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1. Introduction 

  In this paper we consider a class of linear evolution equations which interpolates the heat 

equation and wave equation:   

 𝐷0+
𝛼 𝑢 + (−∆)𝛽𝑢 = 𝑓(𝑡, 𝑥), 0 ≤ 𝛼 ≤ 2, 0 ≤ 𝛽 ≤ 1,      

where  𝐷0+
𝛼 𝑢, 0 ≤ 𝛼 ≤ 2,  is the Riemann-Liouville fractional derivative, (−∆)𝛽𝑢;   0 < 𝛽 <

1, is the fractional Laplacian. 

  The study of this problem is very important in view of recent developments in medical and 

health science see to this e_ect [17],[18] used fractional differential to describe human diseases 

and how to control them. [19] studied the issue of robust stability for fractional order Hopeld 

neural networks with parameter uncertainties using the fractional order Lyapunov direct 

method. 

  When 0 < 𝛼 ≤ 2 and 𝛽 = 1 , F.Huang and F.Liu [4] solved the time fractional difusion 

equation and its solution has been obtained in terms of Green functions by Schneider and Whss 

[12]. 

  The case 𝛼 = 1, 𝛽 = 1, 1, corresponds to the heat equation and was investigated in 

[13],[6],[7],[8].The case  α=2, β=1 corresponds to the wave equation and in [9] was established 

the local well-posedness and small-posedness of the Cauchy problem for semi-linear parabolic 

equations [11]. In the case 𝛼 = 1,0 ≤ 𝛽 ≤ 1 (i.e., in the case of nonlinear fractional power 

dissipative equation ), many of mathematicians studied this equation. In [15] Zhichun Zhai 

obtained Strichartz estimates for the fractional heat equation by using both the abstract 

Strichartz estimates of Keel-Tao and the Hardy-Littlewood inequality. In [10] was made a 

detailed analysis of the kernel function of the fractional power operator semigroup 𝑆𝛼(𝑡) =

𝑒𝑡(−∆)
𝛼
 and the authors established the space-time estimates for the corresponding fractional 

power dissipative equation. Bai and Gu studied the case of 𝛼 ≥ 1, 𝛽 = 1, using the 

integrodifferencial equation, in [1]. 

  The aim of this paper is to generalize the fractional power equation in the paper [10]. Using 

the Kernel operator, we give the representative formula of the solution for the considered 
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Cauchy problem. Then we establish the space-time estimates for the corresponding fractional 

power evolutive equation. 

  The paper is organazid as follows. In Section 3, we give a detailed analysis of the kernel 

function of the fractional power operator  𝑆𝛼,𝛽. Then in section 4, we derive point-wise 

estimates of the kernel function of the operator 𝑆𝛼,𝛽(𝑡) by an invariant derivative technique. In 

Section 5, using the point-wise estimates of the kernel function obtained in Section 4, we 

establish space- time estimates for the corresponding fractional power equation. 

2. Preliminaries 

We denote by 𝐹 and 𝐹− the Fourier transform in ℝ𝑛 respectively, ℒ and ℒ− the Laplace 

transform and Laplace inverse transform in ℝ+ , respectively, dened by 

𝐹(𝑓) =
1

(2𝜋)
𝑛
2
∫ 𝑒−𝑖𝑥.𝜉
ℝ𝑛

𝑓(𝑥)𝑑𝑥,  

𝐹−(𝑔) =
1

(2𝜋)
𝑛
2
∫ 𝑒𝑖𝑥.𝜉
ℝ𝑛

𝑔(𝜉)𝑑𝜉,  

ℒ(ℎ) = ∫ 𝑒−𝑡𝑠
+∞

0
ℎ(𝑠)𝑑𝑠,  

and 

ℒ−(𝑘) = ∫ 𝑒𝑡𝑠
+∞

0

𝑘(𝑡)𝑑𝑡. 

Definition 1: Let 𝑠 ∈ (0,1) and ∆=
𝜕2

𝜕𝑥1
2 +

𝜕2

𝜕𝑥2
2 +⋯+

𝜕2

𝜕𝑥𝑛
2. The fractional Laplacian of a 

function 𝑢: ℝ𝑛 → ℝ  is defined as: 

(−∆)𝑠𝑢(𝑥) = 𝐶𝑛,𝑠𝑃. 𝑉. ∫
𝑢(𝑥) − 𝑢(𝜉)

|𝑥 − 𝜉|𝑛+2𝑠
ℝ𝑛

𝑑𝜉, 

where 𝑃. 𝑉.  stands for the Cauchy principal value, and the constant 𝐶𝑛,𝑠  is given by: 

𝐶𝑛,𝑠 = (∫
1−𝑐𝑜𝑠𝑦

|𝑦|𝑛+2𝑠ℝ𝑛
𝑑𝑦)

−1

= 𝜋−
𝑛

2
 22𝑠

𝛤(
𝑛+2𝑠

2
)

𝛤(1−𝑠)
𝑠  

and 𝑦 = (𝑦1, 𝑦2, 𝑦3, … , 𝑦𝑛  ) ∈ ℝ
𝑛 . 

On the other hand, the fractional Laplacians in ℝ𝑛 can be written by the Fourier transform: 

(−∆)𝑠𝑢(𝑥) = 𝐹−(|𝑦|2𝑠𝐹(𝑢)(𝜉))(𝑥). 

Proposition 1 Let 𝑠 ∈ (0,1) and let (−∆)𝑠: 𝑆 → 𝐿2(ℝ𝑛) is the fractional laplacian. 

𝐸𝛼(𝑧) and 𝐸𝛼,𝛽(𝑧) denote Mittag-Leffer's function and the generalized Mittag-Leffler's 

function, respectively, defined by: 

𝐸𝛼(𝑧) = ∑
𝑧𝑘

𝛤(𝛼𝑘 + 1)
, 𝛼 > 0,

∞

𝑘=0
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𝐸𝛼,𝛽(𝑧) = ∑
𝑧𝑘

𝛤(𝛼𝑘 + 𝛽)
, 𝛼 > 0,

∞

𝑘=0

 

Assume that 𝑢: (0,∞) → ℝ𝑛. Let  0 < 𝛼 < 1; we define the fractional integral of u of order 𝛼 

as: 

𝐼𝑡
𝛼𝑢(𝑡) =

1

𝛤(𝛼)
∫(𝑡 − 𝑠)𝛼−1𝑢(𝑠)𝑑𝑠 ,

𝑡

0

 

and the Riemann-Liouville fractional derivative of 𝑢 of order 𝛼 as: 

𝜕𝛼

𝜕𝑡𝛼
=

1

𝛤(1 − 𝛼)

𝜕

𝜕𝑡
∫(𝑡 − 𝑠)−𝛼𝑢(𝑠)𝑑𝑠 ,

𝑡

0

 

where 𝛤  is the Gamma function. 

Let 𝛷𝛼(𝑡) =
𝑡𝛼−1

𝛤(𝛼)
 for 𝑡 > 0 and 𝛷𝛼(𝑡) = 0 for 𝑡 ≤ 0; then 

𝐼𝑡
𝛼𝑢(𝑡) = (𝛷𝛼 ∗ 𝑢)(𝑡), 

𝜕𝛼𝑢

𝜕𝑡𝛼
=
𝜕

𝜕𝑡
(𝛷𝛼 ∗ 𝑢)(𝑡), 

where the symbol ∗ stands for the convolution operation. 

Definition 2 The Riemann-Liouville fractional derivative of order 0 < 𝛼 < 1 is defined from 

functions such that 𝑢 ∈ 𝐿1 and 

 𝛷𝛼 ∗ 𝑢 ∈ 𝑊
1,1[0, 𝑡] as:  

𝜕𝛼𝑢

𝜕𝑡𝛼
=
𝜕

𝜕𝑡
(𝛷𝛼 ∗ 𝑢)(𝑡), 

where  𝑊1,1[0, 𝑡] = {𝑓 ∈ 𝐿1([0, 𝑡])/𝐷𝑓 ∈ 𝐿1([0, 𝑡])}, denotes a Sobolev space. 

