

≤ 𝑒𝑥𝑝(∫ 𝑓
𝛼(𝑡)

0

(𝑠)[𝑤1(𝑝)𝑘
(𝑤1(𝑝)−1) +𝑤2(𝑞)𝑘

(𝑤2(𝑞)−1)𝑀(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞)) 
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𝜃𝑤1(𝑝)(𝛼−1(𝑠))]𝑑𝑠)[𝑢0 +∫ 𝑓
𝛼(𝑡)

0

(𝑠)((1 − 𝑤1(𝑝))𝑘
𝑤1(𝑝)

+ 𝐿(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))𝜃𝑤1(𝑝)(𝛼−1(𝑠))) 

𝑒𝑥𝑝( − ∫ 𝑓
𝑠

0
(𝜆)[𝑤1(𝑝)𝑘

(𝑤1(𝑝)−1) +𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑀(𝜆, (1 −

𝑤2(𝑞))𝑘
𝑤2(𝑞))𝜃𝑤1(𝑝)(𝛼−1(𝜆))]𝑑𝜆)𝑑𝑠].Thus 

𝑧(𝑡) ≤  𝐾(𝑡) 𝑒𝑥𝑝(∫ 𝜓
𝛼(𝑡)

0

(𝑠)𝑑𝑠). 

where, 

𝜓(𝑡) = 𝑤1(𝑝)𝑘
(𝑤1(𝑝)−1)𝑓(𝑡)[1 +

𝑤2(𝑞)

𝑤1(𝑝)
𝑘(𝑤2(𝑞)−𝑤1(𝑝))𝑀(𝑡, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞))𝜃𝑤1(𝑝)(𝛼−1(𝑡))], 

and 

𝐾(𝑡) = 𝑢0 +∫ [𝑓(𝑠) [

(1 − 𝑤1(𝑝))𝑘
𝑤1(𝑝)

+𝐿(𝑠, (1 − 𝑤2(𝑞))𝑘
𝑤2(𝑞))

𝜃𝑤1(𝑝)(𝛼−1(𝑠))

] 𝑒𝑥𝑝( − ∫ 𝜓
𝑠

0

(𝜆)𝑑𝜆)]
𝛼(𝑡)

0

𝑑𝑠. 

Hence inequality (3.41) becomes 

𝑢(𝑡) ≤  𝐾(𝑡) 𝑒𝑥𝑝( ∫ 𝜓
𝛼(𝑡)

0
(𝑠)𝑑𝑠).This completes the proof. 

Remark 3.14 If  we  put 𝑓(𝑠) = 0 in first integral and 𝐿(𝑡, 𝑥) = 𝑥,𝑤2(𝑞) = 0, 𝛼(𝑠) = 𝑠,and 𝑤1(𝑝) =

𝑝 in second integral of R.H.S. of Theorem 3.5 then Theorem 3.5 reduces to Theorem 2.4 in [18]. 

Remark 3.15 If we put 𝑓(𝑠) = 0in first integral and 𝐿(𝑡, 𝑥) = 𝑥,𝑤1(𝑝) = 1, 𝛼(𝑠) = 𝑠in second 

integral of R.H.S. of Theorem 3.5 then Theorem 3.5 reduces to Theorem 2. 1in [20]. 

Remark 3.16 If  we  put 𝑓(𝑠) = 0 in first integral and 𝐿(𝑡, 𝑥) = 𝑥,𝑤2(𝑞) = 1, 𝛼(𝑠) = 𝑠, and 𝑤1(𝑝) =

𝑝in second integral of R.H.S. of Theorem 3.5 then Theorem 3.5 reduces to Theorem 2.3. in [20]. 

Remark 3.17  If we put 𝑤1(𝑝) = 1, 𝐿(𝑡, 𝑥) = 𝑥, and 𝑤2(𝑞) = 1.then Theorem 3.5 reduces to Theorem 

2.3 in [21]. 

Remark 3.18 If we put 𝑢0 = 𝑓(𝑡), 𝑤1(𝑝) = 1, 𝑢(𝑠) = 𝜙(𝑢(𝑠))in first integral and 𝐿(𝑡, 𝑥) =

𝜙(𝑥), 𝑤2(𝑞) = 1, and 𝑤1(𝑝) = 0 in second integral of Theorem 3.5 then Theorem 3.5  reduces to 

Theorem 3.4 in [21]. 

