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1. Introduction

In this paper we consider a class of linear evolution equations which interpolates the heat
equation and wave equation:

D¢ u+ (-DPu=f(tx), 0<a<2,0<p<1,
where D§,u, 0 < a < 2, is the Riemann-Liouville fractional derivative, (—A)B u, 0<p<
1, is the fractional Laplacian.

The study of this problem is very important in view of recent developments in medical and
health science see to this e ect [17],[18] used fractional differential to describe human diseases
and how to control them. [19] studied the issue of robust stability for fractional order Hopeld
neural networks with parameter uncertainties using the fractional order Lyapunov direct
method.

When 0 < a <2 and f =1, F.Huang and F.Liu [4] solved the time fractional difusion
equation and its solution has been obtained in terms of Green functions by Schneider and Whss
[12].

The case a =1, =1, 1, corresponds to the heat equation and was investigated in
[13],[6],[7],[8]. The case a=2, =1 corresponds to the wave equation and in [9] was established
the local well-posedness and small-posedness of the Cauchy problem for semi-linear parabolic
equations [11]. In the case ¢ = 1,0 < f < 1 (i.e., in the case of nonlinear fractional power
dissipative equation ), many of mathematicians studied this equation. In [15] Zhichun Zhai
obtained Strichartz estimates for the fractional heat equation by using both the abstract
Strichartz estimates of Keel-Tao and the Hardy-Littlewood inequality. In [10] was made a
detailed analysis of the kernel function of the fractional power operator semigroup S, (t) =
et and the authors established the space-time estimates for the corresponding fractional
power dissipative equation. Bai and Gu studied the case of a > 1, =1, using the
integrodifferencial equation, in [1].

The aim of this paper is to generalize the fractional power equation in the paper [10]. Using
the Kernel operator, we give the representative formula of the solution for the considered
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Cauchy problem. Then we establish the space-time estimates for the corresponding fractional
power evolutive equation.

The paper is organazid as follows. In Section 3, we give a detailed analysis of the kernel
function of the fractional power operator S, . Then in section 4, we derive point-wise
estimates of the kernel function of the operator S, 3 (t) by an invariant derivative technique. In
Section 5, using the point-wise estimates of the kernel function obtained in Section 4, we
establish space- time estimates for the corresponding fractional power equation.

2. Preliminaries

We denote by F and F~ the Fourier transform in R™ respectively, £ and L~ the Laplace
transform and Laplace inverse transform in R* , respectively, dened by
1

F(f) = —=Jgn e~ f(x)dx,

(2m)2

F~(g) =

1

n
(2m)z

L(h) = ["" et h(s)ds,

Jgn €™ g(©)dE,

and
+oo
L‘(k)zf et k(t)dt.
0
22 92 22

o + ox2 + - +@. The fractional Laplacian of a

Definition 1: Let s € (0,1) and A=

function u: R™ - R is defined as:

u(x) —u(f)

(—4)*u(x) = CpsP. V. Wd&
]Rn

where P.V. stands for the Cauchy principal value, and the constant C,, ; is given by:

C _ 1—cosyd -1 __-n 225 F(TH;ZS)
ns — (f]Rn ly|n+as y) =7n 2 r(-s) s

andy = (y1,¥2, Y3 -, Yn ) €R™.

On the other hand, the fractional Laplacians in R™ can be written by the Fourier transform:
(—=8)*u(x) = F~(lyI**F w)(§)) (x).

Proposition 1 Let s € (0,1) and let (—A)%: § - L2(R™) is the fractional laplacian.

E,(z) and E,p(z) denote Mittag-Leffer's function and the generalized Mittag-Leffler's
function, respectively, defined by:

E,(2) = ;m,a >0,
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> K
z : zZ
Ea,ﬁ(z) == k_om,a > 0,

Assume that u: (0,0) —» R™. Let 0 < @ < 1; we define the fractional integral of u of order a
as:

1

ItaU(t) = m

f(t —s)* lu(s)ds,

and the Riemann-Liouville fractional derivative of u of order « as:

t
¢ 1 af(
ate  I'(l—a)ot

0

t —s) *u(s)ds,

where I' is the Gamma function.
a—1
Let @,(t) = ;(—a) fort > 0 and @,(t) = 0 for t < 0; then

IFu(t) = (P, *w)(t),
0%u
at«

where the symbol * stands for the convolution operation.