  Let 𝛼 ∉ ℕ, we define function spaces 𝐶𝛼(𝐼, 𝑋),  which are the set of (set of “𝛼-times 

continuously differentiable functions”  on 𝐼 as follows: We say that a continuous 𝑋-valued 

function 𝑢 on an interval 𝐼 is 𝛼-continuously differentiable at the point 𝑡0 ∈ 𝐼, if there exist a 

continuous 𝑋-valued function 𝜔 on 𝐼 such that 𝜔 is [𝛼]-times continuously differentiable at the 

point 𝑡 ∈ 𝐼 and 

𝑢(𝑡) = 𝑢(0) + ∫𝜙𝛼−[𝛼]𝜔(𝑠)𝑑𝑠 ,

𝑡

0

 

where [𝛼] is the integer part of 𝛼. Then, the 𝛼-th derivative of 𝑢 at the point 𝑡 is defined by  

𝜕𝛼

𝜕𝑡𝛼
𝑢(𝑡) = 𝜔([𝛼])(𝑡). 
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  If 𝑢 is 𝛼-times continuously differentiable for all 𝑡 ∈ 𝐼, 𝑢 is called 𝛼-times continuously 

differentiable on 𝐼. 

Definition 3. Let 𝑇 be an operator from 𝐿𝑝 to 𝐿𝑝. We recall that 𝑇 is to be sub additive if 

|𝑇(𝑓 + 𝑔)| ≤ |𝑇𝑓| + |𝑇𝑔|. This includes all linear operators. We say that 𝑇 is weakly bounded 

from 𝐿𝑝 to 𝐿𝑝 if  

|𝑥: 𝑓(𝑥) > 𝑡| ≲  
|𝑓|𝑝

𝑝

𝑡𝑝
. 

On the other, 𝑇 is said to be strongly bounded from 𝐿𝑝 to 𝐿𝑝 if 

|𝑇𝑓|𝑝 ≲ |𝑓|𝑝. 

Theorem 1. (Marcinkiewicz,Riesz). Let 1 ≤ 𝑝 < 𝑞 < ∞, let 𝑇 be a subadditive operator on 

𝐿𝑝 ∪ 𝐿𝑞 . Then, if 𝑇 is weakly bounded from 𝐿𝑞 to 𝐿𝑞, it strongly bounded from 𝐿𝑟 to 𝐿𝑟 for all 

𝑝 < 𝑟 < 𝑞.  

3. Solutions of the Cauchy problem of fractional evolution equation 

Consider the two Cauchy problem for the homogeneous fractional power dissipative 

equation: 

{
𝐷0+
𝛼 𝑢 + (−∆)𝛽𝑢 = 𝑓(𝑡, 𝑥), 𝑡 > 0, 𝑥 ∈ ℝ𝑛, 0 < 𝛼 < 1, 0 < 𝛽 < 1 

𝑢(0) = 𝜑(𝑥),   𝑥 ∈ ℝ𝑛.
(3.1) 

and  

{
𝐷0+
𝛼 𝑢 + (−∆)𝛽𝑢 = 𝑓(𝑡, 𝑥), 𝑡 > 0, 𝑥 ∈ ℝ𝑛, 1 < 𝛼 < 2, 0 < 𝛽 < 1 

𝑢(0) = 𝜑(𝑥), 𝑢[𝛼−1](0, 𝑥) = 𝜓(𝑥),   𝑥 ∈ ℝ𝑛.
(3.2) 

Where 𝐷0+
𝛼 𝑢 , 0 < 𝛼 < 2, is the Riemann-Liouville fractional derivative, (−∆)𝛽𝑢,  0 < 𝛽 <

1, is the fractional Laplacian with respect to the space variable 𝑥, 𝜑 ∈ 𝑆(ℝ𝑛), 𝑛 ≥ 1. When 

1 ≤ 𝛼 < 2, we  inderstand  𝜑(𝑥) = 𝜓(𝑥). 

It is easily shown that the equation above interpolates the heat equation and the wave equation. 

Here 𝑆(ℝ𝑛) is the Schwartz space. 

Theorem 2. Let 𝜑 ∈ 𝑆(ℝ𝑛). Then the problem (3.1) admits a unique solution 𝑢 ∈

𝐶𝛼([0,∞), 𝑆(ℝ𝑛) ) and  

𝑢(𝑡, 𝑥) = 𝐹− (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝜑(𝑥)

+ ∫(𝑡 − 𝑠)𝛼−1𝐹− (𝐸𝛼,𝛼(−(𝑡 − 𝑠)
𝛼|𝜉|2𝛽)) ∗ 𝑓(𝑥, 𝑠)𝑑𝑠

𝑡

0

, 

where 𝐹 is the Fourier transform in the direction of the space variable, 𝐹− is its inverse and 𝐸𝛼 

is the Mittag-Leffler function. 

Proof: We take the Laplace transform ℒ of both sides of (3.1) with respect to 𝑡 ∈ [0,∞). We 

get: 

𝑠𝛼ℒ(𝑢) − 𝑠𝛼−1𝑢(0) + (−∆)𝛽ℒ(𝑢) = ℒ(𝑓), 



Advances in Nonlinear Variational Inequalities 

ISSN: 1092-910X 

Vol 28 No. 7s (2025) 

 

790 
https://internationalpubls.com 

or  

ℒ(𝑢) = 𝑠−1𝜑(𝑥) − 𝑠−𝛼(−∆)𝛽ℒ(𝑢) + 𝑠−𝛼ℒ(𝑓). 

Now we take the Fourier transform of both sides of the last equation. We find: 

𝐹ℒ(𝑢) = 𝑠−1𝐹𝜑(𝑥) − 𝑠−𝛼|𝜉|2𝛽𝐹ℒ(𝑢) + 𝐹(𝑠−𝛼ℒ(𝑓)), 

or 

(1 +
|𝜉|2𝛽

𝑠𝛼
)𝐹ℒ(𝑢) = 𝑠−1𝐹𝜑(𝑥) + 𝑠−𝛼𝐹(ℒ(𝑓)), 

or 

𝐹ℒ(𝑢) =
1

𝑠

1

1 +
|𝜉|2𝛽

𝑠𝛼

𝐹𝜑(𝑥) +
𝑠−𝛼

1 +
|𝜉|2𝛽

𝑠𝛼

𝐹(ℒ(𝑓)), 

or 

𝐹ℒ(𝑢) = ℒ (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽))𝐹𝜑(𝑥) + ℒ (𝑡𝛼−1𝐸𝛼,𝛼(−𝑡

𝛼|𝜉|2𝛽))𝐹(ℒ(𝑓)), 

Hence, 

𝐹(𝑢(𝑡, 𝑥)) = 𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)𝐹𝜑(𝑥) + ∫(𝑡 − 𝑠)𝛼−1𝐸𝛼,𝛼(−(𝑡 − 𝑠)

𝛼|𝜉|2𝛽)𝐹(𝑓(𝑥, 𝑠))𝑑𝑠

𝑡

0

, 

and  

𝑢(𝑡, 𝑥) = 𝐹− (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝜑(𝑥)

+ ∫(𝑡 − 𝑠)𝛼−1𝐹− (𝐸𝛼,𝛼(−(𝑡 − 𝑠)
𝛼|𝜉|2𝛽)) ∗ 𝑓(𝑥, 𝑠)𝑑𝑠

𝑡

0

. 

We need only to show that 𝐹− (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝜑(𝑥) ∈ 𝐶𝛼([0,∞), 𝑆(ℝ𝑛) ) for 0 < 𝛼 < 1. 