Theorem 3.6 Let 𝑢(𝑡), 𝑐(𝑡), 𝑓(𝑡), 𝑔(𝑡) ∈ ℂ(𝐼, 𝐼) and c(t) is nondecreasing. Let 𝛼(𝑡) ∈ ℂ′(𝐼, 𝐼) be a 

nondrecreasing function with 𝛼(𝑡) ≤ 𝑡, 𝛼(0) = 0 and 𝐿,𝑀 ∈ ℂ(𝐼2, 𝐼)and 𝜙: 𝐼 → 𝐼be a continuous and 

strictly increasing function with 𝜙(0) = 0 such that 

0 ≤ 𝐿(𝑡, 𝑥) − 𝐿(𝑡, 𝑦) ≤ 𝑚(𝑡, 𝑦)𝜙−1(𝑥 − 𝑦),  𝑥 ≥ 𝑦 ≥ 0,for  𝑡 ∈ 𝐼.where 𝜙−1 is the inverse function 

of 𝜙, and 

𝜙−1(𝑥𝑦) ≤ 𝜙−1(𝑥)𝜙−1(𝑦).                   3.48 

If 𝑢𝑤1(𝑝)(𝑡) ≤ 𝑐(𝑡) + 𝜙(∫ 𝑓
𝑡

0
(𝑠)𝐿(𝑠, 𝑢𝑤1(𝑝)(𝑠))𝑑𝑠 + ∫ 𝑔

𝛼(𝑡)

0
(𝑠)𝐿(𝑠, 𝑢𝑤2(𝑞)(𝑠))𝑑𝑠),holds for ∀ 𝑡 ∈

𝐼,for 𝑤1(𝑝) > 𝑤2(𝑞) ≥ 0,  then  



Advances in Nonlinear Variational Inequalities 

ISSN: 1092-910X 

Vol 26 No.02 (2023) 

 

151 
https://internationalpubls.com 

𝑢(𝑡) ≤ [𝑐(𝑡) + 𝜙(∫ 𝑝6

𝑡

0

(𝑠) 𝑒𝑥𝑝 (∫ 𝑞6

𝑡

𝑠

(𝜆)𝑑𝜆)𝑑𝑠)]
1

𝑤1(𝑝). 

 where, 

𝑝6(𝑡) = (2 − 𝑤1(𝑝))𝑤2(𝑞)𝑘
(𝑤2(𝑞)−1)𝑓(𝑡)𝑀(𝑡, (1 − 𝑤2(𝑞))𝑘

𝑤2(𝑞)), 

𝑞6(𝑡) = (2 − 𝑤1(𝑝))𝑓(𝑡)(1 + 𝐿(𝑡, (1 − 𝑤2(𝑞)))𝑘
𝑤2(𝑞)).         3.49 

Proof: Define a function z(t) by  

𝑧(𝑡) = ∫ 𝑓
𝑡

0

(𝑠)𝐿(𝑠, 𝑢𝑤1(𝑝)(𝑠))𝑑𝑠 + ∫ 𝑔
𝛼(𝑡)

0

(𝑠)𝐿(𝑠, 𝑢𝑤2(𝑞)(𝑠))𝑑𝑠, 

𝑧(0) = 0,  and 𝑢(𝑡) ≤ [𝑐(𝑡) + 𝜙(𝑧(𝑡))]
1

𝑤1(𝑝).           3.50 

 Differentiating z(t) w.r.t. t and using (3.50), we have 

𝑧′(𝑡) = 𝑓(𝑡)𝐿(𝑡, 𝑢𝑤1(𝑝)(𝑡)) + 𝑔(𝛼(𝑡))𝐿(𝛼(𝑡), 𝑢𝑤2(𝑞)(𝛼(𝑡)))𝛼′(𝑡) 

≤ 𝑓(𝑡)𝐿(𝑡, [𝑐(𝑡) + 𝜙(𝑧(𝑡))]) + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝐿 (𝛼(𝑡), [𝑐(𝛼(𝑡)) + 𝜙(𝑧(𝛼(𝑡)))]
𝑤2(𝑞)
𝑤1(𝑝)) 

≤ 𝑓(𝑡)𝐿(𝑡, [𝑐(𝑡) + 𝜙(𝑧(𝑡))]) + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝐿 (𝛼(𝑡), [𝑐(𝑡) + 𝜙(𝑧(𝑡))]
𝑤2(𝑞)

𝑤1(𝑝)).      3.51 

 Since, 

0 ≤ 𝐿(𝑡, 𝑥) − 𝐿(𝑡, 𝑦) ≤ 𝑚(𝑡, 𝑦)𝜙−1(𝑥 − 𝑦), 

 for 𝑥 ≥ 𝑦 ≥ 0, and for  𝑡 ∈ 𝐼, 

⇒ 𝐿(𝑡, 𝑥) ≤ 𝐿(𝑡, 𝑦) + 𝑚(𝑡, 𝑦)𝜙−1(𝑥 − 𝑦), 

𝐿(𝑡, [𝑐(𝑡) + 𝜙(𝑧(𝑡))]) ≤ 𝐿(𝑡, 𝑐(𝑡)) + 𝑚(𝑡, 𝑐(𝑡))𝜙−1(𝜙(𝑧(𝑡))). 

