Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 26 No.02 (2023)

New Generalizations of Nonlinear Retarded integral Iequalities of
Gronwall-Bellman Type and Their Applications
1S. V. Babar, ?P. G. Jadhav, 3S. G. Latpate, *S. B. Gaikwad
"Department of Mathematics,
Dr. Ghali College, Gadhinglaj, Dist-Kolhapur-416502, India
’Department of Mathematics,
Hon. Balasaheb Jadhav Arts Commerce and Science College, Ale, Pune-412411, India
3Department of Mathematics,
Nowrosjee Wadia College of Arts and Science College, Pune-411001, India
“Department of Mathematics,

New Arts, Commerce and Science College, Ahmednagar, 414001, Ind

Article History: Abstract: In the current paper we establish some new retarded
Received: 24.01 2023 integral inequalities applicable in the theory of differential equations.
These inequalities generalizes some former famous inequalities on
Revised : 07.03.2023 . .. .
the subject. Some applications are also given to convey the

Accepted: 14.04.2023 importance of our result. .

Keywords: Integral inequality, Retarded integral inequality,
Gronwall-Bellman inequality, Boundedness.

1. Introduction

It is well known that integral inequalities have become major role in the development of the
theory of linear and nonlinear ordinary differential equations, integral equations, differential
equations, and integro-differential equations. see for instance [1-5,9,10,15]. Some integral
inequalities for differential and integral equations are introduced by Gronwall [1], Bellman [§]
and Pachpatte [9] gives explicit bounds on unknown functions play a fundamental role in the
study of qualitative as well as quantitative properties of solutions of nonlinear differential
equations. One of the well-known inequalities in the study of nonlinear differential equations
is Gronwall-Bellman-inequality and it's generalization can be found in [2, 5-7, 9, 11-14, 17].
Gronwall-Bellman inequality can be stated as

Lemma 1.1 Let f(t) and u(t) be a real-valued nonnegative continuous functions

defined on Di=[ 0, h]. and let up and h be positive constants for which the inequality

t
u(t) <uy+ f f (s)u(s)ds, vVt € D;.
0
Then
u(t) < ug + exp (fotf (s)ds), vVt € D;.
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2. Preliminaries

Throughout this article, R denoted the set of real numbers, I = 0,00) c Rand C(I,I) denotes
the set of all continuous functions from I into I and C' (I, I) denotes the set of all continuously
differentiable functions from Iinto I.

Lemma 2.1 [5] Assume that a >0,p>q = 0and p # 0,

a a-p — q
aPSnga+p qu.
p p

for any k > 0.

Lemma 2.2 [5] Let (t) and g(t) be continuous functions for t <«, Let u(t) be a differentiable
function for t < a, and suppose

u'(t) < f() + g)u(t), u(a) < uy. 2.1
Then, for t > «,
u(t) < ugexp (f;g (s)ds) + fotf (s) exp (fstg (A)d/l) ds. 2.2

The main aim of this paper is to establish explicit bounds on retarded Gronwall-Bellman
inequalities which play very important role in the study of certain retarded integral and
differential equations.

3. Main Results

In this section, we state and prove some new nonlinear retarded integral inequalities of
Gronwall-Bellman type, which can be used in estimating the boundedness and global existence
of the solution of retarded nonlinear differential and integral equations.

Theorem 3.1 Let u(t), f(t), g(t),c(t) € C(I,I)and c(t) is nondecreasing. Let a(t) € C'(I,1)
be a nondecreasing function with a(t) <t, a(0) = 0and ¢:I — I be a differentiable increasing
function on (0, ) with continuous nonincreasing first derivative ¢'on (0, ).

If the inequality
u® (1) < c(®) + [} f $u® (s)ds + [ g ()p[w2@ (s)]ds, 3.1

holds for vt € I, for w;(p) > w,(q) = 0.

Then
u(t) < {c(t) + fot p1 (s) exp (fst q1 (r)dr) ds}ﬁ, vt €l 3.2
where,
®) =f(@®)c)+a't)glalt)p (Wz (q) k—WZ(gv)l_(zl)l(p)c(t) + M,ﬂi%)
P g w1 (p) wy(p)

and
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w2 (@-w1 (@) wa(@)-w1(®)
q.(t) = f(O) + == WZ(q) kom® "H)g(a(t) X ¢’ (WZ("; K wi®  c(t) + %kwum) 33
1

Proof: Define a function z(t) by
2(t) = J, f P (s)ds + [ g ()p[u™2(@(5)]ds. 3.4
Then we have
u() < [e(t) + 2(6)]"Pand z(0) = 0. 3.5
Differentiating z(t) w.r.t. t and using (3.5) we get

2'(t) = FOU P () + g(a(®)p[u” @ (@(t)]a' ()

< FOLe®) + 20] + ga(E)Ple(a(®) + z(a(e) WP’ (1)

< fF®le(®) + (O] + &' ) g(a®) |(c(a(®)) + z(oc(t))):vvi—&'lZg :

By applying lemma 2.1, we get
wa(@-w1 ()

2(9) < FOLe(®) + 2] + @' Og (@) (L k v (c() +2(6) +

wi(p)

w1 (0)-w, (4) ktzzggi) 16
w1(p)

Now, by mean value theorem for ¢, x; > y; > 0, there exist ¢ € (x4, y;) such that

d(x1) —d(r1) = ¢ () (x1 —y1) < ' (Y1) (x1 — 1)

Therefore

¢ <W2 (q ) w2(@) =W, () wy(p) —wa(q) , 22 (q)>

R R T B

_ w,(q) 7‘”2(3,)1(“/)1@) w1 (p) —wa(q) ﬁf‘g)
d’(wl(p) PO+ o

wa(q@)-w1(p) — wa(q) wa (@) -w1(p)
< ¢ (Wz (Q) : w (p)1 c(t) + Mkwi(p)> x Wz_@k : wl(p)1 z(t).
w1 (p) wy(p) wy(p)

Hence inequality (3.6) becomes

wa(q@)—w1(p) — wa(q)
2'(6) < FOIe() +2(0)] + ' ©) g (a(®) [qb( 20, 55 e +%@‘g’z(‘”w§>>

Wz(q) wo(@)-W1() <W2(q) w2(@)-w1(p) 1(p) w,(q) w(q)) ]
w1(P) wi(p) — kWi )
T A U175 K Y B K

hence, we get,

w1(p) t) + kwi(p)
Ot ®

w2 (@)-wi1(p) )

wi(p) —w1lp)
[f(t)+w2(q)k o a (©g(a®)d! (Wz(‘”k i) n(t)+L(M;2@kW1(P)>]z(t).3.7

wa(q)—-w1(p) wo (q)
2'(8) < f(On(E) + (t)g(a(t))¢< wy(q) Ma® - wi(p) — wa(q) q)

Therefore we get,

https://internationalpubls.com 136



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 26 No.02 (2023)

z'(t) < p1(8) + g1 (Dz(D).
Applying Lemma 2.2 we get
z(t) < fot p1(S)exp (fst ol (r)dr) ds, Vtel. 3.8

Hence inequality (3.5) becomes

1

u(t) < {c(t) + fot p1(s) exp (fst q1 (r)dr) ds}vi®, Vvt € I. 3.9

Where p;(t) and g, (t) are defined as in equation (3.3).

