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1. Introduction

There has been a lot of work to get revised fuzzy analogues of classical theories since
Alexander Sostak [10] proposed the notion of revised fuzzy sets. In the year 2020, Alexander
Sostak and Tarkan oner [15] adapted the notion of revised fuzzy metric spaces to introduce
extended t-conorm. Using the continuous t-conorm, Olga Grigorenko [14] et al changed the
idea of "revised fuzzy metric spaces to Fuzzy (pseudo)™ in. Muraliraj and Thangathamizh [11]
used the revised fuzzy set technique to start a family of revised fuzzy mappings that are
extensions of multivalued mappings and produced a result in revised fuzzy metric space for
these mappings in 2021. Muraliraj and Thangathamizh [13] were the first to establish the idea
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of revised fuzzy contractive mappings and show a fixed point theorem in revised fuzzy metric
spaces for these mappings.

Some of the recent literature on fuzzy fixed point results can be found [5-9, 16, 18-23, 24-25,
and 26-34, 35].

The rational type revised fuzzy-contraction condition in RFM spaces was recently
established by Muraliraj et al. [1], who also proved other FP theorems with an application. The
concept of revised fuzzy cone metric (RFCM) space was first presented in 2023 by
Thangathamizh et al. [2]. Under the presumption that "the revised fuzzy cone contractive
sequences are Cauchy," they demonstrated a few fundamental features of FP as well as a
"revised fuzzy cone Banach contraction theorem." Afterwards, several FP theorems in RFCMS
were proven by Muraliraj and Thangathamizh [4] without requiring that the "Revised fuzzy
cone contractive sequences are Cauchy." Jabeen et al. [26] used the contractive type weakly-
compatible self-mappings with an application to prove several common FP findings in FCM
spaces.

We established certain coincidence spots and CFP theorems under the weakly
compatible rational type in this research. To validate the correctness of our approach, we
revised fuzzy contraction requirements for three self mappings in RFMSs and provided
examples.

2. Preliminaries
Definition 2.1 [34]
An peration @ : [0,1]? — [0,1] is called a continuous t-conorm, if
(i) @ continuous
(ii) @ is commutative and associative

(iii) 0 @ »; = », and 31 @ 1, < x5 D x4, Whenever 3y < x5 and x, < iy,
Y uq, 1y, 43,14 € [0,1]

The basic continuous t-conorms of maximum, product, and Lukasiewicz are
defined by Schweizer and Sklar [34], respectively, as follows

(i) The maximum t-conorm is », @ »x, = max {3, #,}
(if) The product t-conorm is s, @ »#, = »#q, +3x, — 113,

(iii) The Lukasiewicz t-normis 3; @ », = min {3y, +x, ,1}
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Definition 2.2 [10]

The 3-tuple (), u., M) is said to be a RFM space If $ is an arbitrary set, @ is a
continuous t-conorm and . is a revised fuzzy set on $? x (0,) satisfying the following
conditions:

Ri)pur(pv,t) <1

RiDpu,r (@v,t) =00 =v

@Rii) ur (v, 0) = ur (v, @, t)

RIV) ur (vt +s) <pr (9. k) ®py (kv,s)

(Rv) u, (p,v,—):(0,0) - [0,1] is continuous V @, v,k € Handt,s € (0, 0). 1)
Lemma 2.3 [13]

wy (9, x, @) is non-increasing V ¢, v € $.

Definition 2.4 [14]

Let (9, ur, @) be a RFM space, ¢ € $ and (¢;) is asequence in $. Then,

(i) (¢;) convergesto ¢ if k € (0,1), andt > 0.3j; € X, suchthatp, (¢; ¢, t) <k Vj =
j1 . We may write this lim ¢; = ¢ or ¢; > @as j >«
]—)oo

(ii) () is a Cauchy sequence if k € (0,1) and ¢ > 0. 3j; € X, such that . (¢;, ¢, t) <
V2
(iii) (9, ur, ®) is complete if every Cauchy sequence is convergent in $

(iv) Revised Fuzzy-contractive if 3 a € (0,1) and satisfying

e (0 0108 < a (e (@1 0pt)) for £ >0, j > 1. (2)
Let as consider this paper X be the set of natural numbers.
Lemma 2.5 [14]

Let (9,1, D) be a RFM space. A sequence ¢;in ¢ converges to ¢ € $ if and only
if u, ((pj,<p,t) -0, asj = oo, fort > 0.

Definition 2.6 [1]
Let (9, u,,®) be a RFM space. The revised fuzzy metric u . is triangular, if

Uy (@,v,t) <u, (o kt) +u, (k,v,t),Vo,v,kepHt > 0. (3)
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Definition 2.7 [13]

Let (9,1, ,D) bea RFM space. A mapping B: H — & is called revised fuzzy-
contractive if 3 b € (0,1) such that

. (B(p,BV,t) < b(ur ((p,v,t)), VoveHt > 0. (4)
Definition 2.8 [32]

Allow B and g to be two self-mappings on the nonempty set $ (i.e.
B,g: H— 9). If for some u € 9, there are w € H and w = Bu = gu. Then u is referred to
asa B and g coincidence point, and w is referred to be a B and g mappings coincidence point.
If B and g commute at their coincidence point, i.e. Bu = gu for some u € $, then Bgu =
gu, they are said to be weakly compatible.

Proposition 2.9 [32]

Let B and g be self-mappings on a nonempty set $ that are weakly compatible. w is
known as the unique common fixed point of B and gu if B and g have a unique point of
coincidence such that w = Bu = gu.

