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Water pollution is a significant environmental issue that damage community
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Precise mathematical models are essential for representing and predicting
pollutant movement in three-dimensional (3-D) water environments. This
Accepted: 29-08-2025 research introduces a 3-D diffusion-advection model aimed at examining the
spatial and temporal fluctuations of pollution levels in aquatic systems. The
aim is to describe the progressive accumulation of pollution in a 3-D space
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and to assess the efficiency of both analytical and numerical methods to
addressed the diffusion-advection model. The analytical expression is
obtained through the Adomian Decomposition Method (ADM), whereas the
Du Fort—Frankel (DF) method serves as the numerical approach. The model
employs initial and boundary conditions derived from experimented data
(Exp. data) performed in a 3-D cuboid tank where water as a medium and an
iodized salt water solution act as the pollutant. Pollution levels are assessed at
various 3-D grid location within the tank over time to confirm the model's
accuracy. The results obtained indicate a consistent rise in pollutant levels that
align closely with both ADM and DF solutions. The insignificant variations,
indicated in parts per million (PPM), emphasize the precision and
dependability of the suggested model. In general, the combination of
experimental findings with analytical and numerical methods creates a
reliable foundation for studying pollutant dispersion in three-dimensional
water systems. The study enhances modelling methods for diffusion—
advection processes and offers important insights for water quality evaluation,
environmental protection, and sustainable resource management.

Keywords Water pollution - 3-D Diffusion-Advection equation - Du Fort
Frankel method - Adomian Decomposition method
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Introduction

Water is among the most vital resources on the Earth, covering almost two-thirds of its area.
Freshwater is essential for human existence, and ensuring its adequate quantity and quality is
an increasing worldwide issue [1, 2, 21]. Pollution of water sources from household and
industrial practices poses a major issue in various areas, leading to approximately 25 million
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dead each year due to the harmful impacts of polluted water [3, 4]. Consequently, water quality
has emerged as a significant concern for the environment and public health. Water pollution
happens when the physical, chemical, or biological properties of water change, scary for both
aquatic environments and human health [1, 22]. These modifications are mainly caused by
human actions, which undermine environmental management and public safety.

To deal with these issues, both analytical and numerical methods can be utilized to resolve
mathematical models of water pollution. This research utilizes a 3-D diffusion-advection model
to discover the spatial and temporal changes in pollutant concentration, taking into account
diffusion and advection processes. Water serves as the medium, while a solution of iodized
salt-water solution is utilized as the pollutant. The 3-D region of water tank is divided into
evenly spaced grid locations, and data on pollutant concentration, recorded in parts per million
(PPM), are gathered at each location over time. These observed Exp. data give the model's
initial and boundary conditions. Two computational methods: the DF numerical method and
the ADM for analytic solutions are employed to estimate pollutant concentrations. The
outcomes are compared with Exp. data to assess precision and measure variation between the
methods' results.

1 Related Work

A K. Misra, J.B. Shukla, and Peeyush Chandra [6] explored the joint impact of saturation and
water contamination on dissolved oxygen (DO) levels in aquatic ecosystems through
mathematical models founded on differential equations. Zainab Yahya, Hanani Johari, and
Nursalasawati Rusli [1] forecasted the movement of pollutants in water utilizing a one-
dimensional (1-D) advection—diffusion model, addressed through Finite Difference Methods
such as FTCS and the Implicit Crank—Nicolson approaches. Nigar Sultana and Laek Sazzad
Andallah [7] utilized the second-order Lax—Wendroff method alongside the FTCS approach to
address the 1-D advection—diffusion equation, calculating pollutant levels in rivers at different
times and places. The 1-D advection—diffusion model was enhanced by Abbas Parsaie and
Amir Hamzeh Haghiabi [12], alongside Safia Meddah, Omar Hireche, Mohamed Hadjel, and
Abdelkader Saidane [13]. In [12], the model was employed to simulate contaminant spread in
rivers through the Finite Volume Method and Artificial Neural Networks (ANN) to assess the
longitudinal dispersion coefficient. In [13], the Transmission Line Matrix Method was utilized
to find the highest pollutant concentration over a specified time frame and to assess longitudinal
dispersion. Later research expanded the 1-D advection—diffusion model by adding more
parameters, as shown by Delong Wan and Huiping Zeng [8], Nonparent Pochai, J.J.H. Miller,
L.J. Crane, and Suwon Tangmanee [9], Tsegaye Simon and Purnachandra Rao Koya [10], as
well as R.V. Waghmare and S.B. Kiwne [11]. The Pollution Index Method was utilized in [8]
to forecast water quality based on various factors. In [9], the model evaluated expenses for
water purification and determined pollutant concentrations through the Finite Element Method.
The dynamics of river pollution were investigated in [10], using numerical solutions derived
from the Splitting Method, Crank—Nicolson, and Runge—Kutta methods, where diffusion and
reaction components were segregated and addressed separately. Analytical methods were
utilized in [11] to obtain system solutions. C.A. Poffal, J.R. Zabadal, and S.B. Leite [5]
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extended the study to a two-dimensional (2-D) advection-diffusion model, analyzing the
distribution of materials and microorganisms in rivers and lakes through innovative iterative
analytical method

2 Proposed Methodology

The proposed mathematical architecture for 3-D water pollution estimation is described as
shown in Fig. 1.