Remark 3.1 If we put wi(p) =p,c(t) =uy, a(t)=twy(q) =q,d:u(s)) =u(s)then
Theorem 3.1 reduces to Theorem 3.1 in [17].

Remark 3.2 If we put w;(p) = p, p1(u(s)) = u(s) and w,(q) = g.then Theorem 3.1 reduces
to Theorem 2.3 in [18].

Remark 3.3 If we put wy (p) = p, $1(u(s)) = u(s) and w,(q) = 1.then Theorem 3.1 reduces to
Theorem 2.1 in [19].

Remark 3.4 If we put w;(p) =1 in L.H.S. and w;(p) = p, ¢, (u(s)) = u(s), w,(q) = p. then
Theorem 3.1 reduces to Theorem 2.1 in [21].

Theorem 3.2 Let u(t), f(t), g(t),c(t) € C(I,I) and c(t) is nondecreasing. Let a(t) € C'(I,I) be
a nondecreasing function with a(t) <t,a(0) =0 and let ¢, and ¢,:1 — I be differentiable
increasing functions on (0, ) with continuous nonincreasing first derivative ¢'on (0, ).

If the inequality

u1® (1) < c(t) + fotf (s)¢1(u""2(q)(s))ds + foa(t)g (s)p2 (uW3(r) (s))ds, 3.10

forall t € I, wy(p) > wy(q) =0, and wy(p) > wz(r) = 0. then

1

u(t) < {c(®) + fotpz (s) exp (fst q2 (r)dr) ds}v1®, vt €I, 3.11
Where,
wo(q)  W2@-w.(p) w1 (p) —wa(q) WZ(q))
t) = f(t k wi® () + ——=- wi(D)
P2(t) = f(: (Wl o 0+ =
ws(r) WaD-wi(p) wi(p) — ws(r) Wal)
+a'(t)g(a(t)) ( k wi® () + ———kw1(@) |,
OrICONA tem 0+
and
w2 (@)-w1 (D) w2 (@)-w41(p) — wa(q)
4o (t) = w2(9) K WD) F©O)P', <W2_@k A0} c(t) + Mkwi(p))
w1 (p) w1 (p) w1 (p)
w3()-w1(p) w3()-w1(p) _ w3 (1)
+a' (1) g(a(t)) x:—ggk ZIOI (:f—gk e c(t) + %kwﬂm). 3.12
Proof: Define a function z(t) by
2(6) = fy f ()pr (W2 @ (s))ds + [ g (), (w2 (s))ds. 3.13
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Then we have z(0)=0, and

u(t) < [c(t) + z(t)]m. 3.14
Differentiating (3.11) w.r.t. t and using (3.13), we get
2'(t) = f(O 1 (@ (©) + g(@(®)p, (w3 (a()) ) ' (©)

w2 (@)

ws(r)
Sf@MnOdﬂ+ZGHM®O+a%ﬂﬂawmm<BM@D+zm&DP“m>

w2 (@)

LGN ws(r)
< fO)¢: ([C(t) + Z(t)]‘”l(”)> +a' () g(a() e, ([C(t) + Z(t)]wl(”)>-

Applying lemma 2.1, we have
wa(q) WD) mum—mm)w@)

T OOl T ke

Z'(t) < f(t)¢1(

w3(M)-wi(p)

: wa(r) | HEa®) Wi () =5 (1) V”?ET;)
+a' (O)g(a ()b, (Wl(p)k W e(6) + 2(0)] + L LD o), 3.15

Applying mean value theorem for the functions ¢, and ¢, we obtain
¢(x1) — P(y1) = @' ()1 —¥1) < ' (¥1) (%1 — y1).
Therefore

W (@)W, (@) - W, (@)
" <W2 @ "0 wi(p) — w2 (q) kwi(p))

wi1(p)
e LA R —yes'

wa (@) -w1(P) — wa(q)
< ¢1 <W2 (q) k 2 1 Wl(p) WZ (q) kWi@,))

w1 (D)
< T O

wa(@)-w1(p) wa(q@)-w1(p) — wa(q)
WZ_?’;k RO <W2(‘” kWi o(t) + Mkwi<p)> 2(0),
w1 (P

w1(p) w1 (p)

and

kP [+ (0] + S

ws(r)—-w; (p) — ws (1)
< ¢, <W3(7”)k 3 1 wi(p) —ws(r) %s )

OW)Miﬂ@ M@-%@”Wv
b S

w1 (p) c(t) + kw1 ()
Wi (p) O+
ws(r)—w;(p) w3 (1) -w;(p) — ws(r)
w3 (T) k 3 wl(p)l ¢,2 <W3 (T) k : Wl(p)l C(t) + Mkwi(p))z(t).
w1 (p) w1 (p) w1 (p)

Hence inequality (3.15) becomes

wa(g) WD) m@%wuwwmv

z'(t) < fF(O)¢s <W1(p) wi®)  c(t) + ) kw1 (@)

w2 (q)—w1(p) wa(q@)—w1(p) — wa(q)
w2(a) k : wl(p)1 ¢'1 <W2 (@) k : wl(zo)1 c(t) + Mkwj(p)> z(t)]
wy (p) wy (p) wy (p)

w3 (r)—wq (p) — ws(r)
w3 (7) k : wl(p)l c(t) + Mkwi(p))
w1 (p) w1 (p)