3. Main Result

In this section, which deals with the study's main results, we build several coincidence
point and CFP theorems for three self-mappings in RFM spaces under the rational type weakly-
compatible revised fuzzy contractive with some important examples. The concept of a binary
operation is that @ it is a continuous product. The t-conorm is utilized in all of the important
results and is defined as:

p®v=¢p+v—g@- -vioral ¢,vel01] (5)
Theorem 3.1

Let a revised fuzzy metric p . is triangular in a complete RFM space (%, 1., ) and
let B,C,g: 9 — 9 bethree self-mappings, satisfies for all ¢,v € 9,

e (1r (oo ) o/ (ST 5)

+9 ( Hr (g’(p'B(p»t) + ur (gv. Gy, t))

T (B(p,CV, t) < , (6)

For t>0and0 < e,f,g < 1lwith(e+ f+2g) < 1.If B(9H) UC(DH) < g(D), where
(%) is a complete subspace of $. Then B,C and g have a unique point of coincidence.
Moreover, if the pairs (B, ¢) and (C, ¢) are weakly compatible. Then, B, C and g have a unique
CFPin $.
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Proof

Let ¢, be the arbitrary point of . Using the condition A($) U B($) < ¢($) choose
a sequence (¢;) in $ such that

g92i+1 = By and g@,i4p = Cyiyq,foralli = 0. (7
Now, by (6), fort > 0,

Hr(2P2i+1,P2i42,t) = Wr(A@2i, B@yisg, t)

L r(g®2i41,B0202t) 1 r(¢021,CP2i141,2t)
< {e (Hr(g)fpzp QL<P2i+1,t)) + f( 2i+1.892 20CP2i41 )}

My (g92i.992i+1,t)
+9(U (@920, BO2i,t) + U (@P2i41, CP2i+1, 1))

Hr(g9209P2i41t)

r(892i+1,99P2i+1,28)-Lr (P21, P2i+2,2t)
_ {e (Hr(g’ﬁpzi; g)§02i+1;t) ) + f (H FP2i+1.9P2i+1 Ur(g92i9P2i+2 )}
+9(Wr(@02i 02141, t) + U (@P2i41, FP2i42,1))

Hr(@020.99P2i+1, N r(8021,802i12,2T)

r(8920992i42,2t)
:{e(ur(g<p2i,g<p2i+1,t)>+f( et )} )
+9 (1 (@921, 92141, t) + U (GP2i41, FP2i42,T))

Now by using Definition 2 (iv),
L (@P2i FP2is2,2t) < Wr(@P2i 302141, 1) O U (@P2i41, FP2i42, 1) for t>0

e (U (g92i, P2i41,1) )
+f (H r(89208P2i+1,t)-H r(@‘P2i+1:4<P2i+2't))
Lr(g921902i+1.t)

+9(U (2921, 3P2i+1,t) + U (@P2i41, FP2i42,1) )

Hr(@P2it1, FP2is2t) <

_ { e (U (2921, 8P2i+1,t) ) + [ (U (@P2i41, FP2i42,1) ) }
+g (U (gwWai, gWais1,t) + 1 (GWoit1, GW2i42,1) )

= (e + 9) (0 (@920 99P2i+1,t) ) + (f + @) (W (@P2141, ¢P2142,8) ) (9)
After simplification, we obtain
Hr(@P2i41, FP2i42,t) <Y (U (@9P2:1 ¢92i41,1) ) fort >0, (10)

Where Y = (e + g)/(1 — f-g) < 1.Similarly, again by the view of (6), for
t >0,

W (202142 FP2i43.1) = Ur(B@2i2C05i41,1)

K (g92i+1,BP2i422,8)-Ur(G92i42,CP2i41,t)
e i+2) i+1,t)) + ( -1
< (H (992112, $P2i11 )) f (G Prie2dPairnt)

+g(|1 r(892i42:BP2i12,t) + U (@@2i41, CP2i41, T ))
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= { Hr(g@2i12,8P2i41,t)

r(992i+19P2i+328)-Lr(¢P2i+2.9P2i+2,21)
e (ur(g)(szz’ g)(Pzi+1;t )) + f (H 9P2i+1.9P2i+3 U rigP2i+2.9P2i+2 )}
+g(li (892112, 9P2i43,:t) + U (P21, FP2it2,t ))

B r(@92i42.892i+3.) U r(@P2i2.9P2i41,t)
e i1, irv1,0))+
= (ur(g’(pZHZ §P2it1 )) f Rr(g®2it2.992i+1t) } (ll)

+9(H r(802i42, 3P2i43:t) + U (8P2i41, FP2i42, T ))

Now by using Definition 2 (iv),
W (GP2i01, $P2i43: 2t) < U (02141, FP2i42, ) U (FP2i42, FP2i43,t) for £>0

( a (U (@P2i+2) FP2i41,1) ) \
W (2P2i41, 3P2i+2,t)- U (@P2i42, FP2i43, 1)

HrlgP2iv2, §P2its W (@P2it2, FP2i41,t)

c(Ur(@P2i42)FP2i43, 1) + U (02141, FP2i42,T) ) J

_ {a (Hr(gWais2, IWoi41,t) ) + b (W (802142, FP2i43, 1) ) }
+c(Ur(@P2i42) FP2i43, 1) + U (GWais1, GW2is2, 1) )

= (a+ ) u(@P2i+1, FP2i+2,t) + (b + U (GP2i12,@P2i43,t) (12)