In fact, we see: 

∫𝜙𝛼(𝑡 − 𝑠)(𝑡 − 𝑠)
𝛼(𝑘−1)𝑑𝑠 =

𝑡

0

1

𝛤(𝛼)
∫(𝑡 − 𝑠)𝛼−1𝑠𝛼(𝑘−1)𝑑𝑠

𝑡

0

 

                                  

                                                        =
𝑡𝛼𝑘

𝛤(𝛼)
∫(1 − 𝑠)𝛼−1𝑠𝛼(𝑘−1)𝑑𝑠

1

0

 

                                              =
𝑡𝛼𝑘

𝛤(𝛼)
𝐵(𝛼, 𝛼(𝑘 − 1) + 1) 

                                              =
𝛤(𝛼(𝑘−1)+1)

𝛤(𝛼𝑘+1)
𝑡𝛼𝑘 
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This means that 

𝜕𝛼

𝜕𝑡𝛼
(

𝑡𝛼𝑘

𝛤(𝛼𝑘 + 1)
) =

𝑡𝛼(𝑘−1)

𝛤(𝛼(𝑘 − 1) + 1)
. 

Hence, using differenciation under integral convergence theorem, we have: 

𝜕𝛼

𝜕𝑡𝛼
𝐸𝛼(−𝑡

𝛼|𝜉|2𝛽) =
𝜕𝛼

𝜕𝑡𝛼
(∑

(−𝑡𝛼|𝜉|2𝛽)
𝑘

𝛤(𝛼𝑘 + 1)

∞

𝑘=0

) 

                                                                                   =
𝜕𝛼

𝜕𝑡𝛼
(∑

𝑡𝛼𝑘(−|𝜉|2𝛽)
𝑘

𝛤(𝛼𝑘+1)
∞
𝑘=0 ) 

                                                                                    = ∑
𝑡𝛼(𝑘−1)(−|𝜉|2𝛽)

𝑘

𝛤(𝛼(𝑘−1)+1)
∞
𝑘=0  

                                                                                    = ∑
𝑡𝛼(𝑘−1)(−|𝜉|2𝛽)

𝑘−1
(−|𝜉|2𝛽)

𝛤(𝛼(𝑘−1)+1)
∞
𝑘=0   

                                                                                     = (−|𝜉|2𝛽)𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽), 

this implies : 

𝐹− (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝜑(𝑥) ∈ 𝐶𝛼([0,∞), 𝑆(ℝ𝑛) ), 

for  𝜑(𝑥) ∈ 𝑆(ℝ𝑛).This completes the proof. 

The problem (3.2) is equivalent to the folowing problem: 

{
𝐷0+
𝜐+1𝑢 + (−∆)𝛽𝑢 = 𝑓, 𝑡 > 0, 𝑥 ∈ ℝ𝑛, 0 < 𝜐 < 1, 0 < 𝛽 < 1 

𝑢(0) = 𝜑(𝑥), 𝑢[𝜐](0, 𝑥) = 𝜓(𝑥),   𝑥 ∈ ℝ𝑛.
(3.3) 

Proposition 2. If  0 < 𝜐 < 1, the above problem is equivalent to the following problem: 

{
 

 𝜕𝑢(𝑡)

𝜕𝑡
+ ∫𝜙𝜐(𝑡 − 𝑠)(−∆)

𝛽𝑢(𝑠)𝑑𝑠 

𝑡

0

= 𝛿1,𝜐𝜓(𝑥) + ∫𝜙𝜐(𝑡 − 𝑠)𝑓(𝑠, 𝑥)𝑑𝑠 

𝑡

0

,

𝑢(0, 𝑥) = 𝜑(𝑥), 𝑢[𝜐](0, 𝑥) = 𝜓(𝑥),   𝑥 ∈ ℝ𝑛.

(3.4) 

Theorem 3. Let 𝜑 ∈ 𝑆(ℝ𝑛), 𝜓 ∈ 𝑆(ℝ𝑛) and 0 < 𝜐 < 1. Then, (3.3) admits a unique solution 

𝑢 ∈ 𝐶1+𝜐([0,∞); 𝑆(ℝ𝑛) ), 𝑓 ∈ 𝐿1([0,∞); 𝑆(ℝ𝑛) ) such that: 

𝑢(𝑡, 𝑥) = 𝐹− (𝐸1+𝜐(−𝑡
𝜐+1|𝜉|2𝛽)) ∗ 𝜑(𝑥) + 𝛿𝜐,𝛽∫𝐹

− (𝐸1+𝜐(−𝑠
1+𝜐|𝜉|2𝛽)) ∗ 𝜓(𝑥)𝑑𝑠

𝑡

0

+ 𝐹− (𝑠1+𝜐𝐸𝛼,𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝑓(𝑡, 𝑥) 

                           = 𝑆𝛼,𝛽𝜑(𝑥) + (𝐺𝑓)(𝑡, 𝑥). 

Proof. We take Laplace transform on both sides of (3.4) with respect to 𝑡 ∈ ℝ+. It is easy to 

get: 
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𝑠ℒ(𝑢) − 𝑢(0, 𝑥) = 𝛿1,𝜐𝜓(𝑥)𝛿(𝑠) − 𝑠
−𝜐(−∆)𝛽ℒ(𝑢) + 𝑠−𝜐ℒ(𝑓(𝑡, 𝑥)), (3.6) 

Now we take Fourier transform on both sides of (3.6) with respect to 𝑥 ∈ ℝ𝑛; we have: 

𝑠𝐹(ℒ(𝑢)) − 𝐹(𝑢(0, 𝑥)) = 𝛿1,𝜐𝐹(𝜓(𝑥))𝛿(𝑠) − 𝑠
−𝜐 |𝜉|2𝛽𝐹(ℒ(𝑢)) + 𝑠−𝜐ℒ(𝑓(𝑡, 𝑥)), 

that is, 

𝐹ℒ(𝑢) =
1

𝑠 + 𝑠−𝜐|𝜉|2𝛽
((𝑠−𝜐𝐹 (ℒ(𝑓(𝑡, 𝑥)))) + 𝐹(𝜑(𝑥)))

+
1

𝑠 + 𝑠−𝜐|𝜉|2𝛽
𝛿1,𝜐𝐹(𝜓(𝑥))𝛿(𝑠) 

                        =
𝑠𝜐

𝑠1+𝜐+|𝜉|2𝛽
 𝐹(𝜑(𝑥)) +

𝑠−𝜐

𝑠+𝑠−𝜐|𝜉|2𝛽
 𝐹 (ℒ(𝑓(𝑡, 𝑥))) +

1

𝑠+𝑠−𝜐|𝜉|2𝛽
𝛿1,𝜐𝐹(𝜓(𝑥))𝛿(𝑠) 

                        = ℒ (𝐸1+𝜐(−𝑡
𝜐+1|𝜉|2𝛽))𝐹(𝜑(𝑥)) +

1

𝑠+𝑠−𝜐|𝜉|2𝛽
𝛿1,𝜐𝐹(𝜓(𝑥))𝛿(𝑠) +

ℒ (𝑠𝜐𝐸1+𝜐,1+𝜐(−𝑠
1+𝜐|𝜉|2𝛽)) ∗ 𝐹 (ℒ(𝑓(𝑡, 𝑥))). 

Then: 

𝑢(𝑡, 𝑥) = 𝐹− (𝐸1+𝜐(−𝑡
𝜐+1|𝜉|2𝛽)) ∗ 𝜑(𝑥) + 𝛿1,𝜐 ∫ 𝐹− (𝐸1+𝜐(−𝑠

1+𝜐|𝜉|2𝛽)) 𝑑𝑠 ∗ 𝜓(𝑥)
𝑡

0
+

𝑡𝜐𝐸1+𝜐,1+𝜐(−𝑡
1+𝜐|𝜉|2𝛽) ∗ 𝑓(𝑡, 𝑥). 