+a' () g(a(t)[¢, <
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w3 (r)-wi(p) w3 (1) -w1(p) — ws(r)
W3 (7') k . Wl(p)l d)lz <W3 (T‘) k : wl(p)1 C(t) + Mkwi(p)>z(t)].
w1 (p) w1 (p) w1 (p)
Thus
wa(g) |, WD) m@%%ﬂ@wmv
z'(t) < f(t k- w®  ¢(t) + —————kw1(®)
@) < f(t)ds (Wl(p) ®) W)
wy(r) WaD-wi (@) wy(p) — w3 (1) Wa)
+a'(t)g(a(t)) < k wi® c(t)+—— > wi()
GHCO At 0+
w2 (q)-w1(p) wa(q)-w1(p) — wa(q)
Wz_(cl)k : wl(p)1 f(t)(,'bll <W2 (CI) k : wl(p)1 C(t) + Mkwi(p))
w1 (p) w1 (p) wy(p)
ws(r) Wa-wi®)  fypa(r) WaD-wi(@) wy(p) — wa(r) W)
+a'(t)g(a(t)) ko wi@) ! k- wi®  c(t) + ——————kw1® || z(t).
) P2\ O ® ©
Therefore we get,
z'(t) < p2(t) + q2(t)z (D). 3.16
Applying lemma 2.2
t t
z(t) < f D, () exp <f qz (r)dr> ds, Vtel.
0 s

Hence inequality (3.14) becomes

t

t 1
u(t) < {c(t) + f p2 (s) exp (f q2 (r)dr> ds}wi®),
0 s

Where p,(t) andq,(t) are defined as in Eq. (3.12).

Remark 3.5 If we put u®1®) (t) = ¢, (u(t)), w1 (p) = w,(q) = ws(r) = 1.then Theorem 3.2 reduces
to Theorem 2.2 in [18].

Remark 3.6 If we put wi(p) =p in LHS. and ¢;(u(s)) =u(s),wa(q) =p,g(s) =
k(t,s), p,(u(s)) = u(s), and w3 (r) = 1 then Theorem 3.2 reduces to Theorem 2.2 in [19].

Remark 3.7 If we put wy(p) = p,w2(q) = p, 1 (u(s)) = u(s),ws(r) =1 and ¢, (u(s)) = u(s)
then Theorem 3.2 reduces to Theorem 2.2 in [21].

Theorem 3.3 Let u(t), f(t),g(t),c(t) € C(, 1) and let c(t) is nondecreasing. Let a(t) € C'(I,I) be
a nondecreasing function with a(t) <t,a(0) =0 and let L,M € C(I%,1) satisfy 0 < L(t,x) —
Lit,y) <Mt y)(x—y),x=2y =0.

If the inequality

ui@ () < c(©) + [ f ($Hu @ (s)ds + [FP f g(s)L(s,u2@(s))ds, 3.17

forallt € I, wi(p) > w,(q) = 0. then

1

u(t) < {c(®) + fot ps (s) exp (fst qs (r)dr) ds}i®, V t €. 3.18

where,
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ZEQ; %&(mc(t) N w1 (p)

p3(t) = f(O)c(®) +a'(®) gla®)) L <a(t)
and

45(0) = (O + 228k 0 @' (©) g(a®) M(a®, 2Bk "0 () +

Wi )W, @ kwig!g) 3.19
wi(p)

w2(@)-w1(p) ( w2(@)-wi1(p)

Proof: Define a function z(t) by
2(t) = [ f (Hu @ (s)ds + [F© g ()L(s,u2 @D (s))ds.
3.20
Then we have z(0)=0 and
1
u(t) < [c(t) + z(t)]»1@.
3.21
Differentiating (3.20) w.r.t. t and using (3.21), we get

2'(8) = (&) wi® () + g(a(®)L (@(®), w2 @ (a()) a'(t)

w2(q)
< f@®le(®) +2z(O)] + a' (O g(a(®))L <a(t), [e(®) + Z(t)]wl(”))

Applying lemma 2.1

wa(q@)-w;(p)

f@wak@+4m+aﬁmm@m(da%%kfﬁﬁﬁda+dm+

w1 (p)

—wy(q) 220

kw1(p)

Wi @)-wa(@) | 2D
w1(p) fea )>
Since
0<L(tx)—L(ty <Mt y)x—y), x=y=0,
we have
< 0) qui K e + 2(0)) + AP 2@ (pv?/ _(pV;Z(Q) /ﬂf%)
1
wa(q)-w;(p) — w2(q)
<L <a(t) qu; W o) + —Wl(pv)vl . @ kwl<3>>
< ®, qui N e +—W1(pv?/ _(pV;Z(Q) kﬁ%) x VV';Z(Z) O
Wy 1 1
Hence (3.22) becomes
z'(t) < f(©Ole®) + z(1)]
wa(@)-w1(p) — wa(q)
+ o' (Og(@®)]L ( a(b), qui RO (O + Wl(p;/ (p“)fz(Q) kW1(g)>
1
wa (@) —w1(p) — wa(q) w2 (q)—w1(p)
( ®, qui o o(e) +—1(pv)vl(p)2(q) kW1(Z)> xv‘:ggk w2,
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Therefore
, , wa(q) W@ID  wi(p) = wy(q) WD
z'(t) < f(Oc(t) +a (t)g(a(t))L< a(t), i ) 1(p) C(U+Wk 1(”)>
w2(q)—w1(p) w2 (q@)—w1(p)
+HIF(D) + zgg W o (Dg(a()M (a(t) ZE"; TIORE
wi(p) = wa (@) x;gq;>
w1(p) e o,
z'(t) < p3(t) + q3(t)z(0). 3.23
Applying lemma 2.2, we get
z(t) < fot ps (s) exp (fst qs (r)dr) ds VteEl 3.24

Hence inequality (3.21) becomes

‘ t 1
u(t) < {c@®) + fo p3 (s) exp ( f qs (r)dr> ds}wi®),

where p;(t) and g3 (t) are defined as in (3.19).

Remark 3.8 If we put w; (p) = 2in L.H.S. and w; (p) = w,(q) = 1,¢c(t) = c?,a(t) = t,L(t,x) = x
and f(s) = g(s) in R.H.S. of Theorem 3.3 then Theorem 3.3 reduces Theorem 3.4.1 in [9].