After simplification, we obtain

Hr(@02i42 302143, t) <Y (U (@P2i41, FP2i42,1) ) fort >0, (13)

Where Y value is same as in (10). Now from (10), (13), and by induction.
W (@P2ir2 FP2ir3t) <Y (Ur(G@2041,902042,t) ) < Y2 (1 (9921, 902141, 1))
< < Y2 (g0, gp1t)) 2 0asi—>w (14)
Hence, (g9;)iso IS a revised fuzzy-contractive sequence in (9, ur, @), therefore,
lim p-(gpi, gpia,t) =0fort>0 (15)
Since u - is triangular, j > i > i,

(U (301,901, 1) + (U (8Qi11, P42, t))}

(90u90;t) <
U (44’1 g9j ) { +---+(ur(9<ﬁi—1,9ﬂl’j't))

< {Yi((.u r(g’(pi: gPi+1, t))) + Yi+1(.u r(.u r(g’(pi+1' gPi+2s t)))}
- +o Y (1 (g0i-1, 995 t))

< (Y4 Y 4+ Y1) (1, (g0, 901, 1))

< (£) (1r(g9o0, g91,1)) > 0,as 1 - (16)
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This shows that (g¢;) is a Cauchy sequence, and g(¢) is a complete subspace of $.
Hence, such that w,u € $ such that gp;, — w =guasi — «,i.e,,

limp, (w,g@;,t) =p,(w,gu,t) =0fort>0. 17)
L—>00
Since u , is triangular,

tr(gu, Bu, t) < (1 (GU @P2is2, 1))+ (U - (992142, Bu, 1)) fort > 0. (18)
Now from (6), (15), (17), and by using Definition 2 (iv), For t > 0

U (@P2iv2, Bu, t) = p(Bu, C@yi4q,t)

U r(£P2i41,BU20).1 r(gU,CP3111,2L)
e Uu, ir1, € + ( )
S (,Ll T(g' g'(p21+1 ) ) f ﬂr(gvu,gdpziﬂ;t)

+9g (u(gu, Bu,t) + 1 - (@02i41, CP2i41,t) )

e (1 r(gu, gPait1,t))
+f (li r(@92i+1,9ut) .U r(guUBUL) .U +(GUGP21 42,2t ))
B r(gug@aivit)

+g(u(gu, Bu,t) + u . (@P2i41, $P2i+2,1) )

IA

- b+c)(u,(gu,Bu,t))asi—» . (19)
Then,
11_1)130 inf(u - (g@2i42,Bu,t)) < (b + ) (u(gu, Bu,t)) fort > 0. (20)
Now, from (17), (18), and (20), we obtain
u(gu, Bu,t) < (b + c)(u ~(gu, Bu, t))for t>0. (21)

Notice that (f + g) < 1,where (e + f + 2g) < 1, therefore,
u(gu,Bu,t) = u,.(w,Bu,t) =0=>w =gu=Bufort > 0.

Next, we have to prove that w = gu = Cu. Since, u ,- is triangular.
u T(g'ur Cu: t) =u T(g'uf 2P2i+1, t) + u r(g'(p2i+11 Cur t) fOT' t>0. (22)

Now, again from (6), (15), (17), and by using Definition 2 (iv), fort > 0,

(‘Ll T(g‘(p2i+11 Cu: t)) = (,Ll T(B(pZi’ Cu’ t))

#r(g’u:B¢2i'2t)-ﬂr(g)(pzi:CUIZt)
. {e(ur<g¢2i.gu,t))+f( e )}

+g(.u r(g’(pzi: B¢2i't) + u r(g’uf Cu' t) )

ur(loyplvt)

U r(gu.g@rit1,2t).u +(g@21.9uUt) Mr(gu,Cut)
. {e (G2 gu, )+ f ( )} 3
+9 (M (g92i, 392i41,t) + 1 (gu,Cu,t))
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Then,

liminf (4 r(Epri1, Cut)) < (f + ) (gu, Cu,t) ) fort > 0. (24)

Now, from (17), (22), and (24), we obtain

ur(gu,Cu,t) < (f + g)(ur(gu, Cu,t))for t>0. (25)
Note that (f + g) < 1,where(e+ f + 2g) < 1, therefore,

ur(guCut) =pu,(wCut) = 0=>w =gu = Bufort > 0.

Hence, w is a common coincidence point of the mappings g,B and C in $ such that
w = gu = Bu = Cu.

Next, we prove the uniqueness of a coincidence point in ($,u,,@®) for the mappings
g,Band C .

Let w® be the other common coincidence point in $ such that w® = gu® = Bu® = cu®
for some u® € § Then, from (6) and by using Definition 2 (iv), fort > 0,

(kW w®,0)) = (1 (g, gu®,0)) = (1 (Bu, Cu®, 1))

@
< e (u r(g’ul gu-, t)) + f( 1 +(gu.gu®,t)
+9 (.u r(g’u, Bu@,t) tu r(gfu@' CueB' t) )

e (1 (ww®0)+f (” T(W'We"zt)ﬂr(w'w@.u))

u(wwdt)

u r(gu®,Bu,2t ).u (gu,cu®,2t )) }

+9 (1 r(w,w,6) + (WO WO, 1))

< (e+ N wwo,0) (26)

Note that (e + f) < 1, where (e+ f + 2g) < 1. Thus, we get that
w-(w,w®t) =0, that is, w =w® . By using the weak compatibility of the pair
(B, ), (C, ) and by using Preposition 2.9.