Numerical Method

+«+  Du Fort Frankel (DF) Method

3-D Diffusion- Initial and Boundary Water Pollution
Advection |::> Conditions for |::> E\> Estimation
Model Mathematical Model Analytic Method
Water Pollution « Adomian Decomposition Method
Mathematical Model (ADM)

Mathematical Method

Fig. 1 Mathematical architecture for 3-D water pollution estimation

2.1 Water Pollution Mathematical Model

The mathematical model for estimating water pollution is constructed based on the diffusion-

advection model in 3-D region. The rate at which pollution concentration varies concerning

time t at different 3-D location in x, y, z direction is mathematically formulated as in Eq. (1).
ow 62W+62W+62W A(6W+6W+6W)
ot 0x?  dy? 0z? ox Jdy 0z

(1

where, to <t <t;,x0< X <X, Yo <Y < V5, Zp < Z < z, and the parameter w
indicate the pollutant concentration along the x,y and z direction, while t refers to time, x,y
a’w 3*w 9*w

and z represent directions, o2 " 3y? ' 0n2

represent second ordered spatial derivative of

) oW aw aw ) . .
concentration and 9’3y 0n represent first ordered spatial derivative of concentration in all

three directions. The diffusion rate D and advection rate A remains constant across all
directions.

2.2 Initial and Boundary Conditions for Mathematical Model

The numerical and analytical solution w(x, y, z, t) of the mathematical model described in Eq.
(1) is obtained by DF and ADM, respectively, which requires initial and boundary conditions
concerning space and time. The initial conditions for time t are as in Eq. (2).

wo(x,y,z,t) =w(x,y,zty) = 0o(x,y, Z)} )
wi(x,y,2,t) =w(x,y,2t) = 01(x,y,2)
And boundary conditions for x, y and z directions are as in Eq. (3)
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w(xg, y,z,t) =¥, (y,2,t))
w(x,y,2z,t) = Y3 (y,2,t)
w(x, o, 2, t) = W3(x, z,t)
w(x,ys,z,t) = Y, (x,z,t) (
w(x,y, 2o, t) = Ps(x,y,t)
W(x,y, Zp,t) =Wc(x,y,t))

Where, @, @1, V1, ¥, V3, Vs, W and ¥g are known functions.

2.3 Mathematical Method

)

The diffusion-advection equation can be solved using various analytical and numerical
techniques. This research utilizes the DF method to obtain numerical solutions and the ADM

for the analytical approach.

2.3.1 Du Fort Frankel Method (DF) [17, 18, 19]

The DF Method is a finite difference method used to get a numerical solution for the

mathematical diffusion-advection model. The finite number of grid locations in x,y and z

directions of 3-D regions at which the water pollution is estimated over a finite time interval is

expressed as follows [20];

The grid points (xg, yp, Zc, t4) are given as

Xqg=X0:0x:x,, a=012..7r
Yo =Y0:0y:y, b=012,..5s
Z.=2y:0z: z, ¢=012..p
td = tO : 0t : tl' d= 0,1,2, ol

|

“4)

in which r,s,p and [ are integers and &x, §y and §z are grid spacing of all three directions

respectively and &t is a time step size. We denote w(xy, Vp, 2, tg) = w(x, y, 2, t) in the finite

difference approximation.

ow B wx,y,z,t+1) —w(x,y,zt—1)

a 26t

0%w

0x?

_wx+1y,zt) - 2wy zt)+wlkx—1y,z1)
B dx?

0%w

dy?

_wxy+1,zt) - 2wy zt)+wl,y—1,21)
= 5y
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aZW . . L)

i The spatial derivative's

072 - : ®)
central difference in the

w(x,y,z+1,t) — 2w(x,y,z,t) + w(x,y,z — 1,t) .
= z direction
672

ow wlx+1yzt)—wlx—-1y7z1) The central difference

ox 20x for first order derivative ©)
in x-direction on t time
oW

ow  w(x,y+1,zt)—w(xy—1z1) The central difference

dy 28y for first order derivative (10)
in y-direction on t time
row

ow wx,yz+1t)—wxyz—11) The central difference

9z 26z for first order derivative (11)
in z-direction on t time
row

Applying Eq. (5) - (11) in Eq. (1),
w(x,y,z,t+1)-w(x,y,z,t—1) w(x+1,y,z,t)-2w(x,y,z,t)+w(x—1,y,z,t)
=D [ +
268t 6x2
w(x,y+1,z,t)-2w(x,y,z,t)+w(x,y—1,z,t) n w(x,y,z+1,t)-2w(x,y,z,t)+w(x,y,z—1,t) _ (12)

6y?
A

w(x+1,y,z,t)-w(x—1,y,2,t) n w(x,y+1,z,t)-w(x,y—1,z,t)

n w(x,y,z+1,t)-w(x,y,z—1,t)

26x 26y

28z

Consider the same grid spacing in Eq. (12) for all three directions that 6x = §y = 6z = 6.

2xDx8t
52

W(x!yyzrt-l_ 1) _W(x,y,Z,t— 1) ==

wx+1,y,z,t) +wlx—1,y,zt) +

wx,y+1,zt)+wlkx,y—1,zt) +wlxyz+1,t) +wlxyz—1,t) —
6w(x,y,zt)] —A*T&[W(x +1,y,zt) —wkx—-1,y,zt) +wlx,y+1,z1t) —
w(l,y—1,z,t) +w(x,y,z+ 1,t) —w(x,y,z — 1,t)]

D6t _
52

Letting wand 2 =y in Eq. (13),

w(l,y,z,t+1) =w(x,y,zt—1)+ 2uwlkx+1,y,z,t) + wkx—1,y,2,t) +
wix,y+1,zt) +wlk,y—1,zt) +wlxyz+1,t) +wl,yz—1,t) —
ow(x,y,z,t)] —nwkx+1,y,zt) —wkx—-1,y,2zt) +w(x,y+1,2zt) —
w(l,y—1,z,t) +w(x,y,z+ 1,t) —w(x,y,z— 1,t)]