Remark 3.9 If we put w;(p) = p, L(t,x) = x, and w,(q) = q then Theorem 3.3 reduces to Theorem
2.31in[18]

Remark 3.10 If we put w;(p) = p, f(s) = k,(t,5),9(s) = k1(t,s),L(t,x) = x, and w,(q) = 1then
Theorem 3.3 reduces to Theorem 2.3 in [19]

Theorem 3.4 Let u(t),f(t),g(t) € C(I,I). Let a(t) € C'(I,I)be a nondecreasing function with
a(t) <t,a(0) =0andletL,M € C(I%,1) satisfy

0<L(t,x)—L(t,y) SMEty)(x—y), x=y=>0.
If the inequality

u(®) < up + [5O F ()[u@ W@ () + [ g (IL(r, w2 @ (r))dr] " Pd 3.25

holds for Vt € I, foruy > 0,0 < wy(p) < 1,and 0 < w,(q) <1 then
t _
u®) <uo+ ;' £(5) (@ () exp(wi(p)(2 — wy (0)) [ pa (F)dr) ds,¥ t €1. 326

- _wW2(@ g (wy(q)-1) _ w2 (q)
where, p,(t) f(t)+(2_wl(p))k 2 gOM(t, (1 — wy(q)k"2(D),

and
qa(®) = ul ™" 4 [0 g (OL(t, (1 = wo(@)k*2@) x exp(—(2 — w1 () f, ps (r)dr) ds.

Proof: Define a function z(t) by

2(8) = ug + [“O £ () [u@ W@ (5) + [* g (MIL(r,u2 @ (1))dr] " Pdis, 3.27

and z(0) = u,.
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Inequality (3.25) becomes
u(t) < z(t). 3.28
Differentiating z(t) w.r.t. t and using (3.28), we get

a(t) w1(p)
] a'(t)

z'(t) = f(a(®) [Z(Z'Wl(m)(fl(t)) + f g (L(r, w2 @ (r))dr
0

wq(p)

< @' (Of @(®) |22 () + [ g (5)L(s, 220 (s) ) ds] 3.29

If we take v(t) = 221 ®)(6) + [ g (s)L(s,2%2D(s))ds,
then we have
z'(t) < &' (Of (a(®)v*: P (D), 3.30
v(0) = z&W1P)(0) = u(()z—wl(r’)),
wi() <1=-w(p)=-1=2—w(p) = 1,and 2271 P)(t) < v(t),
z(t) < v(t). 331
Differentiating v(t) w.r.t. t and using (3.30) and (3.31), we obtain
v(t) = (2= wi () 207 P(X) 2'(8) + g(a®)L(a (), 2% D (a(t))a' (t)
< @ - wiEHvE M@ O (Of (@)1 P (6) + a'(6) g(a(®) L(alt, 22D (1))

< C-wi(HvOa' (©Of (@) +a'(t) gla®)) L(at), vV D(t))
< 2= wi()a' Of (@@®))v(t) +a' (1) gla®)) L(a®), v D). 3.32

taking w,(q) = %with n >m = 0,n # 0 and applying lemma 2.1, we have

oD (£) < wy (kWD Du(e) + (1 = w (@)@,
Since 0 < L(t,x) — L(t,y) < M(t,y)(x—y), x=y =0,
L(t,x) < L(t,y) + M(t, y)(x — y),
L(a(t), wa @)k ™2 @D (t) + (1 — wa(9))k"2(@)
< L(a(t), (1 — wy(@)k"2 @) + w, (kW2 D DM(a(t), (1 — wa(q))kV2D)v(0).
Inequality (3.32) becomes

V(1) < 2 = wi(p)a’ (Of (@(®)v(t)
+a' (g (a®)L(a(®), (1 — wa(q)k"> D)
+wa (kM2 @OVM (a (1), (1 = wa(@)k*2D)v(8)].

Thus

v'(6) < a'(t) g(a(®)) L(a(t), (1 — wa(@)k¥2@) + [(2 — wy (P’ (O)f (a(t))
+a'(t) g(a(®)) wa(q) k™D DM (a(t), (1 —wy(q)k™@)]v(®). 3.33

Using lemma 2.2 to the above inequality, we have
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t
v(t) < v(0) exp <f [@ = wy @)’ (8)f (@(s))n + &' ()9 (@(s)) )

wa (kM2 D"DM(a(s), (1 — wa(@)k"2@)]ds

t
+ f o' (8)g(a(s)) L{a(s), (1
0

— wa(g))k"2@) exp ( .
W (k2O DM (a (D), (1 - wy(g))k"2(®)]dr

Therefore
[ (@ () (a(s) i
, e '($)9(a(s)) |
2-w ( ) ( ) w ds
| 1(p 0|X%k( 2(@)-1) | |
v(t) < u(z w1(P)) \ lM(a(s) (1-w,(q)kW2@)] /
a'(s) g(a(S))L(a(s) 1- Wz(q))kWZ(Q))
( [« (Of (@(®) R
+ft | w2 (q) kW2(@-1) |
0 | (2- w1(p))f (2-w1(®)) \ar |
|a’ (@) g(a(m) I
X e L (a (@), (1w @)k 2(@) ] / ds,

By using substitution a(s) = s and a(t) = 7, we obtain

a(t)
v(t) < u(Z w1 (p)) exp( (2 wq (p))f f(S) + %

a(t)
KOO0 g )M (s, (L= wo @) O)ds) + | g (L(s, (1 = wa@)k"=@)

a(t)
X exp((2 — W1(P))_[ [f(0) + %

a(t)
v(t) < exp((2 — W1(P))f [f(s)+ %

@ a®) +j g ($L(s, (1 — wy(q))kW2@) x exp(— (2 — wl(P))fO [f(D)

0
w>(q)

Gy KO @M (5 (= wy (@) D) dr)ds],

a(t)
Wi (t) < exp(wy(p)(2 — w1 (D)) f [f(s) + %

wy(q) (2-w1(p)) “® w2 (q)
M(s, (1 = wp(q)k"2®)]ds)[ug +f0 g (S)L(s, (1 = wy()k™2D)

kW2(@=1 g(s)

x exp( — (2 — i (p)) f [F (D)

w,(q)
HeETAD))

then
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k(Wz(q)‘l)g(r)M(r, (1—w, (q))sz(q))]d‘[)ds]wl(p)’

t
[ 1@-mee @f @) + ¢ @@ ) "

kW2 @D-Dgm)M (7, (1 — wy(q))k"2D)]dr)ds,

k2D~ g(s)M(s, (1 — wy ()K" @)]ds)
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a(t)
vWi1®)(t) < exp(wy(p)(2 — W1(P))f0 P4 (5)ds)q4(t).

where,
w,(q) -
t)=f(t) + ————=k™@"Dge)M(t,(1—w kW2(@),
pa(t) = f(¢) 2= w () g@OM(t,( 2(D) )
—-w w1 (p)
& = [+ g L - wa@ier @) -
quq(l) = .
x exp(— (2 = w1(P)) J; s ()do)ds
Hence inequality (3.30) becomes
a(t)
z'(t) < a'(O)f (a(t)) exp(w1(p)(2 - W1(P))f P4 ()ds)qa(t).
0
Integrating w.r.t. t from 0 to t we have
2(t) < o + [y @ (OF @(®)) exp(wi ()2 = wi (@) f; “ pa ()ds)au(t)dt, 335
By using substitution a(t) = s in (3.35), we obtain
a(t)

z(t) S up + i f ($)qa(a™(s)) exp(w: (p)(2 —Wl(p))fo P4 (r)dr)ds.