We need only to show that 𝐹− (𝐸1+𝜐(−𝑡
𝜐+1|𝜉|2𝛽)) ∗ 𝜑(𝑥) ∈ 𝐶1+𝜐([0,∞); 𝑆(ℝ𝑛) ) for  0 <

𝜐 < 1. In fact, we see: 

∫𝜙𝜐+1(𝑡 − 𝑠)(𝑡 − 𝑠)
(1+𝜐)(𝑘−1)𝑑𝑠 =

𝑡

0

1

𝛤(1 + 𝜐)
∫(𝑡 − 𝑠)𝜐𝑠(1+𝜐)(𝑘−1)𝑑𝑠

𝑡

0

 

  

                                                                  =
𝑡(1+𝜐)𝑘

𝛤(1+𝜐)
∫ (𝑡 − 𝑠)𝜐𝑠(1+𝜐)(𝑘−1)𝑑𝑠
1

0
, we take 𝑠 = 𝜏𝑡 

                                                                 =
𝑡(1+𝜐)𝑘

𝛤(1+𝜐)
𝐵(𝜐 + 1, (1 + 𝜐)(𝑘 − 1) + 1) 

                                                                 =
𝛤((1+𝜐)(𝑘−1)+1)

𝛤((1+𝜐)𝑘+1)
𝑡(1+𝜐)𝑘 

This means that: 

𝜕𝜐+1

𝜕𝑡𝜐+1
(

𝑡(1+𝜐)𝑘

𝛤((1 + 𝜐)𝑘 + 1)
) =

𝑡(1+𝜐)(𝑘−1)

𝛤((1 + 𝜐)(𝑘 − 1) + 1)
. 

Hence, using differenciation under integral theorem, we have: 
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𝜕𝜐+1

𝜕𝑡𝜐+1
𝐸𝜐+1(−𝑡

𝜐+1|𝜉|2𝛽) =
𝜕𝜐+1

𝜕𝑡𝜐+1
(∑

(−𝑡𝜐+1|𝜉|2𝛽)
𝑘

𝛤((𝜐 + 1)𝑘 + 1)

∞

𝑘=0

) 

                                                                                                  =
𝜕𝜐+1

𝜕𝑡𝜐+1
(∑

𝑡(𝜐+1)𝑘(−|𝜉|2𝛽)
𝑘

𝛤((𝜐+1)𝑘+1)
∞
𝑘=0 ) 

                                                                                                   = ∑
𝑡(1+𝜐)(𝑘−1)(−|𝜉|2𝛽)

𝑘

𝛤((𝜐+1)(𝑘−1)+1)
∞
𝑘=0  

                                                                                                   =

∑
𝑡(1+𝜐)(𝑘−1)(−|𝜉|2𝛽)

𝑘−1
(−|𝜉|2𝛽)

𝛤((𝜐+1)(𝑘−1)+1)
∞
𝑘=0  , 

                                                                                       

Then, we  find: 

𝜕𝜐+1

𝜕𝑡𝜐+1
𝐸𝜐+1(−𝑡

𝜐+1|𝜉|2𝛽) = (−|𝜉|2𝛽)𝐸𝜐+1(−𝑡
𝜐+1|𝜉|2𝛽), 

this implies  𝐹− (𝐸1+𝜐(−𝑡
𝜐+1|𝜉|2𝛽)) ∗ 𝜑(𝑥) ∈ 𝐶1+𝜐([0,∞); 𝑆(ℝ𝑛) ) for 𝜑 ∈ 𝑆(ℝ𝑛). 

Uniqueness is an immidiate result of Gronwall's inequality; see [16] for details. 

4. Analysis of the operator 𝑺𝜶,𝜷 

Now, we will show that the kernel function of the operator  

𝑆𝛼,𝛽(𝑡, 𝑥) = 𝐹− (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝜑(𝑥), 0 < 𝛼 < 1, 0 < 𝛽 < 1  

generates a bounded operator on 𝐿𝑝(ℝ𝑛) for [1,∞) (for the case 𝟎 < 𝜶 < 𝟐, 𝟎 < 𝜷 < 𝟏 we 

can apply the same method). Note that: 

𝐾𝑡(𝑥) = 𝐹
− (𝐸𝛼(−𝑡

𝛼|𝜉|2𝛽)) =
1

(2𝜋)
𝑛
2

∫ 𝑒𝑖𝑥.𝜉

ℝ𝑛

𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)𝑑𝜉, 

Let 𝜂 = 𝑡
𝛼

2𝛽𝜉. Then 𝑑𝜉 = 𝑡
−
𝛼𝑛

2𝛽𝑑𝜂 and 

𝐾𝑡(𝑥) =
1

(2𝜋)
𝑛
2

𝑡
−
𝛼𝑛
2𝛽 ∫ 𝑒

𝑖𝑥.
𝜂

𝑡
𝛼
2𝛽

ℝ𝑛

𝐸𝛼(−|𝜂|
2𝛽)𝑑𝜂. 

In this way we  find that: 

𝐾𝑡(𝑥) = 𝑡
−
𝛼𝑛
2𝛽𝐾 (

𝑥

𝑡
𝛼
2𝛽

).                      (4.1) 

Therefore, it is enough to consider the kernel function : 

𝐾(𝑥) =
1

(2𝜋)
𝑛
2

∫ 𝑒𝑖𝑥.𝜉

ℝ𝑛

𝐸𝛼(−|𝜉|
2𝛽)𝑑𝜉, 
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Whith 𝐶0(ℝ
𝒏) we will denote the space of all function 𝑓 ∈ 𝐶(ℝ𝒏) satisfying lim

|𝑥|→∞
𝑓(𝑥) = 0. 

By Lemma 2.2 and the Riemann-Lebesgue Lemma, we get the following corollary. 

Corollary 1. We have  

(−∆)
𝜐
2𝐾 ∈ 𝐿∞(ℝ𝒏)⋂𝐶0(ℝ

𝒏), 𝛻𝐾 ∈ (𝐿∞(ℝ𝒏)⋂𝐶0(ℝ
𝒏))

𝑛
, 𝑖𝜉𝑬𝜶(−|𝝃|

𝟐𝜷) ∈ ((𝑳𝟏(ℝ𝒏)𝒏)), 

For any 𝜐 and for any 𝜉 ∈ ℝ𝒏. 

Lemma 1. The kernel function 𝐾(𝑥) has the following point wise estimate: 

|𝐾(𝑥)| ≤ 𝐶|𝑥|−𝑛−2𝛽 , 

for 𝛽 > 0. Hence, 

𝐾 ∈ 𝐿𝑝(ℝ𝒏), 𝐾𝑡 ∈ 𝐿
𝑝(ℝ𝒏), 0 < 𝑡 < ∞, 

For any 1 ≤ 𝑝 ≤ ∞. 

Proof  Define the invariant differential operator: 𝐿(𝑥, 𝐷) =
𝑥.𝛻𝜉

𝑖|𝑥|2
. Then 𝐿(𝑥, 𝐷)𝒆𝒊𝒙.𝝃 = 𝒆𝒊𝒙.𝝃. 

The conjugate operator is 𝐿∗(𝑥, 𝐷) = −
𝑥.𝛻𝜉

𝑖|𝑥|2
. Thus we can rewrite 𝐾(𝑥) as follows: 

𝐾(𝑥) =
1

(2𝜋)
𝑛
2

∫ 𝑒𝑖𝑥.𝜉

ℝ𝑛

𝐿∗ (𝐸𝛼(−|𝜉|
2𝛽)) 𝑑𝜉 

                                                                           =
1

(2𝜋)
𝑛
2
∫ 𝑒𝑖𝑥.𝜉 
ℝ𝑛

𝜌 (
𝜉

𝛿
) 𝐿∗ (𝐸𝛼(−|𝜉|

2𝛽)) 𝑑𝜉 

                                                                            +
1

(2𝜋)
𝑛
2
∫ 𝑒𝑖𝑥.𝜉 
ℝ𝑛

𝜌 (1 −

𝜉

𝛿
) 𝐿∗ (𝐸𝛼(−|𝜉|

2𝛽)) 𝑑𝜉  

                                                                            = 𝐼 + 𝐼𝐼. 

where 𝛿 > 0 will be determined later and 𝜌(𝑥) is 𝐶0
∞(ℝ𝒏) function satisfying: 

𝜌(𝑥) = {
1   𝑖𝑓 |𝜉| ≤ 1,

0   𝑖𝑓 |𝜉| > 2.
 