(13)

(14)

Now, replace w(x, y, z, t) by the mean of the values w(x,y,z,t + 1) and w(x,y,z, t — 1)
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w(x,y,z,t+1)+w(x,y,z,t—1) .

ie.w(x,y,zt) = > in Eq. (14),

w(l,y,z,t+1) =w(x,y,zt—1)+2u [w(x +1,y,zt)+wkx—1y2z21t)+
wl,y+1,z,t)+wlx,y—1,zt) +w(xy z+1,t) +wlx,y,z—1,t) —

6 (W(x'y’Z’Hl);W(x’y'z’t_1))] -nwkx+1yzt)—wkx—-1yzt) +w(xy+
1,z,t) —wlx,y—1,zt) +w(x,y,z+ 1,t) —w(x,y,z— 1,t)]

A+6p)wlxyzt+1)=>0A-6p)w(x,y zt—1)+2uwx+1,y,2zt) +
wkx—-1y,zt)+wl,y+1,2zt)+wl,y—1,zt)+wlxyz+1,t) +
wl,y,z—1,t)] —nwkx+1,y,zt) —wkx—-1y,zt) +w(xy+1,zt) —
w(l,y—1,z,t) +w(x,y,z+ 1,t) —w(x,y,z—1,t)]

Therefore, the following finite difference formula is used by the DF method to solve the 3-D
diffusion-advection Eq. (1):

_ (1-6p) _ 2u _
w(x,y,z,t+1) = Tro0) w(x,y,z,t —1) + o) wx+1,y,2t)+w(x
L,y z,t)+wlx,y+1zt)+wl,y—1zt)+wlkyz+1,t) +wxyz— (15)
1,t)] — 1 wx+1,y,z,t) —wlx—1,y,z,t) + w(lx,y+ 1,z t) —w(x,y —

(1+6u)
1,z,t) +w(x,y,z+ 1,t) —w(x,y,z—1,t)]
This Eq. (15) is the explicit formula of the DF method, and here, finding the solution at the
t + 1 level, requires the solution at some location of t level and t — 1 level. Therefore, this
method requires two initial conditions, shown in Eq. (2).

2.3.2 Adomian Decomposition Method (ADM) [14, 15, 16, 24]

In ADM method, re-write Eq. (1) in the standard operator form as

Lew =D (Lyyw + Ly,w + L,w) — A (Lyw + Lyw + L,w) (16)
0 0? 0% 02 a a
where,Ltza,Lxxzﬁ, yy:a_yz'LZZZQ'sza'Ly:@andLZ:

Taking the inverse operator of the operator L, exists and it defined as

t
L) =1 ()d
® fo()t

Thus, applying the inverse operator L;* to Eq. (16) yields
LY Low(x,y,2,t)
=D (Li' Lyyw + L' Lyyw + L' Ly,w)
—A(L;* Lyw + Lg* Lyw + L7 L,w)
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w(x,y,zt) —w(x,y,z0)
=D (L;' Lyyw + L' Lyyw + L' L,w)
—A(Le* Lyw + L7 Lyw + L7t L,w)

w(x,y,z,t) =w(x,y,2,0) + D L' (Lyxw + Lyyw + L,,w)

17
—A(Le  Lyw + Ler Lyw + Lt L,w) (17
In ADM, represent the solution suppose that
w(x,y,z,t) = Z win(x,y,2,t) (18)
n=0

Substituting Eq. (18) into (17), getting that

Yo own(%,7,2,t) =w(x,7,2,0) + D L7 Ly Taown(x,7,2,t) +
Lyy ZZ;O Wn(x' Y,z t) + Lzz Z%o=0 Wn(xl Y,z t)] —A Lzl[ Lx Z;?:o Wn(x; v, z, t) +
Ly Z?LO=0 Wn(x: y! Z; t) + LZ Z?]?:O W(x) y, Z) t)]

wolx,y,z,t) + wy(x,y,z,t) + - = w(x,y,2,0) +
D Li Lx ZyeoWn (6,7, 2,8) + Ly oo qW(X, ¥, 2, 8) + Ly TocoWn (4, ¥, 2,0)| = (19)
A L?l[ Ly Yr=own(x,¥,2,t) + Ly YneoWn(%,Y,2,t) + L, Xp—ow(X, Y, Z, t)]

Now, comparing the Eq. (19) on both sides getting the recurrent relation in the form of as
follows

WO(xr Yz, t) = W(x, Yz, tO) = (DO(x' Y, Z) (FI’Ol’l’l Eq (2))

and
Wn+1(x: Y, Z, t) =D L?l (Lxan(x: Yz, t) + LyyWn(xr Yz, t) + Lzng(xr Yz, t)) -
ALt (wan(x, v,z t) + Lywy(x,y,2,t) + Lw,(x,y, 2, t)) forn =0,1,2, ...