We can get a unique CFP of the mappings B, C and ¢.

Let such that 3 € $ such that, g3 = B3 = C3 = 3.

Hence, we get that (1, 3,t) = 0= u = T, fort > 0.
Corollary 3.2

Let a revised fuzzy metric u, is triangular in a complete RFM
space (9, u ,®) and let B, C,¢: H — $ be three self-mappings, satisfies for all g, v € ©,

https://internationalpubls.com 63



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 27 No. 2 (2024)

i (gv,Bo,20).u T(W.Cvlt)), 27)

ur(Bo,Cv,t) <e(u, (g gvt)) +f ( 1 GPgL)

Fort > 0and0 < e, f < 1with (e +f) < 1.IfB(H) U C(H) < g(9), Where
g(9) is a complete subspace of $. Then, B, C, and g have a unique point of coincidence.
Moreover, if the pairs (B, ¢) and (C, ¢) are weakly compatible. Then, B, C and g have a unique
CFP in $.

If we use identity map instead of g, i.e.,¢ = I,in Theorem 3.1, we can get the
following corollary:

Corollary 3.3

Let a revised fuzzy metric u, is triangular in a complete RFM space (9, u -, D) and
let B,C:$ — $ be two self-mappings, satisfies for all ¢, v € 9,

J{ e(u,(pvt)) )
i, (0, B, 2).1 (9, Cv, 20) L

ﬂr(B(p:CQDJt) S +f< ‘ur((p,v,t) )

+g (ur(<p.B<p.t)+ur(v.Cv.t))J

fort > 0,0 < e,f,g < 1lwith (e+ f+2g) < 1. Then, the mappings B and C
have a unique CFP in $.

Example 3.4

Let $ = [0, 1], @ is a product continuous t-conorm on $ = [0, 1] which is defined as
n1 ®ny, = nq,+x, — uyu, forall x4, 2, € H and a revised fuzzy metric Uy :
$% X (0,00) — [0, 1] is defined by

lo—vl ,Vo,v€$Handt > 0. (29)

t+|o-v|

ur(p,v,t) =
Then, To prove that u ,- is triangular and (9, 1 -, @) is a complete RFM space. The
mappings B,C,g : $ — $ be defined by

49
3p+9

Bp =Cop = and g¢=2T¢V¢65. (30)

Then, from (29), we have

(Bp,C t)—1|B C|—1 4 v o 36 — 36v
HriB@ tn ) =B = e = 30 +9  3v+9l ~ IBp +9)@Bv +9)
|36<p—36v
< |
81
2 - 2
— 5 |g’(ptg’v = 5 (,Ll r(g’(p; g)v; t)) fOI’ t>0. (31)
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Hence, the self-mappings B, C, and g are satisfied the weakly-compatible revised fuzzy
contraction condition in RFM spaces. Now, we simplify the second term of (6), then, by using
Definition 2.2 (iv) and from (29), fort > 0, we have

ur(gv, Bo, 2t). u, (g9, Bv, 2t )
tr(gw, gx, t)
ur(gx g®,t). 1 (9o, Bo,t). 1, (g, gv, t ). ur-(gv, Cv, t)
1 (gp, gv,t)

= .ur(g’v; g"(pi t ) ,ur(g’(p; B(p; t ) :ur(g’v: Cvrt)

t3
>
— (t+|go—gv|).(t+|g@—-Bgl).(t+|gv-Cv|)

t3
- (t+]2¢/3-2v/3).(t+|2¢/3—4¢@/30+9]).(t+|2v/3—-4¢p/3¢p+9])

t3
T ((t+12¢/3=2v/3]).(t+]2(@2+9) /30 +9].(t+|2(v2+v) /3v+9]))

t3
/t+| L (t2+2t((<p2+(p)/3<p+9)\
| 2+ +9) |
\+(4(<p2+(p) (v2+v)/(3<p+9) (3v+9)

£3
<(t + ﬁ) (2 + (2t/81) 392V + 392 + 9(p? + v2) + 6(pv)
+9(p + v) + 4/81(p?v? + @?v + @Vv? + @V))

=

3lo-vI/'\ +@v(6t+2)+(pv(3t+2)+9(W+x))
t3

2t2 2 2
1 o —vl+=(t+2lo—vl)
= (t_s) (9t(<p2 +x2) + 2¢%v? + gv(6t + 2)

(32)
+(@u(3t+2) +9 ) (@ +v)

Lastly, we simplify the third term of (6), then from (29), for t > 0

1
1 (@, By, t) + pr(v,Cv,t) = ;(Iw — Bo| + |gv — Cv|)
— (L (|2® - 2o v _ 4
- (t) (| 3 3(p+9| + 3 3049

- (%) (Z(Pjp<p++¢92) + 2(31;1;-1792))

) (33)
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2

< (81t) (Bov + 9 (@ +v) + 9(@? +v?) + 6¢v)

Hence, all the conditions of Theorem 3.1 are satisfied with e = 2/3,f = 1/9,and g =
1/5. The mappings B, C,and g have a unique CFP, that is, 0.

Theorem 3.5.