= = (@ r W),

Definition 2 The Riemann-Liouville fractional derivative of order 0 < a < 1 is defined from
functions such that u € L! and

@, xu € WH[0,t] as:

0% _ 9 (o, +w)(®)
= — *
ot Jt ¢ wit),

where WT1[0,t] = {f € L*([0,t])/Df € L'([0, t])}, denotes a Sobolev space.

Let @ ¢ N, we define function spaces C*(I,X), which are the set of (set of “a-times
continuously differentiable functions” on I as follows: We say that a continuous X-valued
function u on an interval [ is a-continuously differentiable at the point t, € I, if there exist a
continuous X-valued function w on I such that w is [a@]-times continuously differentiable at the
point t € I and

w(®) = u(0) + f P @(s)ds,
0

where [a] is the integer part of a. Then, the a-th derivative of u at the point t is defined by

a

0
- = aD)
3ca u(t) = o' (t).
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If u is a-times continuously differentiable for all t € I, u is called a-times continuously
differentiable on I.

Definition 3. Let T be an operator from LP to LP. We recall that T is to be sub additive if
IT(f + g)| < |Tf| + |Tg|. This includes all linear operators. We say that T is weakly bounded
from LP to LP if

Iy

lx: f(x) >t] S TR

On the other, T is said to be strongly bounded from LP to LP if
ITflp = Iflp-

Theorem 1. (Marcinkiewicz,Riesz). Let 1 < p < q < oo, let T be a subadditive operator on
LP U L% . Then, if T is weakly bounded from L4 to L9, it strongly bounded from L" to L" for all
p<r<aq.

3. Solutions of the Cauchy problem of fractional evolution equation
Consider the two Cauchy problem for the homogeneous fractional power dissipative
equation:

D¢ u+ (-DPu=f(tx), t>0xeR*,0<a<1l 0<pf<1
(3.1)
u(0) = p(x), x € R™,
and
DEu+ (—=M)Pu=f(t,x), t>0xeER"1<a<2 0<pf<1 3.2)
u(0) = (x),ul*1(0,x) = Y(x), x € R™ '

Where D&, u ,0 < a < 2, is the Riemann-Liouville fractional derivative, (—A)Pu, 0 < g <
1, is the fractional Laplacian with respect to the space variable x, ¢ € S(R™), n > 1. When
1 < a < 2,we inderstand ¢@(x) = P(x).

It is easily shown that the equation above interpolates the heat equation and the wave equation.
Here S(R™) is the Schwartz space.

Theorem 2. Let ¢ € S(R™). Then the problem (3.1) admits a unique solution u €
C“([0,),S(R™) ) and

u(t,x) = F~ (Eo(—t*1€1%) ) x 9 (x)
+ €= (B~ = 7IE1)) £ G 5)ds,
0

where F is the Fourier transform in the direction of the space variable, F~ is its inverse and E,
is the Mittag-Leftler function.

Proof: We take the Laplace transform L of both sides of (3.1) with respect to t € [0, ). We
get:

sCL(w) — s¥1u(0) + (—A)PL(w) = L(f),
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or
L) =s5tp(x) — s~ ¥(=A)PL(u) + s7*L(f).
Now we take the Fourier transform of both sides of the last equation. We find:
FL(W) = s7'Fo(x) — s ¥|&|*PFL(u) + F(s™%L(f)),

or

. |&12F Y ~a
+= FL(W) = s *Fo(x) + s™F(L(f)),

or
1 —CZ

IEIZﬁF(L(f))

or

FL() = £ (Ea(—t*1€1%#)) Fo(x) + £ (t% Eqo(—t“I€1%#)) F(L()),

Hence,

t
F(u(t, x)) = Eq(—t“I$|*#)Fo(x) + f(t — )" Eqq(—(t — $)*IE17P)F (f (x,5))ds,
0

and

u(t,x) = F~ (Eo(—t*1€1%) ) x 9 (x)

t

+ f (t — )92 F (Eqa(—(t — $)*I¢128)) £ (x, ).