We have: 

|𝐼(𝑥)| ≤
1

(2𝜋)
𝑛
2

∫ |𝐿∗ (𝐸𝛼(−|𝜉|
2𝛽))|

|𝜉|≤2𝛿

𝑑𝜉 

                                                                           =
1

(2𝜋)
𝑛
2
∫ 2𝛽|𝜉||𝜉|2𝛽−2 |𝛻𝜉 (𝐸𝛼(−|𝜉|

2𝛽))|
|𝜉|≤2𝛿

𝑑𝜉 

                                                                           =
𝐶

(2𝜋)
𝑛
2|𝑥|

𝛿2𝛽+𝑛−1. 
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To estimate II, we take a sufficiently large natural number 𝑁 > 2𝛽 + 𝑛 and integrating by parts 

we get : 

|𝐼𝐼(𝑥)| =
1

(2𝜋)
𝑛
2

| ∫ 𝑒𝑖𝑥.𝜉 

ℝ𝑛

𝜌 (1 −
𝜉

𝛿
) 𝐿∗ (𝐸𝛼(−|𝜉|

2𝛽)) 𝑑𝜉 | 

                                                  ≤
1

(2𝜋)
𝑛
2

|∫ 𝑒𝑖𝑥.𝜉 
ℝ𝑛

(𝐿∗)𝑁−1 (1 − (
𝜉

𝛿
)) 𝐿∗ (𝐸𝛼(−|𝜉|

2𝛽)) 𝑑𝜉 | 

                                                ≤ 𝐶|𝑥|−𝑁 |∫ ∑ |𝜉|2𝑙𝛽−𝑁𝑁
𝑙=1  

|𝜉|≥𝛿
(𝐸𝛼(−|𝜉|

2𝛽)) 𝑑𝜉 | 

                                                                                            

+𝐶|𝑥|−𝑁 ∑ 𝐶𝑘𝛿
−𝑘𝑁−1

𝑘=1 ∫ ∑ 𝐶𝑙|𝜉|
2𝑙𝛽−(𝑁−𝑘)𝑁−𝑘

𝑙=1  
𝛿≤|𝜉|≤2𝛿

𝐸𝛼(−|𝜉|
2𝛽)𝑑𝜉 

Then: 

        

    |𝑰𝑰(𝒙)| ≤ 𝑪|𝒙|−𝑵 |∫  
|𝝃|≥𝜹

|𝝃|𝟐𝜷−𝑵𝑬𝜶(−|𝝃|
𝟐𝜷)𝒅𝝃 |

+   𝑪|𝒙|−𝑵 |∫  
|𝝃|≥𝜹

|𝝃|𝟐𝜷−𝑵|𝝃|𝟐𝜷(𝑵−𝟏)𝑬𝜶(−|𝝃|
𝟐𝜷)𝒅𝝃 |                 (𝟒. 𝟑)

+ 𝑪|𝒙|−𝑵∑ 𝑪𝒌𝜹
−𝒌𝑵−𝟏

𝒌=𝟏 ∫  
𝜹≤|𝝃|≤𝟐𝜹

|𝝃|𝟐𝜷−𝑵𝑬𝜶(−|𝝃|
𝟐𝜷) + |𝝃|𝟐𝜷(𝑵−𝒌)−𝑵𝑬𝜶(−|𝝃|

𝟐𝜷)𝒅𝝃                  

                                                                   

Using Corollary 3.7 and 3.8, we have that: 

|𝝃|𝟐𝜷(𝑵−𝟏)𝑬𝜶(−|𝝃|
𝟐𝜷) ≤ 𝑪, |𝝃|𝟐𝜷(𝑵−𝒌−𝟏)𝑬𝜶(−|𝝃|

𝟐𝜷) ≤ 𝑪,  

for 𝑘 = 1,2, … ,𝑁 − 1. Therefore 

|𝑰𝑰(𝒙)| ≤ 𝑪|𝒙|−𝑵( ∫  

|𝝃|≥𝜹

|𝝃|𝟐𝜷−𝑵𝒅𝝃 + ∫ |𝝃|𝟐𝜷−𝑵𝒅𝝃 

𝜹≤|𝝃|≤𝟐𝜹

) ≤ 𝑪|𝒙|−𝑵𝜹𝟐𝜷+𝑵−𝒏 

Thus we get: 

|𝐾(𝑥)| ≤ 𝐶|𝑥|−1𝛿2𝛽+𝑛−1 + 𝐶|𝑥|−𝑁𝛿2𝛽+𝑁−𝑛 

Taking 𝛿 = |𝒙|−𝟏, we find: 

|𝐾(𝑥)| ≤ 𝐶|𝑥|−1|𝑥|−2𝛽+𝑛−1 + 𝐶|𝑥|−𝑁𝛿2𝛽+𝑁−𝑛, 

Consequently 

|𝐾(𝑥)| ≤ 𝐶|𝑥|−𝑛−2𝛽. 

This completes the proof. 

Let  𝐾𝜐(𝑥) = (−∆)
𝜐

2𝐾(𝑥), 𝐾𝑡
𝜐(𝑥) = (−∆)

𝜐

2𝐾𝑡
𝜐(𝑥),  

Lemma 2. The kernel function 𝐾𝜐(𝑥) has the following point wise estimate 

|𝐾𝜐(𝑥)| ≤ 𝐶|𝑥|−𝜐−𝑛                (4.4) 
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𝑥 ∈ ℝ𝒏, for 𝜐 > 0. Hence, 

𝐾𝜐(𝑥) ∈ 𝐿𝑝(ℝ𝒏), 𝐾𝑡
𝜐(𝑥) ∈ 𝐿𝑝(ℝ𝒏), 0 < 𝑡 < ∞, 

For any 1 ≤ 𝑝 ≤ ∞. 

Proof:  We can split  𝐾𝜐(𝑥) in the following way: 

|𝐾𝜐(𝑥)| =
1

(2𝜋)
𝑛
2

| ∫|𝜉|𝜐𝑒𝑖𝑥.𝜉 

ℝ𝑛

𝜌 (
𝜉

𝛿
) (𝐸𝛼(−|𝜉|

2𝛽))𝑑𝜉| 

                                                                   +
1

(2𝜋)
𝑛
2

|∫ |𝜉|𝜐𝑒𝑖𝑥.𝜉 
ℝ𝑛

(1 − (
𝜉

𝛿
)) (𝐸𝛼(−|𝜉|

2𝛽)) 𝑑𝜉| 

                                                                     = 𝐼 + 𝐼𝐼. 

We have: 

|𝐼| =
1

(2𝜋)
𝑛
2

| ∫|𝜉|𝜐𝑒𝑖𝑥.𝜉 

ℝ𝑛

𝜌 (
𝜉

𝛿
) 𝐿∗ (𝐸𝛼(−|𝜉|

2𝛽)) 𝑑𝜉|

≤ ∫ 𝛿𝜐𝑑𝜉 

|𝜉|≤2𝛿

≤ 𝐶𝛿𝜐+𝑛  .

 

To estimate 𝐼𝐼 we use the technique of invariant derivatives together with integration by parts. 