Let a revised fuzzy metric . is triangular in a complete RFM space (9, u -, D)
and let B,C,g : $ — 9 be three self-mappings, satisfies for all @, v € $,

e(u, (gp,gv.1)) }

+ f(U (B,C, 4, 0,v, t)) +g (ur (g9,Cv,2t).u + (go.gv,t).1r (gV,BP,t)

ur (Be,Cyt) < {
ur (g@,Bo,t).ur (gv,Co,t)
(34)

Where,

. (g9, gv,t), 1 (g9, Bo,t), } (35)

UGB, C.g,0,v,0) = |
(B.C.g.0v.0) t (gv, Bv, )u - (gv, Bo, t)p (g, Cv, t)
fort > 0and0 < e, f,g< 1with(e+f+g) < 1.

If B(H) UC(H)  g(9H), where g(9) is a complete subspace of $. Then B, C and
g have a coincidence point in $.

Proof.

Let ¢, be the arbitrary point of §. Using the condition B($) U C(H) < g(9)
choose a sequence (¢;) in $ such that

gP2iv1 = By and gy, = Cpyipq, foralli = 0. (36)
Now, by (34), fort > 0,
U+ (GP2i1, FP2i42:t) = U (BP2i, CPzit1,t)

e (li (G020, P21 41, t)) +f (U(B, C, 9 P21 P2iv1 t))
< +g (M (G921, CP2i41, 20). U + (@021, $P2i41, 1) U +(@P2i41, B2y, 2t)>
U (@020, CP2i, ). 1t (892141, B2 41, 1)

e([.l r(g’(pZi' GP2i+1 t)) + f (U(B' C' D P2i P2i+1, t))
= ( U (G92i.8P2i42,2) -l r(3921.9P2i+1,t) ) (37)
U r(9921.802i+1.) -1 +(@P2i41,9P2i+2.t)
66
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Where,
U(Br C! % P20 P2i+1 t)
. { U (@920, 392141, 1), 1 r(@Q21, By, t) }
= min
U (@Wais1, CWaii1, 1), 1+ (GWais1, CWop, t), U (GWay, CWoi4q, )
. { U+ (@920, 392141, ), 1 (G921, P21 41, 1) }
= min
1 (392041, FP2i42, ), 1 (8P2141, FP2i42, ) U+ (P20, FP2i42, 1)
— min {ﬂ (920, 302141, ), 1 +(GP2i41, FP2i42) t):} —0. (38)
0, u (g92i, @P2i12, )

Now from (37), (38), and by using Definition 2 (iv), for t > 0, we obtain

e (.U (G020, 392141, t))
u r(g”§02i+1' ZP2i+2, t) < +g (ﬂ r(3921.992i+1,0)-1 r(@P2i+1.9P2i42,0)-1 r@‘l’zi:@‘l’ziﬂ'f)) (39)
U (G920802i+1.0)-U +(@P2i41,.9P2i+2:t)

After simplification, for t > 0,

U (992141, 902i42,t) S X(1 r(§021, §P2i42,1)) Where y = (a + ¢) < 1 (40)
Similarly, again by view of (34), fort > 0,

tr(@P2ir2 FP2ir3t) = U (BP2iva, CP2i41,t)

e(ﬂ T(g‘(p2i+2' gP2i+1, t)) + b(U(B' C, D P2i+2, P2i+1, t))
< +g <li +(G02i42) CP2i41, 28). 1 1 (@P2i42, FP2i41, 1) - 1 r (G V2141, BP2i42, 2t)>
U+ (GP2i42) BO2is2, ). U (8P2i41, CP2i41, )

9(.“ r(G02i42, FP2i41, t)) + b(U(B, C, @) P2ir2, P2it1) t))
= + (M r(@P2i12.9P2i+1.0)-1 r(é’v‘P2i+1»é’v‘P2i+3'2f)) (41)
g ; ] ) )
U (G92i42:9P2i+3L)-U +(GP2i+1,9P2i+2:L)

Where

U(B, C' D P2i+2, P2i+1r t)

U (GP2i42, 302141, ), U+ (92142, BP2i12,t) }

= min
{.U (3902141, CP2141, ), U (892141, BO2i12, ), 1 (3P 2i42, CP2i11, 1)

U (G92i42) FP2i41, ), U +($P2i42, FP2i43, L) }

= min{
1 (392041, FP2i42, ), 1+ (@P2i42, FP2i43, ) U +(§P2i42, FP2i12, 1)

= min{u »(@Pz2i+2, $P2i+1, ), 1 r(GP2i42, FP2i43, ), U +(§P2i41, FP2i43, 1), 0}
(42)

Now from (41), (42), and by using Definition 2 (iv),
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e(u (@P2i42, FP2i41, t))
u r(g’§02i+2' FP2i+3, t) < +g (ﬂ r(392i4+2.892i+1.O)-H r(GP2i11.9P2i+2,0)-1 r(g¢2i+z'9¢2i+3'f))
U (GP2i42:902i+3.8) U +(GP2i41,9P2i+2:t)

(43)
Then after simplification, fort > 0,
U (902142, 902143, t) S X(U 1+ (§02141, §P2i42,1)) Where y = (a + ¢) < 1 (44)
Now, from (40), (44), and by induction,
U r(9P2is2 902143 t) < X(U - (GP2i41, 02142, 1))
< x? (.U (3920, 392141, t))

< < 2 (1 (990, 91, 1)) — Oas | — oo (45)
Hence, (g ;) is a revised fuzzy-contractive sequence in (9, u -, @©), therefore
lim p-(gpi, g@ia,t) =0 fort > 0. (46)
Since u - is triangular, j > i > i,

U+ (G901, 3@is1,t) + 1+ (GPis1, FPis2) t)}

L g t) <
ur(g0ug0)t) { +o 4 1 (90i1,90).t)

3 X (1t (90199041, 0) + ¥ (1 (90141, 90142, 1))
B +o 4 0 (1 (901901, 1))
<+ x4+ ) (p (990, 991, 0))
Xi
< (&

This shows that (g¢;) is a Cauchy sequence and g¢($) is a complete subspace of W. Hence,
Jw,u € Hsuchthat gp;, > w = guasi — oo.