From which

wy(x,v,z,t) = D Lt (Lxxwo(x, v,z t) + Lyywo(x, v,z,t) + L,wo(x, v,z t))
—-ALY (wao(x, y,2,6) + Lywo(x,y,2,t) + L,wy(x,y, 2, t))
wy(x,y,2,t) =D Lt (Lxxwl(x, Y, Z,t) + Ly,wi(x,y,2,t) + Lwy (x,, 2, t)) 20

—AL;? (wal(x, y,z,t) + Lywi(x,y,2,t) + L,w,(x,y, 2, t)) )
w,(x,y,2,t) =D L;t (Lxan_l(x, V,Z,t) + Lyywn_1(x,¥,2,t) + Lyw, 1 (x,y,2,t
—AL;t (wan_l(x, V.2, t) + Lywn_1(x,y,2,t) + L,w,_1(x,¥, 2, t))

Therefore, the estimation of the approximate solution @, by using y-term approximation. That
is,
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B, = ) wp(x,y,21t) 21)

Therefore, Eq. (21) is the approximate solution of the 3-D diffusion-advection mathematical
model.
2.4  Water Pollution Estimation

The DF mathematical approach estimates the water pollution level at a 3-D grid location over
a time interval, whose result is validated by comparing it with the ADM approach. Eq. (15)
estimates the pollutant concentration in water at different locations over time by the DF
method. It is a 3-level explicit method, in which the current time (t + 1) water pollution level
at a particular location is estimated by using the surrounding locations’ value in x,y and z
directions of the previous one-time level (t) and the respective location value of the last two-
time level (t — 1). This method simulates the spread of pollutants, such as an iodized salt-
water solution, in a water body, helping us understand how contamination disperses.

Eq. (21) represents the pollutant concentration in water at any given point (x,y, z ) and time t,
using a series solution derived from the ADM. The formula states that the analytical solution
is a sum of the terms wy, wy, Wy, ..., w,_;. Here, wy, is an initial condition, and Eq. (20) is used
to calculate the remaining terms, wq,wy, ...,w,_;.Thus, this equation provides a way to

calculate the concentration of pollutants over time and space using a series expansion approach.
3 Experimented Result and Discussion

The proposed work extends the diffusion-advection model into a 3-D region to estimate water
pollution. Furthermore, we have demonstrated the 3-D water pollution model in a 3-D dummy
cuboid water tank having dimensions 4.25 X 4.25 X 2.25 feet in length X breath X height.
A 3-D grid structure has been placed in the 3-D cuboid tank, with a distance of one foot between
each grid in all directions. Each 3-D grid location represents approximately one cubic feet of
water volume area, so that the total volume of tank is covered within 75 grid locations. As a
result, it is assumed that the amount of pollutant present at a particular location will be consider
as the average pollution of one cubic foot water volume area. Thus, this grid setup helps to
study the pollution spreads in all three directions inside the tank. Here, in experiments total 960
litres water is used in a tank as a medium of pollute, whereas 40-litres iodized salt-water
solution is used as a pollutant, and the polluted water is measured in PPM by Total Dissolved
Solids (TDS) meter over every 20 minutes of the time interval. The different types of 3-D grid
locations based on their respective position in the cuboid water tank have been presented in
Fig. 2.

https://internationalpubls.com 988



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 7s (2025)

7, X2
@ ° - X8
. P ® ° ’x4
" » ® L ®
. ° . » o i * Unknown
i . > g z Location
£ P p % » @ Top Boundary
® - . P ® @ Bottom Boundary
Y s
LTI T oA L] @ Lo
4 4 131121 b * 221 321 ® Fr;m Boundarif
ne 231 %331 ® @ Rear Boundary
L
! [ ] ® L ] L °
L] ® Y ®
. L 1 L ] ® ° ®
e ° ® a ® 7 »
L}

Fig. 2 3-D Grid Locations
Here, the 3-D grid locations in x, y and z space direction are setasr =4, s =4, p = 2 and
[ = 8 respectively in Eq. (4) so that the space intervals can be defined as; x, < x < Xy,
Vo <YV < Yy, Zg < zZ< 2z, and the time interval would be t, < t < tg. Furthermore,
considering xo =y, =29 =t;, =0, x4 =y, = 4, z, = 2 and tg = 8, the range of different
types of 3-D grid locations can be classified as in the Table 1.

Table 1 Types of 3-D grid locations

Types 3-D grid locations

Left x=0,0<y <40<z

Boundary <2

Right x=4,0<y <40<z

Boundary <2

Rear 0<x< 4y=00<z

Boundary <2

Front 0<x<4y=40<z

Boundary <2

Top 0 <x<40<y<4z

Boundary =

Bottom 0<x<40<y<4z

Boundary =
x1=1) < x<(x3=3),

Unknown 1=1) <y =< (3=3),

z=(z1=1)

The mathematical model is implemented with spatial increments of 1 foot in the x,y, and z
directions and a time step of 1 unit, which is equal to 20 minutes. Fig. 3 shows the visual
representation of the Exp. data across different time intervals.

Tim t=0 t=1 t=2
€
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ge

Fig. 3 Water pollution at 3-D grid locations of Exp. data

Fig. 3 show that at the initial time t = 0, the level of water pollution is in range from minimum
495 PPM to the maximum 2680 PPM. After the 180 minutes, the minimum water pollution
level is 1030 PPM and maximum pollution level is 3300 PPM. Therefore, the level of water
pollution is going to be increased with every 20 minutes of time interval at each 3-D grid
location.