In this way we get: 

|𝐼𝐼| ≤ 𝐶 ∫  

ℝ𝑛

|𝑒𝑖𝑥.𝜉(𝐿∗)𝑁 (1 − (
𝜉

𝛿
)) |𝜉|𝜐 (𝐸𝛼(−|𝜉|

2𝛽))| 𝑑𝜉 

As we have proved Lemma 2.4, we get : 

|𝐼𝐼| ≤ 𝐶|𝑥|−𝑁(( ∫  

|𝜉|≥𝛿

|𝜉|𝜐−𝑁𝑑𝜉 + ∫ 𝛿𝜐−𝑁𝑑𝜉 

𝛿≤|𝜉|≤2𝛿

)) 

                                                 ≤ 𝐶|𝑥|−𝑁𝛿𝜐−𝑁+𝑛. 

Taking 𝛿 = |𝒙|−𝟏, we obtain |𝐾𝜐(𝑥)| ≤ 𝐶|𝒙|−𝝊−𝒏. This completes the proof. 

Remark 1. By Lemma 2.5 we obtain 

| 𝛻𝐾(𝑥)| ≤ 𝐶(1 + |𝑥|)−𝑛−1. 

Hence, 

𝛻𝐾(𝑥), 𝛻𝑡𝐾(𝑥) ∈ 𝐿
𝑝(ℝ𝒏), 0 < 𝑡 < ∞, 
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5. Space-time estimates 

In this section we consider the Cauchy problem for the fractional power evolutive equation: 

{
𝐷0+
𝛼 𝑢 + (−∆)𝛽𝑢 = 𝑓(𝑡, 𝑥), 𝑡 > 0, 𝑥 ∈ ℝ𝑛, 𝑡 > 0, 0 < 𝛼 < 1, 0 < 𝛽 < 1 

𝑢(0) = 𝜑(𝑥),   𝑥 ∈ ℝ𝑛
(5.1) 

The solution to the problem (5.1) can be written in the following integral form: 

𝑢(𝑡, 𝑥) = 𝐹− (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝜑(𝑥)

+ ∫(𝑡 − 𝑠)𝛼−1𝐹− (𝐸𝛼,𝛼(−(𝑡 − 𝑠)
𝛼|𝜉|2𝛽)) ∗ 𝑓(𝑥, 𝑠)𝑑𝑠

𝑡

0

             (5.2) 

              =  𝐹− (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝜑(𝑥) + (𝐺𝑓)(𝑡, 𝑥). 

We first consider the space-time estimates for the homogeneous part of the solution 𝑢 given in 

the integral form (5.2).  

Lemma 3. Let 1 ≤ 𝑟 ≤ 𝑝 ≤ ∞  and 𝜑 ∈ 𝐿𝑝(ℝ𝒏). Then the homogeneous part of the solution 

(5.2) satisfies the estimates: 

‖𝑆𝛼,𝛽(𝑡, 𝑥)𝜑(𝑥)‖𝑝
≤ 𝐶𝑡

−
𝑛𝛼
2𝛽
(
1
𝑟
−
1
𝑝
)
‖𝜑(𝑥)‖𝐿𝑟 , 

and  

‖(−∆)
𝜐
2𝑆𝛼,𝛽(𝑡, 𝑥)𝜑(𝑥)‖

𝑝
≤ 𝐶𝑡

𝜐𝛼
2𝛽
−
𝑛𝛼
2𝛽
(
1
𝑟
−
1
𝑝
)
‖𝜑(𝑥)‖𝐿𝑟 , 

for 𝛼 > 0 and 𝜐 > 0. 

Proof: 

The solution of the problem (5.1) can be written as:  

𝑢(𝑡, 𝑥) = 𝐹− (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝜑(𝑥) = 𝐾𝑡(𝑥) ∗ 𝜑(𝑥), 

hence: 

𝐾𝑡(𝑥) = 𝐹
− (𝐸𝛼(−𝑡

𝛼|𝜉|2𝛽)) (𝑥) = 𝑡
−
𝑛𝛼
2𝛽𝐾(

𝑥

𝑡
𝛼
2𝛽

), 

then, 

𝐾(𝑥) =
1

(2𝜋)
𝑛
2

∫ 𝑒𝑖𝑥.𝜉

ℝ𝑛

𝐸𝛼(−|𝜉|
2𝛽)𝑑𝜉 = 𝐹− (𝐸𝛼(−|𝜉|

2𝛽)) (𝑥). 

Using the Young inequality for convolutions, we find: 

‖𝑆𝛼,𝛽𝜑‖𝑝
≤ ‖𝐾𝑡‖𝑞‖𝜑‖𝐿𝑟 , 
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where  
1

𝑞
=

1

𝑝
−
1

𝑟
+ 1 . To estimate  ‖𝐾𝑡‖𝑞, we will use the scaling property: 

𝐾𝑡(𝑥) = 𝑡
−
𝑛𝛼
2𝛽𝐾(

𝑥

𝑡
𝛼
2𝛽

) 

and the inequality: 

|𝐾(𝑥)| ≤ 𝐶(1 + |𝑥|)−𝑛−2𝛽 , 

Then  

‖𝐾𝑡(𝑥)‖𝑞
𝑞 = 𝑡

−
𝑛𝛼𝑞
2𝛽 ‖𝐾 (

𝑥

𝑡
𝛼
2𝛽

)‖

𝑞

𝑞

, 𝐶 = (2𝛽)
−
𝑛𝛼𝑞
2𝛽 , 

where ‖𝐾𝑡(𝑥)‖𝑞
𝑞 = ∫ |𝐾𝑡(𝑥)|

𝑞𝑑𝑥
ℝ𝒏

. Hence, 

𝐼𝑞 = ∫ |𝐾 (
𝑥

𝑡
𝛼
2𝛽

)|

𝑞

𝑑𝑥

ℝ𝒏

≤ 𝐶∫(1 +
|𝑥|

𝑡
𝛼
2𝛽

)

−𝑞(𝑛+2𝛽)

𝑑𝑥. 

Let 𝑥 = 𝑡
𝛼

2𝛽𝑦. Then 𝑑𝑥 = 𝑡
𝛼𝑛

2𝛽𝑑𝑦 and 

𝐼𝑞 ≤ 𝐶𝑡
𝛼𝑛
2𝛽 ∫(1 + |𝑦|)−𝑞(𝑛+2𝛽)𝑑𝑥 

                                                                 ≤ 𝐶𝑡
𝛼𝑛

2𝛽 . 

It follows this estimates : 

‖𝐾𝑡(𝑥)‖𝑞
𝑞 ≤ 𝐶0𝑡

−
𝑛𝛼𝑞
2𝛽 𝑡

𝛼𝑛
2𝛽 , 

‖𝐾𝑡(𝑥)‖𝑞 ≤ 𝐶1𝑡
−
𝑛𝛼
2𝛽𝑡

𝛼𝑛
2𝛽𝑞 

                                                                                                                             ≤ 𝐶1𝑡
−
𝑛𝛼

2𝛽
(1−

1

𝑞
)
, 

                                                                                          

‖𝐾𝑡(𝑥)‖𝑞 ≤ 𝐶1𝑡
−
𝑛𝛼
2𝛽
(
1
𝑟
−
1
𝑝
)
. 

Therefore 

‖𝑆𝛼,𝛽𝜑‖𝑝
≤ 𝐶𝑡

−
𝑛𝛼
2𝛽
(
1
𝑟
−
1
𝑝
)
‖𝜑(𝑥)‖𝐿𝑟 . 

Now , we will prove the inequality 

‖(−∆)
𝜐
2𝑆𝛼,𝛽(𝑡, 𝑥)𝜑(𝑥)‖

𝑝
≤ 𝐶𝑡

𝜐𝛼
2𝛽
−
𝑛𝛼
2𝛽
(
1
𝑟
−
1
𝑝
)
‖𝜑(𝑥)‖𝐿𝑟 . 