0

We need only to show that F~ (Ea(—talflzﬁ)) *@(x) € C*([0,0),S(R™) ) for 0 < a < 1.

In fact, we see:

J(t_s)a 1 a(k 1)ds

_ — ak-1) go —
Oj¢a<t )t = ) Vds =

ta'k

T T@

f(l _ S)a—lsa(k—l)ds

= $B(a alk—1)+1)

_ F(a(k—1)+1) ak
T r(ak+1)
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This means that

0% tak ta(k 1)
ot% <F(ak + 1)) - IFalk—1)+1)

Hence, using differenciation under integral convergence theorem, we have:

9% etz (—t*[€]%P)
5pa Ba(—t71¢] B)—a?<z r(ak+1)>

= 2% [go ek (-1g12)"
T ata \ “k=0 r(gk+1)
ta(k 1)( |§'|2[3)

k=0 r(a(k-1)+1)

B ratk=1(_1g128) 7" (_ ¢ 28)
T &k=0 r(a(k-1)+1)

= (—I€1%P)Eo(—t=1€1%F),

this implies :

F~ (Eo(—t91€177)) 9 (x) € €%([0, ), S(R™) ),
for ¢@(x) € S(R™).This completes the proof.
The problem (3.2) is equivalent to the folowing problem:

{ng:lu+(—A)ﬁu=f, t>0xeER”0<v<1, 0<pB<1

(3.3)
u(0) = o (x),ul’(0,x) = Y(x), x € R™

Proposition 2. If 0 < v < 1, the above problem is equivalent to the following problem:

E)u(t)

f Dot = (D) u(s)ds = b, p () + f Bt = (5305 , g

u(0,%) = @(x),u?(0,x) = Y(x), x € R™.

Theorem 3. Let ¢ € S(R™), Y € S(R™) and 0 < v < 1. Then, (3.3) admits a unique solution
u € C1*Y([0,0); S(R™) ), f € L*([0, ); S(R™) ) such that:

u(t,x) = F~ (Evpo (—E2411E1%8) ) * (0) + 6, j (Eveo(=s*718128)) % p(2)ds

+ P~ (sMVEq o(—t71812)) + £(£,2)
= Sape(x) + (G)(¢x).

Proof. We take Laplace transform on both sides of (3.4) with respect to t € R It is easy to
get:
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sL(u) —u(0,x) = 61, (x)8(s) — sTV(=A)PL(w) + s‘“L(f(t, x)), (3.6)
Now we take Fourier transform on both sides of (3.6) with respect to x € R"; we have:

sF(L(w)) — F(u(0,x)) = 81,F(¥(x))8(s) —s™¥ [EI2PF(Lw)) + s L(f (¢, x)),

that is,

FL(u) = W ((S—UF (c(ree x)))) + F((P(x))>

5 F($(0)5(s)
_Ulflzﬁ Lv l/lx S

s+s
s

= e F(000) + st F(L(F(e0)) +
e S F (9(0)5(s)

= L (B (—t"*11E1%8)) F(()) +
£ (s Evpu o (=s™IE10) ) « F (£(F (2, 2)).
Then:
u(t,x) = F~ By (=t YE1%8) ) 5 0(0) + 81 [y F~ (B (—s140181%6) ) ds + o (x) +
s eo(—EVIE12) 5 £ (2 ).