Hence inequality (3.28) becomes
a(t) s
u(t) S up+ f (9)qa(a™1(s)) exp(w1(p)(2 — w1 (p)) f Ps (r)dr)ds.
0 0
This is the required inequality.
Remark 3.11 If we put w; (p) = p, L(t,x) = x, and w,(q) = q then Theorem 3.4 reduces to Theorem
2.1in[18].

Remark 312 If we put p=I in LH.S. and “0 =€/ () =k(6:8).8() =k (t:8), oy _ 4,

L(t,x) =% w,(q) = 1in R.H.S. of Theorem 3.4. then Theorem 3.4 reduces to Theorem 2.4 in [19].

Remark 3.13 If we put u(t) = ¢, (u(t)), ¢, (u(s)) =1, L(t,x) = x,w,(q) = 1. and w;(p) = p then
Theorem 3.4 reduces to Theorem 2.3 in [20].

Theorem 3.5 Let u(t),f(t),g(t) € C(I,I).Let a(t) € C'(I,I) be a nondecreasing function with
a(t) <t a(0) =0onl.
If the inequality

a(t)

u(t) < ug+ f ()u*1 @ (s)ds
0

w1(p)
7O ($)L(s5,u*2@ (5)) [uZ—wmo) )+ [Og (A)u(l)dl] s, 3.36
holds forV t € I, foruy > 0,0 < w;(p) < 1,0 <w,(q) <1, and L,M € C(I?I) satisfy
0<L(t,x)—L(t,y) <M(t,y)(x—y),x>y>0.
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then
u(t) < K@) exp ([} p (s)ds), vtel 3.37

where,

(1 —wy (p))k"1®

+L(s, 1—-wy (q))sz(q))‘ X exp (— fsllj (A)dl) ds,
x W1 (g71(s)) 0

a(t)

K(t) = uo + ; f(s)

and

() = wi @O O+ TZ DR O PM(E, (1 - wy (@)k @)1 P (@ (1))],3.38
1

Where,
exp(J; " as(s)ds)
0 = , 3.39
©) c— Oa(t)ps(s) exp(fos qs(t)dt)ds
and
1) = 2_ k(Wz(CI)*l) t M t, 1_ sz(q) ,
P = (2P (kT gOM (LA w@KT), o (14
L(t, (1 = wy(@)k"2 @) + g(0). 3.40

Proof: Define a function z(t) by

a(t)
z(t) =uy + f (s)u1P)(s)ds
0
a(t) a(s) w1(p)
| fOLsu™D(s) [uz‘““@ () + f g (A)u(z)dz]
0

0

ds.

Then we have
z(0) = ug and u(t) < z(t). 341
Differentiating z(t) w.r.t. t and using (3.41), we obtain

z2'(t) = fa®)u" P (a(t)a’t)

a(a(t) ]Wl(l’)
a'(t)

H @O, @) [P @) + [ g Au@ia
0
< a'(®)f (a@®)u®(t)
- a(t) w1(p)
+a' (Of (@@®))L(a(®), u?> D)) |u2"1 @ (©) + j g(/l)u(/l)d/l]

0
<a'(Of @)z P (1)

- a(t) w1 (p)
+ a’(t)f(a(t))L(a(t),ZWZ(‘D (t)) zz_Wi(p)(t) + f g (s)z(s)ds]

0
342
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Taking w,(q) = %with n>m = 0,n # 0, we have
From lemma 2.1,
22D (£) < wy (kD V(8) + (1 = W)@,
Since
0<L(t,x)—L{t,y) Mt y)(x—y), x=y=0,
L&, x) <Lt y)+MEty)(x—y), x=y =0
L(a(t), 272D (1)) = L(a(t), wo(@)k ™2 D™ Vz(t) + (1 — wy(q))k*>D)
< L(a(t), (1 = wa(@)k"2@) + wy (k@O Dz()M (a(t), (1 — wo () k"2 @)
L(a(t),zWZ(‘D ) < L(a(t), (1—w, (q))kWZ(q)) +w, (q)k(WZ(q)_l)M(a(t), (1-
W, (q))kWZ(q))Z(t).lnequality (3.42) becomes

2'(t) < d@Of @)z () + @’ (Of @) [L(a(), (1 — wa(@)k*@)
+w, (q)k(WZ(Q)‘l)M(a'(t), 1-w, (q))kWZ(q))z(t)]vwl(p) . 343

Where,

v(t) = 227 ® () + [0 g ()z(s)ds, v(0) = uZ P, v(t) > 0.

Forw;(p) <1= —wy(p) >—-1=2—-w;(p) >1, and 227" ®)(t) < v(0),

z(t) < 2271 (t) < v(t). 3.45
Differentiating v(t) w.r.t. t and using (3.43) and (3.45), we obtain

\begin{align*}

\\

v'(t) = (2 = wy ()2 (02" () + g(a(®)z(a(t)a’ (1)
< 2 - wi ()2 P )@’ (O (@) P (1) + &' (O f ()

3.44

[L(a(®), @ = wa(q)k">@) + wy (kD™ DM(a(t), (1 — wa(q))k™>P)z(O)]v* P (8))

+g(a(®)z(a()a’(t)

< 2= wi (N2 PI O (Of (@(@)zV P () + (2 = wi ()2 P (e’ (Of (a(1))