By the Young inequality for convolutions, we have: 
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‖(−∆)
𝜐
2𝑆𝛼,𝛽(𝑡, 𝑥)𝜑(𝑥)‖

𝑝
≤ 𝐶 ‖(−∆)

𝜐
2𝑆𝛼,𝛽(𝑡, 𝑥)‖

𝑞
‖𝜑(𝑥)‖𝐿𝑟 

                                                                                 = 𝐶‖𝐾𝑡
𝜐(𝑥)‖𝑞‖𝜑(𝑥)‖𝐿𝑟, 

and  

‖𝐾𝑡
𝜐(𝑥)‖𝑞

𝑞 = 𝐶𝑡
−
𝑛𝛼𝑞
2𝛽 𝑡

𝜐
𝛼𝑞
2𝛽 ∫ |𝐾 (

𝑥

𝑡
𝛼
2𝛽

)|

𝑞

𝑑𝑥

ℝ𝒏

. 

By Lemma 2.5, we get: 

𝐼𝐼𝑞 ≤ ∫ |𝐾 (
𝑥

𝑡
𝛼
2𝛽

)|

𝑞

𝑑𝑥

ℝ𝒏

 

                                                                          ≤ 𝑪∫ |
𝒙

𝒕
𝜶
𝟐𝜷

|

−𝒒(𝝊+𝒏)

𝑑𝑥
ℝ𝒏

. 

Let 𝑥 = 𝑡
𝛼

2𝛽𝑦. Then 𝑑𝑥 = 𝑡
𝛼𝑛

2𝛽𝑑𝑦 and  

𝐼𝐼𝑞 ≤ 𝐶𝑡
𝛼𝑛
2𝛽 ∫|𝑦|−𝒒(𝝊+𝒏)𝑑𝑥

ℝ𝒏

 

                                                                                            ≤ 𝐶′𝑡
𝛼𝑛

2𝛽 . 

Using the inequelities above, it follows that: 

‖𝐾𝑡
𝜐(𝑥)‖𝑞

𝑞 ≤ 𝐶0𝑡
−
𝜐𝛼𝑞
2𝛽 𝑡

𝛼𝑛
2𝛽𝑡

−
𝑛𝛼𝑞
2𝛽  

and  

‖𝐾𝑡
𝜐(𝑥)‖𝑞 ≤ 𝐶0𝑡

−
𝜐𝛼
2𝛽𝑡

𝛼𝑛
2𝛽𝑞𝑡

−
𝑛𝛼
2𝛽 . 

Therefore  

‖𝐾𝑡
𝜐(𝑥)‖𝑞 ≤ 𝐶1𝑡

−
𝜐𝛼
2𝛽
−
𝑛𝛼
2𝛽
(1−

1
𝑞
)
, 

where upen 

‖𝐾𝑡
𝜐(𝑥)‖𝑞 ≤ 𝐶1𝑡

−
𝜐𝛼
2𝛽
−
𝑛𝛼
2𝛽
(
1
𝑟
−
1
𝑝
)
. 

Therefore 

‖(−∆)
𝜐
2𝑆𝛼,𝛽(𝑡, 𝑥)𝜑(𝑥)‖

𝑝
≤ 𝐶𝑡

𝜐𝛼
2𝛽
−
𝑛𝛼
2𝛽
(
1
𝑟
−
1
𝑝
)
‖𝜑(𝑥)‖𝐿𝑟 . 

This completes the proof. 
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Definition 4. We call (𝑞, 𝑝′, 𝑝) the admissible triplet (for the Cauchy problem) with respect to  

𝛼 and 𝛽 if: 

1

𝑞
=
𝑛𝛼

2𝛽
(
1

𝑝
−
1

𝑝′
) ,

1 < 𝑝 ≤ 𝑝′ < {

𝑛𝛼𝑝

𝑛𝛼 − 2𝛽
,                                     𝑠𝑖 𝑛 > 2𝛽

∞                                                     𝑠𝑖 𝑛 ≤ 2𝛽.
                              

Definition 5. Let 𝐵 be a Banach space and let 𝐼 = [0, 𝑇). We define the time-weighted space 

time Banach space 𝐶𝜎(𝐼; 𝐵) and the correponding homogenous space: 𝐶𝜎̇(𝐼; 𝐵) as follows: 

𝐶𝜎(𝐼; 𝐵) = {𝑓 ∈ 𝐶(𝐼; 𝐵)/‖𝑓; 𝐶𝜎(𝐼; 𝐵)‖ =   sup
𝑡∈𝐼

𝑡
1
𝜎‖𝑓‖𝐵 < ∞}, 

𝐶𝜎̇(𝐼; 𝐵) = {𝑓 ∈ 𝐶(𝐼; 𝐵)/‖𝑓; 𝐶𝜎(𝐼; 𝐵)‖ =   sup
𝑡∈𝐼

𝑡
1
𝜎‖𝑓‖𝐵 < ∞}, 

In this paper the Banach space 𝐵 is taken to be 𝐿𝑝(ℝ𝒏) with 1 < 𝑝 < ∞. 

Theorem 4. 

i) Let 𝐼 = [0,∞) or 𝐼 = [0, 𝑇] with 𝑇 > 0, (𝑝, 𝑞, 𝑟) be any admissible triplet and 𝜑 ∈

𝐿𝑟. Then 𝐹− (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝜑(𝑥) ∈ 𝐿𝑞(𝐼, 𝐿𝑟) ∩ 𝐶𝑏(𝐼; 𝐿

𝑝) with the estimate:   

‖𝐹− (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝜑(𝑥)‖

𝐿𝑞(𝐼,𝐿𝑝)
≤ 𝐶‖𝜑(𝑥)‖𝐿𝑟         (5.6) 

where 𝐶 > 0    is a positive constant independent of 𝜑 and 𝑇. 

ii) Let 𝐼 = [0,∞) or 𝐼 = [0, 𝑇] with 𝑇 > 0, (𝑝, 𝑞, 𝑟) be any generalized admissible 

triplet and 𝜑 ∈ 𝐿𝑝.    

Then  𝐹− (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝜑(𝑥) ∈ 𝐶𝑞(𝐼; 𝐿

𝑝) ∩ 𝐶𝑏(𝐼; 𝐿
𝑟) and  

‖𝐹− (𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽)) ∗ 𝜑(𝑥)‖

𝐶𝑞(𝐼;𝐿
𝑝)
≤ 𝐶‖𝜑(𝑥)‖𝐿𝑟         (5.7) 

Proof. The statement (i) follows easily from Lemma 5.1. So we only need to prove (5.6). 

For the case 𝑝 = 𝑟, 𝑞 = ∞, the estimate (5.6) is true from Lemma 5.1. We now consider 

the case 𝑝 ≠ 𝑟. Let: 

𝑈(𝑡)𝜑 = ‖𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽) ∗ 𝜑(𝑥)‖

𝑝
, 

and regard 𝑈 as a operator from the space of mesurable functions on ℝ𝒏 to the one for 𝑡 ∈

[0,∞):𝑈: 𝜑 ↦ 𝑈(. )𝜑. Obviously, 𝑈 is a subadditive operator; that is,  

𝑈(𝑡)(𝜑1 + 𝜑2) = ‖𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽) ∗ (𝜑1 + 𝜑2)(𝑥)‖𝑝 

                                                                                       = ‖𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽) ∗ (𝜑1)(𝑥) +

𝐸𝛼(−𝑡
𝛼|𝜉|2𝛽) ∗ (𝜑2)(𝑥)‖𝑝 
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                                                                                        ≤ 𝑈(𝑡)(𝜑1) + 𝑈(𝑡)(𝜑2). 

Then, and since (𝑝, 𝑞, 𝑟) is an admissible triplet , we deduce by Young's inequality that: 

𝑈(𝑡)𝜑 ≤ 𝐶𝑡
−
1
𝑞‖𝜑(𝑥)‖𝑝. 