The required initial and boundary conditions for time and space are derived using a Multi-Poly
Regression model on the obtained Exp. data, which can be expressed as in Eq. (22) — (29) with
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their respective Mean Absolute Error (MAE) and Standard Deviation of Mean Absolute
Error (SDyag)-

Initial and Boundary Conditions MAE  SDy g

Initial Condition for time t = (¢, = 0)

w(x,y,2,0) = 903.55 xz — 71.87 * z2 — 73.67 * y — 78.60 *
yxz+2422%y*z%+6.24+y? +534xy% xz— 2.86 %

y? % z2 —325.08 % x — 117.94 x x x z + 49.86 * x = z? +

4460 x+*y+569*x*y*z—357+x*y*z2—398xx* 0.0014 0.0011 (22)
y2 +0.45 % x * y? x z + 213.34 x x2 — 21.77 * x? x z + 2.06 *

x2 %22 —1912xx%xy +1.87 xx2xyxz+ 0.23 x x2 x y? —

7313 xx3 + 0.05 *x3 xz + 2.69 x x3 * y + 1159.17 + 8.26 =

x4

Initial Condition for time t = (t; = 1)

w(x,y,z,1) = 892.39 xz — 70.96 * z2 — 70.69 x y — 78.28 *

y*2z+ 2518 %y xz2 4+ 4.60 x y2 4+ 6.03 x y% x z — 3.31 *

y2xz2 — 40739 x —111.71 * x x z + 51.25 * x * z% + 0.0012 0.0009 (23)
4617 xx*y+ 4.8l *xxyxz — 344 xx xy * z2 — 3.35 * x *

Y2+ 0.49 * x * y? * z + 244,99 * x2 — 24.97 x x%? x z + 1.54 *

x2 %22 —19.65*xx2xy+1.94*xx% xyxz+ 0.11 xx% x y2 —

76.46 x x3 + 0.58 * x3 x z + 2.83 x x3 * y + 1219.93 + 8.63 *

x4

Left Boundary

w(0,y,z,t) = 50.15* t + 1989.34 x z + 4.43 x z * t? + 2.22 = 00012 000076 (24)
yxt+0.04xy*t?—12840*y*z+ 9.22 xy? — 1.04 *

y? xt—0.093 * y3;

Right Boundary

w4,y,z,t) = =012 %y xt> —1.22* y? x t + 958 + 106.32 *

t+4.04%t2—47.04xy+ 1188yt — 1.44 % y? —
1.47e — 14 * y3;

0.0011 0.00085 (25)

Rear Boundary
w(x,0,z,t) = 42.23 xt + 1812.02 * z + 5.076 x z = t* —

69.87 x x xt —0.43 xx *t>2 —91.36 * x%2 +21.83 *x% xt +
9.56 * x3;

0.0012 0.0008 (26)

Front Boundary 0.0019 0.0012 (27
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w(x,4,z,t) = 40.08 %t + 4.8 x t? + 1504.56 x z — 0.27 * x *
t? —65.76 x x *t + 22.35 % x?> *t — 76.76 * x> + 5.88 * x3;

Top Boundary

w(x,y,0,t) =55.20«t + 454 xt2 — 7273 xy + 1.76 * y *

t+0.048 xy «t> + 5.86 x y2 — 0.99 * y2 x t — 0.007 = y? *

t?2 —325.096 x x — 7492 x x x t — 0.17 = x * t> + 42.35 * x *
y+214xx*xy*xt—0.0007 xx*y*t?—3.51*x*y%— 0.0015 0.0012
0.046 x x *x y? x t + 214.80 x x* + 22.88 * x% x t — 0.011 *

x2xt?2 —1821xx2xy —0.022xx2*y*t+0.13 * x2 *

y2 —74.013 xx3 — 0.087 * x3 « t + 2.59 x x3 xy +

1159.17 + 8.39 * x*;

(28)

Bottom Boundary

w(x,y,2,t) = 26755+ 42.94 «t + 438 x t> — 130.74 x y +

3.02 %y *t + 0.002 * y * t? + 0.025 * y? * t? + 4.8 x y? —

1.18 xy2 xt —353.56 x x — 75.64 xx * t — 0.34 x x * t% —
0.023xx*xyxt2+399xx*y+238*xxy=t—0.043 * 0.0012 0.0009
x*y?xt—258%x xy% +0.059 x x? x t? + 176.82 x x> +

2354 xx2 %t —0.029xx2xyxt —15.7 xx% xy + 0.17 =

x2xy? — 027 xx3xt —73.82%x3 +2.82*x3xy+ 843 x

x4

(29)

In the experiment of a proposed mathematical model, it is necessary to fix the value of the
diffusion rate and advection rate of the iodized salt-water solution into the volume of the water
tank. The diffusion rate is derived based on the phenomena of Fick’s first law, which is defined

in Eq. (30) [23].
dc

D=—DUE

(30)

Where, D is the diffusion rate, D, is the diffusivity value of iodized salt-water solution

(cm?/s), and % is the average concentration gradient. In Eq. (30), the negative sign denotes

that the flow proceeds from the area of high concentration to the area of low concentration.

The diffusivity value of iodized salt-water solution can be derived from Eq. (31).

D - 4Vx, dk
V' md2NMC,, dt

€2y

Here, V is the volume of water in diffusion vessel (Liter (L) or cm?), x, is the capillaries’
length (cm), d is the diameter of capillaries (cm), N is the number of capillaries, M is the molar
concentration of iodized salt water solution (mol/L), €y, is the slope of conductivity change per
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unit molar concentration change (uS*L/mol) and % is the slope of conductivity change per

unit time (uS/s).

In this experiment, V = 2500 cm3, x, = 0.4 cm, d = 0.1 cm, N = 50. The molar concentration
of iodized salt is

1(L
oW 1@ (32
My Vs )

Where, wg is the weight of solute (gm), M,, is the molecular weight of solute (gm/mol) and V
is the volume of solvent (L).
Here, wy= 2500 gm iodized salt
M,, = Na* + Cl” + I~ + Mg*(impurity)
=23+35.5+127+24 = 209.5 gm/mol
;=40 L
Substituting these values into Eq. (32), that

2500 gm 9 1L
~209.5 gm/mol "~ 40 L

M =0.29 mol/L

The experiment shows that the conductivity of iodized salt water solution is changed as its
molar concentration level is vary. Based on the results obtained during experiment the slope of
conductivity per unit molar concentration (Cy,) is measured from curve fitting of conductivity
Vs. molar concentration which is graphically presented in Fig. 4. Furthermore, in the
experiment it is observed that the conductivity is varying as the time changed. Based on the
experimented results the conductivity changes per unit time (%) is obtained by curve fitting

between conductivity Vs. time as graphically presented in Fig. 5.