[L(a(®), (1 — wo(@))kY2D) + wy (@) kW2 @D~DM(a(t), (1 — wa(g)k"2(D)z(6)]v"1 P (¢)
+g(a(®)z(a(t))a’(t)
< 2-wi()a' Of @@®))vEM1 @) (@)W1 P () + (2 — wy(p))a’ (&) f (a(t))
[L(a(®), (1 — wo(@))k"2@) + wy (@) kW2 DD M (a(t), (1 — wy(q)k™2(D)v ()]
AW ()pWi® (1) + o' () g(a(t)v(t)
SQ2-wi@)a'Of (@@®)v(t) + (2 —wi(p))a'®)f (a(t))v(t)
[L(a(®), (1 — wo(@))k"2@) + wy (@) kW2 DD M (a(t), (1 — wy(q)k™2(D)v ()]
+a'(t)g(a(t))v(t)
< [2—-wi(P))a'Of (a(t)) (1 + L(a(t), (1 - Wz(q))k‘”z(‘”)) + a'(t)g(a(t))]v(t)
+(2 —wi ()’ () f (@(©)wa (@ kW2 DDM(a(r), (1 — wa(g)kW2( D)2 (1),
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v'(t) < A()v2(t) + B(H)v(t).

where,

A() = @ = Wi (@) (Of @(E)w2(@k W@ DM(a(2), (1 - wy(g))k*2@),

And
B(®) = (2 = wi(p)a'(O)f (a(t)) (1 +L(a(), (1 - Wz(CI))kWZ("))) +a'(0)g(a(®).
Since
v/ () < A(D)VA(t) + B(H)v(t),
Dividing by v2(t),

v 2(H)v'(t) < A(t) + B(O)v (D),
Letting v=1(t) = y(t), we obtain
(v 2OV =y' () = v 2OV () = —y'(®),
—y'(t) < A(t) + B(®)y (D).

Then by lemma 2.2 we have

t t t
—y(t) < y(0)exp (f B (s)ds> + f A(s)exp (f B (A)d/l) ds,
0 0 s
ie. —y(t) < ug@® 1P exp ( f ‘B (s)ds> + f A (s) exp ( f ‘B (/1)d/1> ds,
0 0 N
= y(t) > u;(Z—W1(p)) exp <— ftB (S)dS> — ftA (S) exp (- ftB (A)dl) dS,
0 0 N

t
e y(6) 2 ug “ TP exp(— f [@ —wi @)’ ($)f (@()) (1+L(a(s), (1 — wo(g)k*2@))
t
+a'(s)g(a(s))]ds) — J;) 2- Wl(p))a’,(S)f(a(S))Wz(q)k(WZ(q)_l)M(a(S), (1- Wz(q))sz(q))

t
exp(— f [2 =wi(P)a'Df (a() (1 +L(a(), (1 —w, (Q))kWZ("))) +a'(Dg(a(a)]d)ds.

By using substitution a(s) = s and (1) = 4,we obtain

a(t)
2 y(0) 2ug @ exp( - fo [@ = wi@)f () (1+L(s, (1 — wy(@)k¥2@)) + g(s)]ds)
a(t)
—(2 = wy (P)w (kDD fo f (HM(s, (1 = wy(@)k*2(@)
a(t)
x exp( — j o @ W@ (1+L(2 (1 - wa(@)k*2(@)) + g(D)]dA)ds,

a(t)
e y(8) 2 ug @) exp(— j; [@2—=wi@)f () (1+L(s, (1 = wa(@)k™2®@)) + g (s)]ds)
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a(t)
(2 = Wi (P)W (k@D f f ©M(s, (1 = wa(@)k":@)

a(t)
x exp( f [@ = wi@DfA) (1+L(A, (1 = wo(@)k*2@)) + g(D)]dA)ds, y(t)

a(t)
2ew(~ [ 1@ m®)fE) (14101 - wa@)k"®))

—(2-wy () - [“© W (@)
+9(s)]ds) X [u, — (2= wi(p))wa(q)k"21 fo f(SM(s, (1 —wy(g)k"2@)

x exp( f 1@ = m @D (1+ L4, (1 - wo(@IK"@)) + g dA)ds],
Then

y(©) = exp(— [ a5 ()ds) x [ug * ™1 — [V p5 (s) exp( [ a5 (WdA)ds]
Where,

Ps(t) = (2 = wy (D)W (kW@ DML, (1 — w,(q))k¥>@),and

gs(t) = 2 = wi@)F ) (14 L(t, (1 = wo(@)k*2@)) + g (0.

Inequality (3.46) becomes

ug @@ _ (4O p 5y exp( [ g5 (DdA)ds
exp( [ s (s)ds)

y() =
Since

1
y@®) =v71(t) = oL

exp( ;' g5 (s)ds)

v(t) < ——— ¢ .
u 2-w1(p) _ fO“( ) pe () exp( Jy as WdA)ds

Let ug(z_wl(p)) = ¢, and foa(t) s (8) exp(foS gs (D)dr)ds < c,

= v((t) <6(b),

1
y@®) =v7l(t) = oL

where,
t
exp( [ qs (s)ds)
t .
¢ = [ ps (s) exp( [} a5 (W dA)ds

m*

o(t) =

From (3.43) and taking w;(p) = —,n" =2 m* > 0,n* # 0, we get

n*

2'(t) < @' (Of (@())z"* P () + ' (O f (a@)[L(a(t), (1 — wy(@)k™>D)

Fwy (kM2 OVM(a(t), (1 — wa(@)kW2D)z(0)]v" P (1)
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By Lemma 2.1 we have (w,(q) = wy(p) and w;(p) = 1)
2@ (6) < wy (P)E Pz (2) + (1 — wy ()P

20y <a (O f (@) w Pk z(0) + (1= w (PP ]+ (0) f (e(1))
[L(er0). (= wy (@)™ )+ w, (kM (ar(0). (1= wy (@)™ )z ) 0, © <

& (OF @) = wy EK*P + L(a(e), (1 = wy (@K@ )" P ()] + & (O (@(®))
Wa (1D 4+ (k2 @-DM(a(e), (1 = wo (DK@ o1 P ()] 2(2).