It is easy to see that: 

𝜇{𝑡: |𝑈(𝑡)𝜑| > 𝜏} ≤ 𝜇 {𝑡: 𝐶𝑡
−
1
𝑞‖𝜑(𝑥)‖𝑟 > 𝜏} 

                                                                                                   = 𝜇 {𝑡: 𝑡 < (
𝐶‖𝜑(𝑥)‖𝑟

𝜏
)
𝑞

}, 

                                                                                                    ≤ (
𝐶‖𝜑(𝑥)‖𝑟

𝜏
)
𝑞

, 

where 𝑚(𝐴) is a Lebesgue measure of 𝐴 in [0,∞), which implies that 𝑈(𝑡) is a weak type 

(𝑟, 𝑞) operator. 

On the other hand, by proposition 1 𝑈(𝑡) is a sub-additive and satisfies that: 

‖𝑈(𝑡)𝜑‖∞ = sup
𝑡
𝑈(𝑡)𝜑 = 𝑠𝑢𝑝

𝑡
‖𝑆𝛼,𝛽𝜑‖𝑟

≤ 𝑠𝑢𝑝
𝑡
 𝐶𝑡

−
1
𝑞‖𝜑(𝑥)‖𝑟 ≤ 𝐶‖𝜑(𝑥)‖𝐿𝑟 , 

for 𝑟 ≤ 𝑝 ≤ ∞, which means that 𝑈(𝑡) is also a weak type (𝑝,∞) operator . Since for any 

(𝑝, 𝑞, 𝑟) we can  find another (𝑝1, 𝑞1, 𝑟1)  such that: 𝑞1 < 𝑞 < ∞, 𝑟1 < 𝑟 < 𝑝 and 
1

𝑞
=

𝜃

𝑞1
+
1−𝜃

∞
, 

1

𝑝
=

𝜃

𝑟1
+
1−𝜃

𝑝
, then the Marcinkiewicz interpolation theorem implies that 𝑈(𝑡) is a strong (𝑟, 𝑞)-

type operator. The estimate (5.6).thus follows, and the proof of Theorem 5.4 is complete. 

Proposition 3. Let (𝑝, 𝑞, 𝑟) be any admissible triplet, 𝑇 > 0 and 𝜆 > 0 satisfy: 

𝑚𝑎𝑥(𝑛𝜆, 𝑛𝛼𝜆) < 2𝛽𝑝  and   𝑛𝜆 < 2𝛽𝑟. 

Then, for  any 𝑓 ∈ 𝐿
𝑞

𝜆+1 (𝐼; 𝐿
𝑝

𝜆+1(ℝ𝒏)), 𝐺𝑓 ∈ 𝐿𝑞(0, 𝑇; 𝐿𝑝) and  

‖𝐺𝑓‖𝐿𝑞(𝐼;𝐿𝑝) ≤ 𝑇
𝛼(1−

𝑛𝛼𝜆
2𝑟𝛽

)
‖𝑓‖

𝐿
𝑞
𝜆+1(𝐼;𝐿

𝑝
𝜆+1(ℝ𝒏))

, 

where  𝐶 is a constant independent of 𝑓 and 𝑇. 

Proof. We can apply Lemma (5.1) and 𝑟 =
𝑝

1+𝜆
: 

‖𝐺𝑓‖𝐿𝑞(𝐼;𝐿𝑝(ℝ𝒏)) = ‖∫(𝑡 − 𝑠)𝛼−1𝐹− (𝐸𝛼,𝛼(−(𝑡 − 𝑠)
𝛼|𝜉|2𝛽)) ∗ 𝑓(𝑥, 𝑠)𝑑𝑠

𝑡

0

‖

𝐿𝑞(𝐼;𝐿𝑝(ℝ𝒏))

 

                                                                              = ‖(‖∫ (𝑡 − 𝑠)𝛼−1𝐹− (𝐸𝛼,𝛼(−(𝑡 −
𝑡

0

𝑠)𝛼|𝜉|2𝛽)) ∗ 𝑓(𝑥, 𝑠)𝑑𝑠‖
𝐿𝑃
)‖

𝐿𝑞(𝐼)
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                                                                             ≤ ‖∫ (𝑡 − 𝑠)𝛼−1𝐶(𝑡 −
𝑡

0

𝑠)
−𝑛𝛼

2𝛽
(
1+𝜆

𝑝
−
1

𝑝
)
‖𝑓(𝑥, 𝑡)‖

𝐿
𝑝
𝜆+1
𝑑𝑠‖

𝐿𝑞(𝐼)
 

                                                                     ≤ ‖𝐶𝑡
−𝑛𝛼

2𝛽
(
1+𝜆

𝑝
−
1

𝑝
)+𝛼

‖𝑓(𝑥, 𝑡)‖
𝐿
𝑝
𝜆+1
‖
𝐿𝑞(𝐼)

 

                                                                            = ‖𝐶𝑡
−𝑛𝛼𝜆

2𝛽𝑝
+𝛼
‖𝑓(𝑥, 𝑡)‖

𝐿
𝑝
𝜆+1
‖
𝐿𝑞(𝐼)

 

                                                                             ≤ ‖𝐶𝑇
−𝑛𝛼𝜆

2𝛽𝑝
+𝛼
‖𝑓(𝑥, 𝑡)‖

𝐿
𝑝
𝜆+1
‖
𝐿𝑞(𝐼)

 

                                                                              ≤ 𝐶𝑇
−
𝑛𝛼𝜆

2𝛽𝑝
+𝛼
‖𝑓(𝑥, 𝑡)‖

𝐿
𝑞
𝜆+1(0,𝑇;𝐿

𝑝
𝜆+1)

 

By the condition 𝑛𝜆 < 2𝛽𝑟, we have: 

‖𝐺𝑓‖𝐿𝑞(𝐼;𝐿𝑝(ℝ𝒏)) ≤ 𝑇
𝛼(1−

𝑛𝛼𝜆
2𝑟𝛽

)
‖𝑓‖

𝐿
𝑞
𝜆+1(𝐼;𝐿

𝑝
𝜆+1(ℝ𝒏))

. 

This implies the statement of the proposition.   

Theorem 5. Let  𝑝 ≥ 𝑝0 =
𝑛𝛼

2𝛽
𝜆. Then, for any 𝜑 ∈ 𝐿𝑝(ℝ𝒏)  where   𝑝 ≥ 𝑝0, there is a maximal 

existence time 𝑇∗ > 0 and  a function 𝑢 satisfying (5.1),  the following properties: (We can 

apply Lemma (5.1) and  𝑟 =
𝑝

1+𝜆
). 

a) 𝑢 ∈ 𝐶((0, 𝑇∗); 𝐿𝑝(ℝ𝒏) ∩ 𝐿∞(ℝ𝒏)). In particular, for any 𝑝 ≥ 𝑟 and  𝑡 ∈ (0, 𝑇∗), 

𝑢(𝑡) ∈ 𝐿𝑝(ℝ𝒏). 

b) This solution 𝑢 is unique in the class 

{𝑣 ∈ 𝐶((0, 𝑇∗), 𝐿𝑝(ℝ𝒏)): 𝑠𝑢𝑝
𝑡∈(0,𝑇∗)

𝑡
1
𝑞‖𝑣‖𝑝 < ∞}, 

for  any  𝑝 ≥ 𝑟.  Here, 𝑞 is determined as (𝑞, 𝑝, 𝑟) form an admissble triplet. 

c) For any   𝑝 ≥ 𝑟, 𝑢 satisfies 𝑡
1

𝑞‖𝑣(𝑡)‖𝑝 → 0 as  𝑡 → 0.  Again, 𝑞 is determined as 

(𝑞, 𝑝, 𝑟) form an admissble triplet. 

d) If  𝑇∗ < ∞ for any  𝑝 ≥ 𝑟, lim
𝑡→𝑇∗

‖𝑢(𝑡)‖𝑝 = ∞, 𝑟 ≤ 𝑝 ≤ ∞. 

In addition, we have  ‖𝑢(𝑡)‖𝑝 ≥ 𝐶(𝑇∗ − 𝑡)
𝛼(

𝑛

2𝛽𝑝
−
1

𝜆
)
. 
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