Conductivity Vs. Molar

Conductivity = 2.1311 *Molar+ 1.

Conductivity (puS) x 10*

0O 01 02 03 04 05 06 07 08 09 1 11
Molar (mol/L)

Fig. 4 Conductivity Vs. Molar
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Conductivity Vs. Time

1500

Conductivity = 2.1789*Time + 4.
1000

500

Conductivity (uS)

0 100 200 300 400 500 600 700

Time (s)

Fig. 5 Conductivity Vs. Time
Fig. 4 and 5 shows that, the coefficient of molar indicates slope of the conductivity change per

unit molar concentration C,; = 2.1311 X 104% and the coefficient of time indicated the

slope of conductivity change per unit time % = 2.1789 uS/s. Now, substituting all the
required values in Eq. (31), getting that

D - 4 x 2500 cm3 X 0.4 cm X 2.1789 uS/s
Y 3.14 x (0.1)2cm?2 x 50 x 0.29(mol/L) x 2.1311 x 104 (uS * L)/mol
8715.6  cm?
Dy =G597028x 10% 5

2
cm
D, = 8982.56 x 10_4T

In the experiment, the z — axis has three different layers as 0 < z < 2 such as 1* layer (Top),
2™ Jayer (Middle) and 3™ layer (Bottom) of cuboid tank.
Now, the average value of the concentration gradient for 1% and 2" layer is

(d_C) _2a (33)
df/,  f2—h
and for 2" and 3" layer is
(d_C) _B37G (34)
df/, fz—Fr

where, ¢ is the average of 1% layer (z = 0) pollution = 1387.219

PPM .
—, ¢, is the average of 2"
cm3

layer (z =1) pollution = 1381.575 IZ:‘:, c3is the average of 3™ layer (z = 2) pollution =
1372.26 i:\:. Moreover, f1, f2, f3 are the distance (cm) between layers. Here, f;= 0 feet = 0

cm, f,=1 feet=30.48 cm, f3=2 feet = 60.96 cm. Now, substituting all these values in Eq. (33)

and (34), getting that (Z—;) = —0.185 i:ll\f and (Z—;) = —0.3056 PPM /cm* whose average
1 2

value is of % = —0.24 PPM /cm*. By applying all the required values in Eq. (30), gets Eq.
(35)
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. cm? PPM
D = —8982.56 X 107*— x —0.24 2
S cm
PPM
D = 21558 x 10—
cm? s
PPM
D = 0.21558 > (35)
cm? s

The diffusion rate has been calculated using the principles of Fick's First Law, which produced
a value of D = 0.21558 PPM/(cm? s). To fixed the value of advection rate, the principle of
advective flux, as defined in Eq. (36), has been used.

A=vXcg (36)

Where, A is the advection rate, v is the in-flow velocity of pollutant and c; is the concentration
of solute i.e. dissolution of amount of pollutant in per unit volume of pollute.
Here, in the experiment the in-flow velocity of pollutant is measured as

1
=—ft
% 5f /sec
= % cm/sec
v = 6.096 cm/sec (37)

And the concentration of solute, is

20
¢s = ml/(ft*)

20
= ml/ltr
28.3168

20
= ml/ml
28316.8

¢s = 0.00070629 (38)

Substituting the value of Eq. (37) and (38) in (36), that the advection rate is
A =6.096 cm/sec x 0.00070629

A = 0.004305 cm/sec (39)
The proposed mathematical model is simulated by considering 6x = 6y = 6z = 1 feet, and
6t = 1 unit (20 minutes), and the diffusion rate D = 0.21558 oPM

p— and advection rate
A = 0.004305 cm/sec is considered similar in all the directions x, y and z.

At different 3-D grid locations, the DF solution is obtained by applying the corresponding
x,y,z and t value to Eq. (15) with the initial and boundary conditions given in Eq. (22) - (29).
The numerical solution of Eq. (1), which computed using the DF method is displayed in Fig.
6.
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Tim t=0 t=1 t=2
e

W (x,y.2) W ix,y,2) W (xy.2)

200

2000

1800

1600

1400

1200

1000

800

Ran 696.07 — 2778.91 PPM
ge

Tim t=3 t=4 t=5

c

W (x.y.2) W (xy.2) W (xy.2)

2200 200 2200

2000
2000 2000

1800
1800 1800

1600
1600 1600

1400
1400 1400

1200
1200 1200

1000
1000 1000

800

Ran | 763.89 —2843.78 PPM | 81791 — 2917.41 PPM | 858.61 — 2999.82 PPM
ge

Tim t=6 t=7 t=8

W ixy.z) W lxy.z) W (xy.z)
2400
21400
200 2200
200
2000 2000
2000
1800 1800
1800
1600 W
1600
1600
1400 00
1400
1200
1200
1200

1000 1000

Ran | 907.80 — 3091.005 PPM | 965.45 — 3190.96 PPM | 1031.59 — 3299.69 PPM
ge
Fig. 6 Water pollution at 3-D grid locations by DF

The water pollution concentration at the initial time ¢ = 0 varied from a minimum of 495.52
PPM to a maximum of 2678.80 PPM, as shown in Fig. 6. The values increased to a minimum
of 1031.59 PPM and a maximum of 3299.69 PPM after 180 minutes. Fig. 6 clearly indicates
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that the water pollution levels are rising with time in all 3-D grid locations. A significant
increment in water pollution to be noted can also be increased as the time passed up to its
saturation limit.