Since, v(t) < 0(t) = v @ () < W1 (1),

z'(t) < ' O f (@(®)[(A = wi ()K" P + L(a(t), (1 — w,(q))kW2@)9W1P) ()] + ' () f (a(t))
[wi(@)k ™1 @D 4w, (kW2 D DM (a(t), (1 — wy(@)k™2 D)W1) (£)]z(t).Applying  lemma
2.2 we obtain

t t t
2(t) < 2(0) exp( jo ¢ (5)ds) + fo pexn( | a@ands

2(t) < up exp(fot“%s)f(a(s)) [wy (p) =D

Ao (@K@ DM (a(s), (1= wa()e*2 @)1 (5)]ds)

t
+f o' ()f (a()) tI(1 — wy ()™ ® + L(a(s), (1 — wy(q)k*> @)1 P (s)]

t
exp( f a' (D (@A) [wy (p)k ™1 P)=D + w, (@) W2 (D~
S
M(a(d), (1 — wy(q)k"2@)oW1P)(1)]dA)ds,
Using the substitution a(s) = s and (1) = 4, we obtain

a(t)
s z(t) Sugexp( | f (S)[wi(p)k™i®D
0

+wa (kW2 D7DM(s, (1 — wy (@)K @)0¥1 P (a™ (5))]ds)
a(t)
+ | FOIA = wi @D P + L(s, (1 = wa (@), V@)1 P (@7 ()]
0
a(t)
exp( | f (Wwi (k@D
a(s)
+ wy (kM2 @D~DM (4, (1 — wy(q)k"2 D)W1) (@1 (2))]dA)ds i.e. z(t)
a(t)
< ug exp( £ (&) [wi (@)™~ 4w, (kW2 D=DM(s, (1 — wy(q))kW>@D)
0

a(t)
6" ®) (@~ (s))]ds) + f A = wi @)k ® + L(s, (1 — wy(q))k"2@)"1®) (a7 (s5))]
0

a(t)
exp( £ (D) [wy (p)kW:1@-D

s
+ wo (@) kW2@-DM(A, (1 — wy(q))kW2@)e™1®) (a=1(2))]dA)ds,i.e. z(t)
a(t)
< exp( f w1k P70 4wy (kW2 ODM(s, (1 = wy(q)k™2(D)
0
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a(t)
01 (a™ (5))]ds)[u + t f ()1 = wa ()™ ®

0

+ L(s, (1 = wa ()K"= @)1 P) (@™ (5)))
exp( — f(ff ()L)[Wl(p)k(wl(p)—l) + Wz(q)k(WZ(q)"l)M(A, (1-
wa(9))k+@)0"1®) (™ (1))]dA)ds] Thus

a(t)
z(t) < K(t)exp( P (s)ds).
0

where,
P(t) = wi(p)kM P DF()[1 + zgq;k(‘“(‘” WiPIM(, (1 = wo(@)k "2 D)™ @) (a1 (1))],
and

K() =uo + fo " f(s) ErlL(sV%(li))vfz(lq(;))ka(q)) exp( — f Y (1)dA) | ds.

6"1®) (¢ ~1(s))
Hence inequality (3.41) becomes
u(®) < K(©) exp( ;" (s)ds).This completes the proof.

Remark 3.14 If we put f(s) = 0 in first integral and L(t,x) = x,w,(q) = 0,a(s) = s,and wy(p) =
p in second integral of R.H.S. of Theorem 3.5 then Theorem 3.5 reduces to Theorem 2.4 in [18].

Remark 3.15 If we put f(s) = Oin first integral and L(t,x) = x,w;(p) = 1,a(s) = sin second
integral of R.H.S. of Theorem 3.5 then Theorem 3.5 reduces to Theorem 2. 1in [20].

Remark 3.16 If we put f(s) = 0 in first integral and L(t,x) = x,w,(q) = 1,a(s) = s, and wy(p) =
pin second integral of R.H.S. of Theorem 3.5 then Theorem 3.5 reduces to Theorem 2.3. in [20].

Remark 3.17 If we put w, (p) = 1, L(t,x) = x, and w,(q) = 1.then Theorem 3.5 reduces to Theorem
2.3 in[21].

Remark 3.18 If we put uy = f(t),wi(p) = 1,u(s) = ¢(u(s))in first integral and L(t,x) =
o (x),w,y(q) =1, and w;(p) = 0 in second integral of Theorem 3.5 then Theorem 3.5 reduces to
Theorem 3.4 in [21].

Theorem 3.6 Let u(t),c(t), f(t), g(t) € C(I,I) and c(t) is nondecreasing. Let a(t) € C'(I,I) be a
nondrecreasing function with a(t) < t,a(0) = 0 and L, M € C(I% I)and ¢: I — Ibe a continuous and
strictly increasing function with ¢(0) = 0 such that

0 <L(t,x) —L(t,y) <m(t,y)¢ 1(x —y), x =y = 0,(for t € L.where ¢~ is the inverse function
of ¢, and

¢ xy) < 9T ()P (). 3.48

If w1 ®(6) < c(6) + (S £ ($L(s,u @ (5))ds + [ g (s)L(s,u2® (s))ds)holds for V ¢ €
Lfor wy(p) > wy,(q) = 0, then
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t t 1
u(t) < [c(® + ¢( f Ps (s) exp < f 96 (Ddzl) ds)]Wi @),
0 s
where,

Po(t) = (2 = W (P)IWo (k@D F M (2, (1 = wy(9))e"2(®),
46(®) = (2 = Wi @) @O)(1 + L(t, (1 = wy()k**@). 3.49

Proof: Define a function z(t) by
t a(t)
z(t) = f f (S)L(s, uw1(®) (s))ds + f g (S)L(s, u%2(@) (s))ds,
0 0

z(0) = 0, and u(t) < [c(t) + qb(z(t))]ﬁ. 3.50

Differentiating z(t) w.r.t. t and using (3.50), we have
2'(t) = fOL(t w1 P (1)) + g(a®)L(a®), u@(a(t))a' (t)
w2(q)
S fFOLE [c@®) + ¢ z()D + a' (D) g(a(®))L <a(t), [c(a(®)) + ¢(Z(a(t)))]wl(”))

< FOL(E, [c(®) + ¢ (z(e)]) + a' (D) g(a(t))L (a(t); [e(®) + ¢(Z(t))]ﬁ$§)_ 3.51
Since,
0 < L(t,x) = L(t,y) <m(t, )~ (x - y),
forx >y >0,and for t €[,
= L(t,x) < Lt y) + m(t, )97 (x =),
L(t, [c(®) + ¢(zO)D < L(t, c(®) + m(t, c(£))p ™ (p(2(1)).