By lemma 2.1 we have 

[𝑐(𝑡) + 𝜙(𝑧(𝑡))]
𝑤2(𝑞)
𝑤1(𝑝) ≤

𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) [𝑐(𝑡) + 𝜙(𝑧(𝑡))] +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝). 

 Inequality (3.51) becomes 

𝑧′(𝑡) ≤ 𝑓(𝑡)[𝐿(𝑡, 𝑐(𝑡)) + 𝑚(𝑡, 𝑐(𝑡))𝜙−1(𝜙(𝑧(𝑡)))] 

 +𝛼′(𝑡)𝑔(𝛼(𝑡))𝐿 (𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) [𝑐(𝑡) + 𝜙(𝑧(𝑡))] +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

≤ 𝑓(𝑡)[𝐿(𝑡, 𝑐(𝑡)) + 𝑚(𝑡, 𝑐(𝑡))𝑧(𝑡)] + 𝛼′(𝑡)𝑔(𝛼(𝑡))[𝐿 (𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) 

 +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) +𝑚(𝛼(𝑡),

𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

 𝜙−1(
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝜙(𝑧(𝑡)))]. 

  Using (3.48), we obtain 

𝜙−1(
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝜙(𝑧(𝑡))) ≤ 𝜙−1(
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) ). 𝑧(𝑡) 
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𝑧′(𝑡) ≤ 𝑓(𝑡)𝐿(𝑡, 𝑐(𝑡)) + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝐿 (𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

+[𝑓(𝑡)𝑚(𝑡, 𝑐(𝑡)) + 𝛼′(𝑡)𝑔(𝛼(𝑡))𝑚 (𝛼(𝑡),
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) 𝑐(𝑡) +
𝑤1(𝑝) − 𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)
𝑤1(𝑝)) 

× 𝜙−1(
𝑤2(𝑞)

𝑤1(𝑝)
𝑘
𝑤2(𝑞)−𝑤1(𝑝)

𝑤1(𝑝) )]𝑧(𝑡). 

  The last inequality can be expressed as 

𝑧′(𝑡) ≤ 𝑝6(𝑡) + 𝑞6(𝑡)𝑧(𝑡). 

  Applying lemma 2.2 we have 

𝑧(𝑡) ≤ ∫ 𝑝6

𝑡

𝑜

(𝑠) 𝑒𝑥𝑝(∫ 𝑞6

𝑡

𝑠

(𝜆)𝑑𝜆)𝑑𝑠. 

  Inequality (3.50) becomes 

𝑢(𝑡) ≤ [𝑐(𝑡) + 𝜙(∫ 𝑝6
𝑡

𝑜
(𝑠) 𝑒𝑥𝑝( ∫ 𝑞6

𝑡

𝑠
(𝜆)𝑑𝜆)𝑑𝑠)]

1

𝑤1(𝑝).  This is the required inequality. 

Remark 3.19 If we put 𝑢𝑤1(𝑝)(𝑡) = 𝜙1(𝑢(𝑡)), 𝑐(𝑡) = 𝑢0, 𝐿(𝑡, 𝑥) = 𝑥,  and 𝑢𝑤2(𝑝)(𝑡) = 𝜙2(𝑢(𝑡)) 

then Theorem 3.6 reduces to Theorem 2.2 in [18]. 

 Remark 3.20 If we put 𝑤1(𝑝) = 𝑝, 𝜙(𝑢(𝑡)) = 𝑢(𝑡), 𝐿(𝑡, 𝑥) = 𝑥,and 𝑤2(𝑞) = 𝑞 then Theorem 3.6 

reduces to Theorem 2.3 in [18]. 

Remark 3.21 If we put 𝑤1(𝑝) = 𝑝, 𝜙(𝑢(𝑡)) = 𝑢(𝑡), 𝐿(𝑡, 𝑥) = 𝑥, and 𝑤2(𝑞) = 1then Theorem 3.6 

reduces to Theorem 2.1 in [18]. 