) (1 (990, g91,1)) = 0as i — o, )

limu,(w, 2@, t) =u,.(w,fu,t) =0 fort > 0. (48)
L—>00
Since u , is triangular,

u r(g’ur Bu, t) < ([.l r(gu' g’(p2i+2' t)) + (.u r(g"(pZi+2' Bu' t)) fOT' t > 0. (49)

Now, from (34), (46), (48), and by using Definition 2 (iv), for t > 0, we have that

u T(g"<p2i+2f Bu! t) =Hu T(Buf C(P2i+1» t)
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e(ll +(GU, gP2i11, t)) + f(U(B; C,g, U, P2i41, t))
= <# r(GU CP2i41,20). U +(GV, 393141, 8)- U +(P2i11, BY, 2t)>
+g9
ur(gu, Bu, t). th - (@P2i+1, CP2i41, 1)

e(.u r(g’u' 29P2i+1, t)) + f(U(B' C' PHUPrit1, t))
= +g (u r(GgUg®2i12,8) -1 +(GUGP2ir1,0) -1 +(GP2i11,9UL).1 r(gu,Bu,t))
U r(gu,But).U +(392i+1,9P2i+2:t)

- b(U(B,C,g,v, P11, t)) ast — o, (50)
where

.ur(g’u' g‘(p2i+1't)'.ur(g‘u' Bu: t) }

UB,C,g,u,@,q,t) = min{
( Frtt Pai1rt) U+ (G02i41, CP2i41,0), 1+ (GP2i41, BU, 1), (U, CP2i41, 1)

u T(g"ul FP2i+1, t)r u r(gur Bu' t) }
U (@P2i+1) FP2i42, 1), U (§92i41, BU, ), U (U, @P2i12, 1)

= min{
- min{0, u -(gv,Bu,t)} =0asi — oo, (51)
Now from (50) and (51), for t > 0, we have,
liminf (i (g@2i42, Bu, 1)) for t > 0. (52)

By using the value (48) and (52) in (49) with limit i — oo, we get that
u(gu,Bu,t) =0=>w =gu = Bufort > 0.

Next, we have to prove that w = gu = Bu. Since, u ,- is triangular,

tr(gv,gut) < pr(gu g@zii,t) + 1 (@@2i41,Cut) fort >0, (53)
Now, from (34), (46), (48), and by using Definition 2 (iv), for t > 0, we have that

1 r(9@2iv1, Cu, 1) = p 1 (B@y;, Cu, t)

e(:u T‘(g‘(pZil gu, t)) + f(U(B' C, @ P2, U, t))
< g (u (@921, Cu, 28). 1t (P21, G921 1) 1 (U, By, 2t)>

u T‘(gq)Zi' B‘Pzi’ t) u T(g'u' Cu' t)

e (‘U, T‘(gq)Zi' gu, t)) + f(U(B’ C, g P2 U, t))
+g (u r(g@209uWt) .U +(gu,Cut).U +(gP2i,gUt) .1 r(@u'9¢2i+1't))
1 (99299214 1.t)-1 r(gu,Cut)

<

- f(U(B,C,g,u, @y, t)) ast — oo, (54)

Where,

U (P2, 9u,t), 1 (@P2i, By, t) }

UB,C,g,0,;,u,t =min{
( G 620U 1) 1 r(gu, Cu, t), u (gu, gB,t), 1 r (g2, Cv, t)
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U+ (g@2i, gu, t), 1 (3921, 3P2i41, 1) }

=min
{.u r(g‘ul Cu' t)’ u r(gfu' 2P2i+1, t)' u r(g(pZi' Cu, t)
- min{0, u .(gu,Cu,t)} =0asi - . (55)

Now from (54) and (55), fort > 0,

lim inf (i 1 (g@2i41,gu, 1)) for t > 0. (56)

By using the value (48) and (56) in (53) with limit i — oo, we obtain
ur(gu,Cut) = 0=>w =gu==Cufort > 0.

Hence, we obtain that w is a common coincidence point of the mappings ¢, B, and C
in $ such that w = gu = Bu = Cu.

Corollary 3.6

Let a revised fuzzy metric u ,. is triangular in a complete RFM space (9, u ., ®) and
let B,C,g :  — 9 be three self-mappings, satisfies for all p,v € 9,

1 (Bw,Cv,t) < e(u (g9, 9v,t)) + f(UB,C,g,¢,v,t)) (57)
Where

u (g, gv,t),u,(gp, Be,t) } (58)

UB,C,g,0,v,t =min{
(B.C.9,0.0,0) 1 (gv, Cv,t), u (gv, By, t), u (g9, Cv, t)

fort > 0and0 < e, f < 1with(e+f) < 1L.If B(9) U C(H) < ¢(9), where g(9) isa
complete subspace of $.

Then B, C, and g have a coincidence point in $. Moreover, if the pairs (B, ¢) and
(C, ¢) are weakly compatible. Then, B, C and g have a unique Coincidence Fixed Pointin $.

Proof.

From the proof of Theorem 3.5, w is a common coincidence point of the mappings
g,B,and C in Hsuchthatw = gu = Bu = Cu forsome u € $.