Although the DF method has given a numerical solution of the given 3-D diffusion model for
water pollution that reflects the real-time phenomena that actually happened during the
experiment, another mathematical solution approach should be adopted to validate the obtained
results. Thus, the proposed diffusion-advection model will be solved analytically using the
ADM to predict water pollution levels at the same 3-D grid locations throughout the same time
period for ensuring the accuracy of the numerical results. The required analytic function of Eq.
(1) is derived by using the Eq. (21). It is determined by adding the term of wy, wy, wy, ..., w,,_.

W, is the initial conditions and remaining terms are determined by using the Eq. (20).

In this study, only the terms wy, wy, w,, w3 and w, are used to create the analytical function of
Eq. (1) due to the initial condition's polynomial nature (degree 4). The higher-order terms above
w, are disappear because after the w, term the first order derivative does not exist. Therefore,
the terms from n = 0 to 4 are included in the analytical function. The analytic function of Eq.
(1) are as follows:

w(x,y,z,t) = 9199 x A* x t* + t3 % (— 4649+« A3 xx + 3353« A3y +
6.344 % A3 x z + 32.9 x A3 + 110.9 * A2 x D) + t? = (61.97 * A? x x? + 10.07 =
A% xx Y + 5466 x A% x x * z — 249.6 x A? x x — 2.174 x A? x y? — 15.78 x A% %
yxz+135xA%2xy — 4358 x A% x z2 + 137.4 x A? x z — 4.228 x A®> — 217.7 *
AxD*xx—2246«A*xD*xy—1771«*A*D xz+369.7+A*D + 96.91 *

D?) + tx (—A*(35.8*x3+ 104 *x? xy + 6.146 * x? * z — 260.3 * x% +
09128 xx * y2 — 2487 xx x y xz — 40.52 x x * y + 0.5636 * x * z2 + 61.87 =
x*z+3533%x—5.261*y%2xz+1357*y2—9279«xy*z2+648*yx*z—
21.52*y + 74.08 x z2 — 340.3 x z + 504.8) + D * (103.8 xx% +9.02 x x x y +
1.207 *x xz — 347 xx — 5.255* y2 + 3.736 * y * z + 10.19 x y — 1.586 = z? —
32.87 * z + 295.4)) + 8.264 x x* + 2.692 x x3 x y + 0.05 x x3 x z — 73.13 x x> +
0.2296 * x? x y? + 1.868 x x2 x y x z — 19.12 * x2 x y + 2.064 = x% x z2 —
21.77 xx? * z + 213.3 xx2 + 0.4536 * x * y? x z — 3.979 * x * y? — 3.565 * x *
y*xz2+5689*xx*xy*xz+44.6xxxy+49.86xx x2z> — 1179 x xz —
325.1xx — 2.857 xy? x z?2 + 5336 x y2 x z + 6.238 * y? + 24.22 x y * z% —
78.6 xy xz—73.67 xy — 71.87 * z2 + 903.5 x z + 1159

(40)

Now, solving Eq. (40) by substituting the value of the diffusion rate D and advection rate A
derived in Eq. (35) and (39) respectively and x,y, z and t alternating that gives the level of
water pollution at all 3-D grid locations. Fig. 7 displays a graphical representation of the ADM's
outcomes for the water pollution level at each 3-D grid location over the time period.

Tim t=0 t=1 t=2
c
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W xy.z) W lxy.z) W (xy.z)
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gce
Tim t=3 t=4 t=5

W (x.y.2) W ix,y,2) W (xy.2)

200
2200 2200

2000
2000 2000

1800
1800 1800

1600
1600 100 W

1400
1400 1400
1200
1200 1200
1000 1000

1000

800

Ran | 782.08 — 2862.51 PPM | 842.76 — 2942.76 PPM | 890.51 — 3032.46 PPM

ge

Tim t=6 t=17 t=38

e

Ran | 946.95 —3131.63 PPM 1012.09 1085.94 — 3358.36 PPM
ge —3240.26 PPM

Fig. 7 Water pollution at 3-D grid locations by ADM

Fig. 7 shows that, at several locations around the 3-D grid, it is visible that the level of water
pollution steadily rises over time. At ¢ = 0 time level the water pollution minimum level is
494.99 PPM and maximum level is 2678.52 PPM. After time passes, at t = 8, the level of
water pollution is 1085.94 — 3358.36 PPM. There has been a monotonically increment in
water pollution at different locations with respect to the time interval.

Two different approaches have been used to solve Eq. (1): ADM and DF which gives the
analytic and numerical results respectively. The outputs of the numerical approaches are
compared with Exp. data and the analytical results from ADM in order to assess the accuracy
of these solutions. The error estimation criteria are used for the comparison, which can be
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obtained by taking the absolute difference between the water pollution levels at each 3-D grid
location across the time interval. The estimated error is graphically plotted in Fig. 8.