Remark 3.22 If we put 𝑤1(𝑝) = 𝑝, 𝜙(𝑢(𝑡)) = 𝑢(𝑡), 𝐿(𝑡, 𝑥) = 𝑥, 𝑔(𝑠) = 𝑘(𝑡, 𝑠) and 𝑤2(𝑞) = 1then 

Theorem 3.6 reduces to Theorem 2.2 in [19]. 

Remark 3.23 If we put 𝑤1(𝑝) = 𝑝, 𝜙(𝑢(𝑡)) = 𝑢(𝑡), 𝑓(𝑠) = 𝑘2(𝑡, 𝑠), 𝐿(𝑡, 𝑥) = 𝑥, 𝑔(𝑠) = 𝑘1(𝑡, 𝑠) and 

𝑤2(𝑞) = 1then Theorem 3.6 reduces to Theorem 2.3 in [19]. 

Remark 3.24 If we put 𝑤1(𝑝) = 1in L.H. S. and 𝜙(𝑢(𝑡)) = 𝑢(𝑡), 𝐿(𝑡, 𝑥) = 𝑥, and 𝑤1(𝑝) = 𝑤2(𝑞) =

𝑝 in R.H.S. of Theorem 3.6 then Theorem 3.6 reduces to Theorem 2.1 in [21]. 

Remark 3.25 If we put 𝑤1(𝑝) = 𝑝, 𝜙(𝑢(𝑡)) = 𝑢(𝑡), 𝐿(𝑡, 𝑥) = 𝑥,  and 𝑤2(𝑞) = 𝑞then Theorem 3.6 

reduces to Theorem 2.2 in [21]. 

4. Application 

Example 4.1 Consider the following retarded Gronwall-Bellman type integral equation: 

𝑢𝑝(𝑡) = 𝑀 (𝑡, ∫ 𝐻1
𝑡

𝑎
(𝑡, 𝑢(𝑠))𝑑𝑠, ∫ 𝐻2

𝑡

𝑎
(𝑡, 𝑢(𝛼(𝑠)))𝑑𝑠) , ∀ 𝑡 ∈ 𝕀.    

 4.1 

where 𝑀 ∈ ℂ(𝐼 × 𝐼2, 𝐼), and 𝐻𝑖 ∈ ℂ(𝐼 × 𝐼, 𝐼), 𝑖 = 1,2.satisfy the following conditions: 

𝑀(𝑡, 𝑢, 𝑣)| ≤ 𝑐(𝑡) + |𝑢| + |𝑣| ∀ 𝑡 ∈ 𝕀,        4.2 

|𝐻1(𝑡, 𝑢)| ≤ 𝑓(𝑡) |𝑢|
𝑝,and |𝐻2(𝑡, 𝑢)| ≤ 𝑔(𝑡) |𝑢|

𝑞 .      4.3 
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where 𝑢(𝑡), 𝑐(𝑡), 𝑓(𝑡), 𝑔(𝑡), and 𝛼(𝑡) are defined in Theorem 3.1 and 𝑤1(𝑝) =  𝑝, 𝑤2(𝑞) =  𝑞. 

Using conditions (4.2) -(4.3) in (4.1), we get 

|𝑢(𝑡)|𝑝 ≤ 𝑐(𝑡) + ∫ 𝑓
𝑡

0

(𝑠)|𝑢(𝑠)|𝑝𝑑𝑠 + ∫ 𝑔
𝑡

0

(𝑠)|𝑢(𝛼(𝑠))|𝑞𝑑𝑠. 

By using substitution 𝛼(𝑠) = 𝑠, we obtain 

|𝑢(𝑡)|𝑝 ≤ 𝑐(𝑡) + ∫ 𝑓
𝑡

0

(𝑠)|𝑢(𝑠)|𝑝𝑑𝑠 + ∫ 𝛼(𝑡) 
𝑔(𝛼−1(𝑠))

𝛼′(𝛼−1(𝑠))

𝑡

0

|𝑢(𝑠)|𝑞 𝑑𝑠, 

|𝑢𝑝(𝑡)| ≤ 𝑐(𝑡) + ∫ 𝑓
𝑡

0

(𝑠)|𝑢𝑝(𝑠)|𝑑𝑠 + ∫
𝑔(𝛼−1(𝑠))

𝛼′(𝛼−1(𝑠))

𝛼(𝑡)