We need only to show that F~ (E1+U(—t”+1|f|2[”)) * @(x) € C1*([0,00); S(R™) ) for 0 <

v < 1. In fact, we see:

e P (W ()8 (s) +

S+s

t t
1
f¢“+1(t —s)(t— S)(1+v)(k—1)d5 :mf(t _ S)vs(1+v)(k—1)ds
0 0

(1+v)k
- 1t"(1+v) fol(t — 5)VsWIE=D g we take s = 1t
t(1+v)k
= r(1+v)B(v +1,A+v)(k—-1)+1)

_ I"((1+U)(k—1)+1) t(1+v)k
r((1+v)k+1)

This means that:

gv+1 t(1+v)k t(1+v)(k—1)
otv+l (r((1 +v)k + 1)) T r(A+wk-1)+1)

Hence, using differenciation under integral theorem, we have:
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av+1 av+1 © (_tu+1|€|2ﬁ)k
__+U+1 2B —
otvtl Ev+1( t IEI ) otvtl <k2=0 r((v + 1)k + 1)

_ 8“+1< o t(”+1)k(—lflzﬁ)k>

- k=0 r((w+1)k+1)

otvt+1

t(1+v)(k—1)(_|flzﬁ)k
T Ak=0 r((w+1)(k-1)+1)

£+ =D (_1g128) 7 (L 1g128)
k=0 r((w+D(k-1)+1)

Then, we find:

6v+1

WEU+1(_tU+1|E|ZB) = (—|f|2ﬁ)Eu+1(—tv+1|f|2B),

this implies  F~ (E1+v(—tv+1|f|2ﬁ)) * @p(x) € C1*V([0,0); S(R™)) for ¢ € S(R™).
Uniqueness is an immidiate result of Gronwall's inequality; see [16] for details.

4. Analysis of the operator S, g

Now, we will show that the kernel function of the operator
Sup(t,x) = F~ (Ea(—t“IEIZB)) c0(),0<a<1,0<B<1

generates a bounded operator on LP (R™) for [1,00) (forthecase 0 < a < 2,0 < B <1 we
can apply the same method). Note that:

1 .
Ke(x) = F~ (Eo(-t%1§177)) = — j S Eq(—t*[§17F)dg,

(27'[)7 R™

Letn = t28&. Then dé = t 2fdn and

1 _an ix.ii
K0 =—¢ 2 [ e e B (~Inf?F)d.
(2m)2 R™
In this way we find that:
_an X
K:(x) =t 2K (—a> (4.1)
t2h

Therefore, it is enough to consider the kernel function :

KGO = —— [ e Bl )

(2m)2 R
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Whith C,(R™) we will denote the space of all function f € C(RR™) satisfying | l}m f(x)=0.
X|—00

By Lemma 2.2 and the Riemann-Lebesgue Lemma, we get the following corollary.

Corollary 1. We have
(~0)2K € L (RMNCo(R™), VK € (L (RNC(R™)", iEEo(~1£12¢) € (L Rm™),
For any v and for any £ € R".
Lemma 1. The kernel function K (x) has the following point wise estimate:
|K(x)| < Clx|™"%4,
for f > 0. Hence,
K € LP(R"),K; € LP(R™),0 < t < oo,

Forany 1 <p < oo.

x.V&
ix|?’

Proof Define the invariant differential operator: L(x,D) = Then L(x, D)e*¢ = ei*$,

flxvli Thus we can rewrite K (x) as follows:

The conjugate operator is L*(x, D) = —

K(x) =

! T f e™s L (Ea(—|f|2ﬁ))df

(2m)2 RP

= oo p (51 (Bl a2

1 ix.& _
* (271:)% R © p (1

81 (Eu(-121#)) dg
=1+1I

where § > 0 will be determined later and p(x) is Cy° (R™) function satisfying:

_(rifll=1
p(x)_{o if 1] > 2.