Time DF vs Exp. Data ‘ DF vs ADM
_ 10 _ 10
: /\NI\A/‘MVMV\ANAM £
t=0 Yoo Yoo
- 1 8 152229364350576471 1 8 152229364350576471
Location Location
Range 0.015 — 6.66 PPM 0.15—-0.94 PPM
_ 10 _ 20
o o
- S LM M - 5 o MWW
- 1 8 152229364350576471 1 8 152229364350576471
Location Location
Range 0.011 — 5.46 PPM 0.054 — 10.07 PPM
_ 20 _ 20
- 1 8 152229364350576471 1 8 152229364350576471
Location Location
Range 0.11 — 10.23 PPM 5.37 — 15.59 PPM
_ 20 _ 50
s ww\l\/\/\»l\/\i\MAA/\,«/\w s
= = MMANV WIS
t=13 Yoo Yoo
- 1 8 152229364350576471 1 8 152229364350576471
Location Location
Range 0.029 — 13.86 PPM 9.73 — 22.63 PPM
=4
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20 50
§ § MWW MWW
S m/va_/‘l\N\NMNqu S g
t= 5 1 8 152229364350576471 1 8 152229364350576471
Location Location
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- 1 8 152229364350576471 1 8 152229364350576471
Location Location
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20 90
oo Yoo
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Range 0.04 —17.39 PPM 45.15 - 61.92 PPM

Fig. 8 Comparative analysis between DF Vs. Exp. data and ADM Results
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Fig. 8 shows that, the comparative analysis between DF Vs. Exp. data has the error range in
between 0.011 PPM to 17.39 PPM and 0.054 to 61.92 PPM in DF Vs. ADM. Also, the
analysis of the comparative study between all 75 locations X 9 time intervals during the
whole duration, it has been observed that the DF methods error against the Exp. data and ADM
method is visually shown in Fig. 9 for both PPM difference (error) < 60 and > 60.

Error Estimation of DF Vs. Exp. data Error Estimation of DF Vs. ADM

9.93%

(V)73

= PPM Difference <=60 = PPM Difference >60 = PPM Difference <=60 = PPM Difference >60

Fig. 9 Error Estimation of DF Vs. Exp. data and ADM

Fig. 9 shows that, in DF Vs. Exp. data comparison, 100% of the PPM difference lies under 60
PPM which is highly negligible in the form of PPM because a change of up to 60 PPM is
considered a negligible change while above 60 PPM represents a significant change in the level
of water pollution [25,26]. As a result, it can be said that 100% of the PPM difference does not
affect the water pollution level.

In DF vs. ADM comparisons, 90.07% of the observations have PPM difference below 60 PPM
which is insignificant in the form of PPM, while only 9.93% exceed 60 PPM which does have
significant impact on the change of water pollution level. Thus, DF methods results are
validated with the Exp. data, the analytical solution obtained by the ADM method and
implemented boundary conditions. It concludes that the result obtained by the DF method can
be more reliable with the Exp. data than the analytical ADM results for predicting water
pollution levels over a time interval.

As described in Table 1, there are several types of 3-D grid locations in cuboid water tank. In
which, at every time interval, the water pollution level at the top, bottom, left, right, rear and
front boundary locations is estimated based on the boundary conditions given in Eq. (24) — (29)
while the water pollution level at nine unknown locations is calculated by DF method. These
nine locations can be labelled as Lyy, * L111, L121, L131, L211, L221, Lozt Ls11, Lszi, Lasg
. Here, it is essential to compare the water pollution level numerically obtained by DF with the
Exp. data and the analytical values derived by the ADM approach at each time interval,
graphically represented in Fig. 10.
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Fig. 10 DF, Exp. data and ADM Result at Nine Unknown Locations

As shown in Fig. 10, the water pollution level at nine unknown locations gradually rise over
time in all three cases: DF, Exp. data and ADM approach. This indicates that pollution of water
is monotonically increasing over time in these locations. The DF approaches yield outcomes
that more closely match the Exp. data at every time step and location than ADM results. The
values provided by ADM vary from Exp. data than the corresponding values provided by DF
method which is clear by observing the error between ADM and the DF approach.

Now, the variations in water pollution levels over time at particular unknown locations, as
determined by the DF, ADM methods and the Exp. data, are shown in Fig. 11.
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Fig. 11 Water pollution level at unknown Location

Fig.11 shows that the graphs generated by each method are almost the same at every unknown
place across time. This suggests that the various approaches to forecasting changes in water
pollution levels over time provide seems identical outcomes. The error between the methods is
insignificant because the graphs nearly overlap.

Therefore, the significant level of consistency between the outcomes indicates that the
numerical DF method is trustworthy and useful for assessing water pollution in various kinds
of scenarios.

4 Conclusion

The current study effectively demonstrates a mathematical model utilizing a 3-D diffusion-
advection framework to predict water pollution levels in a cuboid water tank. This research
enhances the analysis by extending it into three spatial dimensions, enabling a more precise
estimation of pollutant dispersion. lodized salt water solution serves as the pollutant in the
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experiment, yielding precise Exp. data for validation. Pollutant levels rise slowly over time, as
indicated by both numerical outcomes from the DF method and analytical results from the
ADM. In the DF approach, the increase in water pollution during the specified time period was
at a minimum range of 536.07 PPM and at a maximum of 620.89 PPM, while in the ADM
approach, the increase ranged from a minimum of 590.95 PPM to a maximum of 679.84 PPM
across the cuboid water tank. Comparative analysis indicates that the differences in DF, ADM,
and Exp. data are nearly the same. Additionally, the error analysis indicated that the
fluctuations in pollution levels in DF with Exp. data are below 60 PPM, which is deemed an
insignificant change in water pollution levels expressed in PPM when comparing DF with
ADM, there have been significant change in the level of water pollution. This verifies that the
DF method is a reliable numerical approach that corresponds with both analytical results and
Exp. data. A reliable framework for forecasting water pollution in 3-D areas is provided by the
verified 3-D diffusion-advection model. The reliability is validated by the strong agreement of
methods, and the strategy can be extended to bigger natural water systems for oversight,
pollution control, and water quality management.
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