Then we prove the uniqueness of the coincidence point, let 3 w® € § is another
common coincidence point of g, B, and C in $ such that w® = gu® = Bu® = cu® for
some w® € §. Then from (57), fort > 0,

ur(w,u®t) = p(gu, gu®,t) = p(Cu,u®, 1)

< e(u ~(gu, gu®, t)) + f(U(B, C,g,w,u®, t)), (59)
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Where,
®,t),u,(gu,Bu,t)
U B’C'l' , GB't — : :ur(g'u'g'u v hHhr ’ )
( w0 = min {u +(gu®, Cu®,t), 1, (gu®, Bu,t), u . (gu, Cu®,t)
= min{u ,(gu, gu®,t),0} = 0 (60)
Thus
w-w,w®,t) < e(u (gu, gu®, t)) (61)

= e(u ~(w,w®, t)) fort>0

Noticing that (1- e) # 0 where (e + f) < 1, therefore, . (w,w®,t) = 05w =w®
fort > 0. By using the weak compatibility of the pair (B, ¢), (C, ¢) and by Preposition 2.9,
we can get a unique CFP of the mappings B, C, and g. Let 3 3 € § such that, g3 = B3 =
C3 =3.

Hence, we get that u,(w,3,t) = 0=>w= 3, fort > 0.
Example 3.7

From Example 3.4, it is proved that the three self-mappings B, C, and g are weakly
compatible revised fuzzy contractive in RFM-spaces, that is,

1 (Bo,Cv,t) == (1, (gp, gv, D)) for t > 0. (62)

Next, we calculate the value of the second term, present in (57). Then, we have the following
cases:

1. If the minimum value of U(B,C, g, @,v,t) = u (g, gv,t), fort > 0. Then, by using
(29)
1
U(B, C, 4 9,, t) =H T(g'(p' gv, t) = ? Ig'(p - g'vl
:%|(p—v|f0rt>0 (63)
2. If the minimum value of U(B,C,g,,v,t) = u(g@,Bp,t), fort > 0. Then, by using
(29)
1
U(B,C.g,9,v,t) = nr(99,B9,t) = -lgo — Byl
2(<p +9)

| 3(p+9| Tt | 3949 | — ot ((»0 +@)fort>0 (64)

3. If the minimum value of U(B,C, g, p,v,t) = u,(gv,Cv,t), fort > 0. Then, by using
(29)

1
UB,C,g,¢,v,t) =u,(gv,Cvt) = ?Igv — Cv|
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1

t

2v 4v

3 3x+9

1
Tt

2(w%+v)

2 /.2
oo | S w*+v)fort>0 (65)

— 9t

4. If the minimum value of U(B,C,g,,v,t) = u,(gv,Be,t), fort > 0. Then, by using
(29)

1
UB,C,g,¢,v,t)=u,(gv,Bp,t) = ?Ig,v — Bo|

_12v 4o | 1
tl3 3p+4+9 t

2(pv +3v —2¢)
3x+9

Sg%lgav+3v—2<p|fort>0 (66)

5. If the minimum value of U(B,C, g, @,v,t) = u (g, Cv,t),fort > 0. Then, by using
(29)

1
UB,C,g,¢,v,t) = (g, Cv,t) = m lgp — Cvl

2(pv + 3¢ — 2v)
3p+9

1|12¢ 4v 1

T i3 T 3wy9l Tt

S£I¢v+3¢—2v|fort>0 (67)

Hence, all the cases together with (62) and with contacts e = g and f = ; we have

i (B, Cv,0) < (2) (ur(g0,9v,0) + (2) (U(B,C. 9,0, 0, ), (68)
Where

U (g@,gv,t),u (g9, Bo,t) }fort >0

UB,C,g,0,v,t =min{
( 9.0 ) u (g, Cv,t), 1 (g, B, t), u (g, Cvt)

(69)
Thus, all the hypotheses of Corollary 3.6 are satisfied with e = g f= ; and the
mappings B, C, and g have a unique Coincidence Fixed Point, namely, 0.
4. Application to the Revised Fuzzy Differential Equations

Now, we present an application of the revised fuzzy differential equations (RFDES) to
support our main work From the book o f Lakshmikantham and Mohapatra [17], we have the
following FDEs.

Let E be the space of all revised fuzzy subsets ¢ of R where ¢ : R — [0,1]

" @) =n10@e®),9'®),y € F=lab],
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o) = 91, 02) = 91, Y1,y € F =[a,b] (70)

Where n: F x E? — E is a continuous function. This problem is equivalent to the
integral equation

0 = [0, 9, (€, 9 (), ' (S + B, (71)
Where Green’s function Q is given by

(y2—y)(E-v1)
==y, <ESy <y,

Q) =1, 5o (72)
e y‘tfz Wy <y<é<y,

And B(y) satisfies 8" = 0,B8(y;) = ¢, B(y,) = @,. Here, we recall some
properties of Q(y, &), that is,

[ Q.9)ds < B2, 1220, (v, §)ds <222, ©

Let € = G (F,E), @ be acontinuous t-conorm and a revised fuzzy metric
Uyt €% x (0,0) — [0,1]be defined as

D(p,v)

Yo Where D(¢,v) = |p —v|, (74)

u r((PJ v, t) =

VFx E? > E€(@ and t > 0. Then, it is easy to prove that u , is triangular and
(€, u,,®) isacomplete RFM-space.