By lemma 2.1 we have

w2(q) w2(@)-w1(P) — w2 (q)
[c(t) + ¢(z(t))]W(qp) < :j—ggk qwl(p) . [c(t) + p(z(t)] + %M(Z)_

Inequality (3.51) becomes
2(0) < FOIL(E c@®) +mt, () (S (2]
wa(q@)—w1(p) — wa(q)
+a' (Dg(a()L (a(t), o EZ; Ko [e(e) + pla()] + %kw&)

- . w,(q) WZ(Z/)_(W)I(Z’)
< fFOILE, c(8) +m(t, c(©))z(D)] + a’ (D) g(a())([L a(t),wl(p)k 1P ce(t)

— wo(q) wo(q@)—w1(p) — wo(q)
" wy(p) —wa(q) kWi(Zﬂ) tm (a(t), w2(q) k ) c(t) + wi(p) — wa(q) ka(P)>
w1 (p) wy(p) w1 (p)

wy(q)  w2(@)-wi(p)

-1 w1(p)
G LRI OO
Using (3.48), we obtain
owy(9) wZ(qW)—wl(p) . wy(Q) WZ(a/)_Wl(p)
PTGk P OS¢k P )20
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wa(@)-w1(P) — w2(q)
2'(6) < FOLE, c(©) + a' (g (a(t)L <a(t), V‘Zgg TR +%kwg)>

wa(@)-w1(p) — w2(q)
w2(q) ch(t) + wi(p) —wa(q) kWi(D)>
wy (P) w1(p)

+Hf(Om(t, c(®) + a’ (O g(a(®))m <a(t).

wa(q@)—w1(p)
WZ_(Q)]( z wl(p)l )]z ().
wy(p)

The last inequality can be expressed as

z'(t) < pe(t) + 46 ()2 (D).

x ¢~

Applying lemma 2.2 we have

t t
2() < f pe () exp( f g6 (D)dA)ds.
0] S
Inequality (3.50) becomes

1
u(t) < [e(t) + ¢, pe (5) exp( [, g6 ())dA)ds)]*1@. This is the required inequality.

Remark 3.19 If we put u"1® () = ¢, (u(t)), c(t) = ug, L(t, x) = x, and u"2®)(t) = ¢, (u(t))
then Theorem 3.6 reduces to Theorem 2.2 in [18].

Remark 3.20 If we put wy(p) = p, dp(u(t)) = u(t), L(t,x) = x,and w,(q) = q then Theorem 3.6
reduces to Theorem 2.3 in [18].

Remark 3.21 If we put wy(p) = p, p(u(t)) = u(t), L(t,x) = x, and w,(q) = 1then Theorem 3.6
reduces to Theorem 2.1 in [18].

Remark 3.22 If we put wy(p) = p, p(u(t)) = u(t),L(t,x) = x, g(s) = k(t,s) and w,(q) = 1then
Theorem 3.6 reduces to Theorem 2.2 in [19].

Remark 3.23 If we put w; (p) = p, p(u(t)) = u(t), f(s) = k,(t,s),L(t,x) = x,g(s) = k,(t,s) and
w5, (q) = 1then Theorem 3.6 reduces to Theorem 2.3 in [19].

Remark 3.24 If we put w; (p) = 1lin L.H. S. and ¢p(u(t)) = u(t), L(t,x) = x, and w, (p) = wy(q) =
p in R.H.S. of Theorem 3.6 then Theorem 3.6 reduces to Theorem 2.1 in [21].

Remark 3.25 If we put wy (p) = p, p(u(t)) = u(t), L(t,x) = x, and w,(q) = qthen Theorem 3.6
reduces to Theorem 2.2 in [21].

4. Application
Example 4.1 Consider the following retarded Gronwall-Bellman type integral equation:
uP(6) = M (8, [ Hy (t,u()ds, f Hy (tu(a(s)))ds), ¥ t €L,

4.1
where M € C(I x I?,1),and H; € C(I x I,1),i = 1,2.satisfy the following conditions:
M(t,w,v)| <ct)+|ul+|v|VEET, 4.2
|H,(t,w)| < £(t) [ulPand |Hy(t,w)| < g(¢) [ul9. 43
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where u(t), c(t), f(t), g(t), and a(t) are defined in Theorem 3.1 and w;(p) = p,w,(q) = q.
Using conditions (4.2) -(4.3) in (4.1), we get

t t
[u@®IP < c(t) +f0f(5)|u(5)|”d5+f09(5)|u(a(5))|qd5-

By using substitution a(s) = s, we obtain

' £ 9@te)

O <)+ | fOREPds + | a) ZEEsme ds
t a(t) -1

WO £+ [ fOuEls [ SIS ) s

for all t € I. Now an application of Theorem 3.1, we have
t
u(t) < {c(®) +f (f(s)e(s) +a'(s)g(a(s))P(myc(t) +m;)
0

t 1
exp(f [f(r) + mia’ (g (a(r)$’ (myc(r) + my)]dr)ds. 3P,

a-p _
where m; = %k » andm, = =2k

<

Thus the estimation of inequality (4.5) implies the existence and boundness of the solution u(t)
of retarded Gronwall-Bellman integral equation (4.1).

Example 4.2 Consider the following retarded nonlinear integral inequality:
ui®(6) < (E+ 1) + [ £ ()1 (w2 @(s))ds + ff g ()2 (M (s))ds.
4.6

where u(t) is defined as in Theorem 3.2 and we assume that every solution u(t) of (4.6) exists on . For
this let, ¢, (u(t)) =u?(), P, W (t)) =u(t),p=3,q=2,r=1c(t)=t+1,f(s)=s, and
g(s) = 2s,then inequality (4.6) turns to

W) <(E+1D)+ fotsu2 (s)ds + fOﬁZ su(s)ds.

4.7
We find that
1 1 2
my =2,My =2, M3 =7,My = 5,.for any k > 0,and w; (p) = p,w,(q) =q

Assuming k=1, and a(t) = Vt,a'(t) = 2%/? Then

P2(t) = F(O)pr (mac(t) +my) + & (O g(@(®)olmac() +my) ==+ 2=+ L1, 48
and
G2(t) = maf (O)P; (myc(t) +my) + &’ g (@())msdh(myc(t) +my) ==+ 24 1 4.9

Hence by Theorem 3.2 and inequality (4.6) we have
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3 2 2 1
u(®) S {t+ 1+ [{(5-+ 5+ T+ D) xexp(J; (- + 2+ )dr)ds} forall t € 1. 4.10

The plot of this solution can be plotted using Mathematica as shown in Fig. 1.

u(t)

4.0

3.5

3.0

2.5

2.0

15

Figure:1
The solution u(t) of retarded integral inequality (4.6) exist and bounded within the interval [0,4.12]for
0 <t < 2 as shown in Fig.1.
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