We have:

1 . 12128
11— fmsw 1 (Eo(~1g12#))| de

ﬁ e1<26 2818 |&|2F~2 ||7§ (Ea(—|§|2ﬁ))| dé

C
— - 62[3+n—1'
(2m)2x|
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To estimate I, we take a sufficiently large natural number N > 28 + n and integrating by parts

we get
— 1 ix.§ _i * —|&|28
el = an et p(1-2) 1 (Bul(-16179)) d
< rlfest @y (1= ()1 (Baltee) at|

< Ol ™| s TRl PN (Eo(—1612%)) it |

FCII™ SN ™ [ 1005 T CUEZE ) By (—[€17F)dg

Then:

()| < Clxl™ [ 1ns 16125-VEa(~181%%)dg |
+ Clxl™ [0 1612P-NIEI28N-DE (~|§128)d | (4.3)
+ OV SN b s 8P NEL(—IE12F) + 1§12PN N E (~|8126) dg
Using Corollary 3.7 and 3.8, we have that:
§126N-VE(~1§17F) < €, |§12PNFDE,(~151%F) < C,
fork =1,2,...,N — 1. Therefore

[1I(x)| < Clx|™¥ f |E|2B-Nd& + f 1£]26-Ndg | < C|x|~N§2B+N-n
1§126 8<|8|<28

Thus we get:
|K(x)| < Clx|716%F* "1 4 C|x| N g2F+N-"

Taking § = |x|™1, we find:

KGO < Clel~Hxl 28771 4 Ca| 526+,
Consequently
|K(x)| < Clx|™™ 25,
This completes the proof.
Let K¥(x) = (—)2K(x), K¥(x) = (—A)2KY (x),
Lemma 2. The kernel function KV (x) has the following point wise estimate

|K* ()| < Clx|™7" (4.4)
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x € R™, for v > 0. Hence,
K'(x) € LP(R™),K/(x) € LP(R"),0 < t < oo,
Forany 1 < p < oo.

Proof: We can split KV(x) in the following way:

v — 1 v, ix.& é —_|&|28
K (%) . Rnlfl e .0(5)(Ea( 1£126)) d

-

vgix. (¢ 1712
—x|Junlé] 5(1 (6)>(Ea( £1°6)) ae]

=1+1l.

We have:

S

1 v, ix. E * 2
" (2m)2 anlfl 5 p () (Bul-1617)) g

< f 5vde

1§26
< covm .

To estimate I/ we use the technique of invariant derivatives together with integration by parts.
In this way we get:

|II|SCf

Rn

dg

el (L) (1 - (g)) €1 (Ea(—1¢1°7))

As we have proved Lemma 2.4, we get :

|11] < Clx|™V f |§|”‘Nd§+ f 6”‘Nd5
B 5<|¢|<26

< C|x|Nsv-N+n,
Taking § = |x|~1, we obtain |KV(x)| < C|x|~™. This completes the proof.
Remark 1. By Lemma 2.5 we obtain

| VK(x)| < C(1 + |x])™ L.
Hence,

VK(x),V:K(x) € LP(R™),0 < t < oo,
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5. Space-time estimates
In this section we consider the Cauchy problem for the fractional power evolutive equation:

{Dg+u+(—A)ﬁu=f(t,x), t>0,xeER,Lt>0, O0<a<l, 0<ﬁ<1(51)

u(0) = p(x), x eR™

The solution to the problem (5.1) can be written in the following integral form:

u(t,x) = F~ (B (—t21€1%#) ) * p(x)

+ [ €= (el = DU8)) « frsdds (52)
0

= F~ (Eo(~t%1¢1%)) * 0(2) + (GF)(t, 2).

We first consider the space-time estimates for the homogeneous part of the solution u given in
the integral form (5.2).