Now, we prove the existing result for the above boundary value problem by using
Corollary 3.6.

Theorem 3.8.

Assume that n,,1m, : F X E? — E and let there exist a, f € (0,1) witha < B
such that for all @,v € C(F, E), satisfies

1, 0@, @' ) =1, v(), v' )| < alely) —v)| + Ble' (y) —v' I

(75)
Let there exists n € (0, 1) such that
D(e),v(y) =D(p,v) < nuB,C,g,¢,v), (76)
Where
u(B,C,g,0,v) = min{ _ngp . gyvl,_lgygo . B(pl,_ } (77)
lgv = Cvl, Igv — Bol,|g¢ — Cv|
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Then the integral equations
00 = [ 0.0, (15 0©.0'©)) ds + B0y € F

v = ;20,8 (128, v(), v ()¢ + B(),y € F
(78)
have a unique common solution in €*[[y,, y,], E].

Proof.
Suppose that € = [[v4, v,], F]. with metric
Dlpv) = min (alp(y)—v()I+Ele'G) —v'GD (79)

The space (€, D) is a complete metric space.
Now, we define the operators B,C,g : € — € as
B(p) =G, +B,C(v) = H, + B,g(p) = pand g(v) = v, (80)

Where,

6,(7) = f 00,0, (m(5 0. 9'(©))dé,y € F
Y1

H,0) = [2 00,8, (n2(6 0(©), 0'(©)) dEy € F (81)

where 11,1, € C(F x E%E), ¢,v € C(F,E),and € € C'(F,E). Now by the
properties of Q(y, &) and from (79), (80) and by using the hypothesis, we have

Bo(y) — Cv(y)| < f 100, O |m (& 9(©), 9 (©)) = ma(&,v(E),v' () |dg
Y1
D(p,v)

< D(p,v) 12100 1 < 0 (g, v) < 2D

BoYO) - YOI < | 210G, OL (&, 0 (), 9'(©) = na(§, v, v (©)]dg

V1

< D(p,v) f)2 10, OIS < 1, v) < 20 o

Now, from the above and by view of (75), and (79), we have that

D(Bo, Cv) = y1rsnyi£1y2(OfIqu(y) — Cv()| + BI(Bp) (y) — (Cv(y»)])

<o Bl 520 () o0 *
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Now, from (76), we have that
D(Bg, Cv) < (gﬁ) D(p,v) <2 (1(B,C g, 0,v)), (84)

Where 1 = g,ﬁn < 1. Now we are in the position to apply Corollary 3.6 to get that

the mappings B, C and ¢ have a unique Coincidence Fixed Point ¢® € G, i.e.,p® isa
solution of the BV P. We have the following cases.

(1) If |g@ — gv| is the minimum term in (77), then u(B,C, g, @, v) = |gp — gv|.
Now from (74) and (84), we have

D(B ,C ) (B,C, 'y ) | B |
Hr(Bo, Cv,6) = === < AESEEE = AR = A (g gv, ) (8)

This implies that

Ur-(Bep,Cv,t) < A(,uAgmp, gv, t)) fort>0. (86)

for all ¢, v € €. Thus, the operators B, C and g satisfy all the conditions of Corollary 3.6
with 1 = (e + f) in (57). Then, the operators B, C and g have a unique Coincidence Fixed
Point ¢® € G, i.e., ® isasolution of the BVP (4.1).

(2) If |g — Bo |is the min term in (77), then (B,C, ¢, ¢,v) = |gp — Be |. Now
from (74) and (84), we have

B B
1)( (plcv)<l,u( ,C,g‘,(p,V)

ur(Bo, Cv,t) = ” = ”

= 122252 = A (g9, B, ) (87)
This implies that
u-(Bo, Cv,t) < A(ur (g9, By,t)), Yo,v € Cand for t > 0. (88)

Similarly, If |gv — Cv [is the minimum term in (77), then
u(B,C,g,9,v) =|gv— Cv |. Now from (74) and (84), we get that

Ur-(Be,Cv,t) < A(ur(gv, Cv, t)), Vo,v € Cand fort > 0. (89)

Again If |gv — Be |is the minimum term in (77), then u(B,C, g, @,v) = |gv — By |. Now
by using (74) and (84), we get that

u-(Bo,Cv,t) < A(uy(gv, By,t)), Yo,v € Cand fort > 0. (90)

Next If |g@ — Cv |is the min term in (77), then u(B,C, ¢, 9,v) = |gp — Cv |. Now
from (74) and (84), we get that

Ur-(Be,Cv,t) < A(,uAggo, Cv, t)), Vo,v € €and fort > 0. (91)
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Hence, from (88), (89), (90), and (91), the operators B,C, and g satisfy all the
conditions of Corollary 3.6 with A = f and e = 0 in (57). Thus, the operators B, C, and g have
a unique Coincidence Fixed Point ¢® € G,i.e.,@® is a solution of the BVP (70).

Conclusion

Using the "triangular feature of revised fuzzy metric” in full RFM spaces, we proved
various coincidence point and CFP findings under the rational type weakly-compatible revised
fuzzy-contraction conditions. We also provided revised fuzzy differential equations as an
application and demonstrated that the solution of the FDEs has a unique CFP of the integral
operators A, B, and |. This new route of weakly compatible revised fuzzy-contraction with
FDEs in RFM space will be crucial. With different sorts of weakly compatible revised fuzzy-
contraction conditions for self-mappings with different types of differential equations in the
context of RFM spaces, this approach may be expanded and developed in many directions.
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