0

 |𝑢𝑞(𝑠)| 𝑑𝑠, 

for all 𝑡 ∈ 𝐼. Now an application of Theorem 3.1, we have 

𝑢(𝑡) ≤ {𝑐(𝑡) + ∫ (
𝑡

0

𝑓(𝑠)𝑐(𝑠) + 𝛼′(𝑠)𝑔(𝛼(𝑠))𝜙(𝑚1𝑐(𝑡) + 𝑚2) 

𝑒𝑥𝑝(∫ [
𝑡

𝑠

𝑓(𝑟) + 𝑚1𝛼
′(𝑟)𝑔(𝛼(𝑟))𝜙′(𝑚1𝑐(𝑟) + 𝑚2)])𝑑𝑟)𝑑𝑠. }

1
𝑝, 

where 𝑚1 =
𝑞

𝑝
𝑘
𝑞−𝑝

𝑝  and 𝑚2 =
𝑝−𝑞

𝑝
𝑘
𝑞

𝑝. 

Thus the estimation of inequality (4.5) implies the existence and boundness of the solution u(t) 

of retarded Gronwall-Bellman integral equation (4.1). 

Example 4.2 Consider the following retarded nonlinear integral inequality: 

𝑢𝑤1(𝑝)(𝑡) ≤ (𝑡 + 1) + ∫ 𝑓
𝑡

0
(𝑠)𝜙1(𝑢

𝑤2(𝑞)(𝑠))𝑑𝑠 + ∫ 𝑔
√𝑡

0
(𝑠)𝜙2(𝑢

𝑤3(𝑟)(𝑠))𝑑𝑠.   

 4.6 

where u(t) is defined as in Theorem 3.2 and we assume that every solution u(t) of  (4.6) exists on I. For 

this let, 𝜙1(𝑢(𝑡)) = 𝑢
2(𝑡), 𝜙2(𝑢

𝑟(𝑡)) = 𝑢(𝑡), 𝑝 = 3, 𝑞 = 2, 𝑟 = 1, 𝑐(𝑡) = 𝑡 + 1, 𝑓(𝑠) = 𝑠, and 

𝑔(𝑠) = 2𝑠,then inequality (4.6) turns to   

𝑢3(𝑡) ≤ (𝑡 + 1) + ∫ 𝑠
𝑡

0
𝑢2(𝑠)𝑑𝑠 + ∫ 2

√𝑡

0
𝑠𝑢(𝑠)𝑑𝑠.      

 4.7 

We find that 

𝑚1 =
2

3
, 𝑚2 =

1

3
, 𝑚3 =

1

3
, 𝑚4 =

2

3
,.for any 𝑘 > 0,and 𝑤1(𝑝) = 𝑝,𝑤2(𝑞) = 𝑞 

Assuming  k= 1, and 𝛼(𝑡) = √𝑡, 𝛼′(𝑡) =
1

2√𝑡
. Then 

𝑝2(𝑡) = 𝑓(𝑡)𝜙1(𝑚1𝑐(𝑡) + 𝑚2) + 𝛼
′(𝑡)𝑔(𝛼(𝑡))𝜙2(𝑚3𝑐(𝑡) + 𝑚4) =

4𝑡3

9
+
4𝑡2

3
+
4𝑡

3
+ 1,  4.8 

and  

𝑞2(𝑡) = 𝑚2𝑓(𝑡)𝜙1
′ (𝑚1𝑐(𝑡) +𝑚2) + 𝛼

′(𝑡)𝑔(𝛼(𝑡))𝑚3𝜙2
′ (𝑚3𝑐(𝑡) + 𝑚4) =

4𝑡2

9
+
2𝑡

3
+
1

3
.  4.9 

Hence by Theorem 3.2 and inequality (4.6)  we have 
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𝑢(𝑡) ≤ {𝑡 + 1 + ∫ (
𝑡

0

4𝑠3

9
+
4𝑠2

3
+
4𝑠

3
+ 1) × 𝑒𝑥𝑝(∫ (

𝑡

𝑠

4𝑟2

9
+
2𝑟

3
+
1

3
)𝑑𝑟)𝑑𝑠}

1

3,for all 𝑡 ∈ 𝐼.              4.10 

The plot of this  solution can be plotted using Mathematica as shown in Fig. 1. 

 

Figure:1 

 The solution u(t) of retarded integral inequality  (4.6) exist and bounded within the interval [0,4.12]for 

0 ≤ 𝑡 ≤ 2 as shown in Fig.1. 

5. Acknowledgement: Authors are very grateful to the editor and the referees for their 

helpful comments and valuable suggestions. 
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