Lemma 3.Let 1 <7 <p <o and ¢ € LP(R™). Then the homogeneous part of the solution

(5.2) satisfies the estimates:

_ﬂ(l_l)
[Ses & 000, < 62 P oGOl

and

QO

fora > 0andv > 0.
Proof:

The solution of the problem (5.1) can be written as:

u(t,x) = F~ (Eo(~t91€178)) x 0 (x) = K. (x) * 0 (x),
hence:

K() = F (B (~t21£12%)) () = ¢ 2K <i)
t2B

then,

K = —— [ &5 B (-11)dg = = (Bo(-161%)) (o),

(27'[)7 R™
Using the Young inequality for convolutions, we find:

ISagell, < IKlgliell.r,
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1 1

where % =27 + 1. To estimate ||K¢||,, we will use the scaling property:

K.(x) = t_%l{ (%)

t2B8
and the inequality:
IK(x)| < C(1+ [x])72%F,

X
t2B8
where ||Kt(x)||2 = fRant(x)lqu. Hence,

q -q(n+2p)
X | x|
Iq=fK_0( dXSCf 1+_a dx.
t2B t2B

Rn
Let x = t28y. Then dx = t2fdy and

Then

1 _haq
,C = (28) 2F,

q

naq

IK(0llg =t 2F

an
I, < Ct2P f (1 + |y])-9+28) gx

an

< Ct2h.
It follows this estimates :
_naq an
1K GOl < Cot™ 2P ¢2F,
na an

IK:(Ollq < Cyt 2Pt2Fa

50

_na1 1y
IK:(Ollg < Gyt 2B P/

Therefore

_naa 1
el < ct 2 Doy,

Now , we will prove the inequality

lpCOllr-

By the Young inequality for convolutions, we have:
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|c0250pte0000|| <€ [|-)2Supe 0] oGl

= ClIK (gl COllpr,

and
_naq  aq x \|?
kel = e ¢ [ k()| dx
R" tﬁ
By Lemma 2.5, we get:
q
x
I, < f K <I> dx
R™ tzﬁ
—-q(v+n)
<Cl.|= dx.
fen
£ an
Let x = t2fy. Then dx = t2fdy and
@
I, < Ct?B j ly| 9+ gy
[Rn
< C't?h.
Using the inequelities above, it follows that:
_vaq an _naq
IKZ(OlIE < Cot 2P 2Bt 2B
and
_va an _na
IKY (O)llq < Cot 2Pt2Bat 25,
Therefore
_va_na, 1)
K2 (Ol < Gyt 27 28\
where upen
_ﬂ_ﬂ(l_l)
IKZOl, < Cit 2B 2B\T ),
Therefore
v va_nasl 1y
|m2supe 00| < cem TP lpeoll,

This completes the proof.
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Definition 4. We call (g, p’, p) the admissible triplet (for the Cauchy problem) with respect to
a and S if:

1_na<1 1)
q 2B\p p'/’
nap

1<pSp’<{na—2,8’
o sin < 2.

sin>2p

Definition 5. Let B be a Banach space and let I = [0, T). We define the time-weighted space
time Banach space C,(I; B) and the correponding homogenous space: C,(I; B) as follows:

Co(1iB) = {f € CUBI/Ifi GBI = supelfls < oo},

Co(1iB) = {f € CUBI/Ifi GBI = supelfls < oo},

In this paper the Banach space B is taken to be LP (R™) with 1 < p < co.
Theorem 4.
i) Let] =[0,)orI =[0,T] with T > 0, (p, q, ) be any admissible triplet and ¢ €
L". Then F~ (Ea(—t“|€|2ﬁ)) x @(x) € L1(1,L") n C,(I; LP) with the estimate:

|F~ (Ea(=t16129)) = 0@, ., < Cllo@llr  (5.6)

a@,LP)
where € > 0 is a positive constant independent of ¢ and T
i) Let I =[0,00) or I = [0,T] with T > 0, (p,q,r) be any generalized admissible
triplet and ¢ € LP.

Then F~ (Eq(—t*I€1%)) + g(x) € Co(U; LP) 0 Cy(I; L) and
|7~ (Ba(=e169)) 00|, < O 57

Proof. The statement (i) follows easily from Lemma 5.1. So we only need to prove (5.6).
For the case p = r,q = oo, the estimate (5.6) is true from Lemma 5.1. We now consider
the case p # r. Let:

U = [|Eo(—t*IE1) x o] .

and regard U as a operator from the space of mesurable functions on R™ to the one for t €
[0,00):U: ¢ » U(.)@. Obviously, U is a subadditive operator; that is,

Ut)(p1 + @2) = ”Ea(_ta|€|zﬁ) * (¢q + %02)(x)||p

= |EL(—t%1€1%8) * (p1) (x) +
Eo(—t*I§1%) * ()],
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< U(t)(p1) + U) (@y).

Then, and since (p, q,r) is an admissible triplet , we deduce by Young's inequality that:

1
U < Ct allp@)llp.

It is easy to see that:
1
ult: U] > 1} < u{t ct o)l > r}

~ufre< (cu«pix)ur)q},

< (C|I<P(X)|Ir)q,

T

where m(A) is a Lebesgue measure of A in [0, o), which implies that U(t) is a weak type
(7, q) operator.

On the other hand, by proposition 1 U(t) is a sub-additive and satisfies that:

1
10Dl = sup Ut)p = sgpllSa,gq)llr < sup Ct TlloColy < Cllo Gl

for r < p < oo, which means that U(t) is also a weak type (p, ) operator . Since for any
1-6

(p, q,r) we can find another (p;,q4,77) suchthat:q; < g < oo, 7y <r<p and% = qi +
1

% = Ti + 1:79, then the Marcinkiewicz interpolation theorem implies that U(t) is a strong (7, q)-
1

type operator. The estimate (5.6).thus follows, and the proof of Theorem 5.4 is complete.

Proposition 3. Let (p, g, 7) be any admissible triplet, T > 0 and 4 > 0 satisfy:

max(nd, nad) < 2fp and nd < 2pr.

q 14
Then, for any f € L+t (I; Lm(]R")>, Gf € L1(0,T; LP) and

a(1—72“L’1)
NGfllLagry < T "BIN£ L( . >,
LA+1| ;LA+1(R™)
where C is a constant independent of f and T.
Proof. We can apply Lemma (5.1) and r = 1%:

IGF Nl aqrupny) = f (t = )% F (Ega(—(t = )%1E17P) ) * f(x, 5)ds
0 LA(LLP (R™))

= |15 =9 F (Baal-c -
IE) e s )|

L1

https://internationalpubls.com 801



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 7s (2025)

S INGEDEAGE
“na(14_1)
s)263 v Y f(x, )] » ds
LA+1 Lq(I)
-na/1+i 1
< ez D e 0l .
LA+1 Lq(l)
L
= [leczm reeon o,
LA+1 Lq(I)
L
< | cT8e | f(x, Ol p
LA+1 L9(D)
L2
<CT 2 " |If(x, )l @/ o
L/1+1<0,T;LA+1>
By the condition nAd < 21, we have:
a1-204
”Gf”Lq(I;Lp(lR")) <T ( Zrﬁ)“f” L( P )
LA+1| I;LA+1(R"™)

This implies the statement of the proposition.

Theorem 5. Let p = py = g)l. Then, for any ¢ € LP(R™) where p = py, there is a maximal

existence time T* > 0 and a function u satisfying (5.1), the following properties: (We can

apply Lemma (5.1) and v = 1_%)

a) ue€ C((O,T*); LP(R™) N Lm(R”)). In particular, for any p >r and t € (0,T"),
u(t) € LP(R™).
b) This solution u is unique in the class

1
{v € C((0,T*),LP(R™): sup td|vll, < oo},
te(0,T*)
for any p = r. Here, q is determined as (q,p, 1) form an admissble triplet.

1
c) Forany p=r, u satisfies tal[v(t)|l, » 0 as t —> 0. Again, q is determined as

(q,p,7) form an admissble triplet.
d) If T* <o jforany p 27, lim|lu(@®)ll, = o, r<p < .

n 1
In addition, we have |[u(t)|l, = C(T" — t)“(%_i)_
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