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1. Introduction

Polynomial equationsthat require solutions in integers are plenty. In particular, second degree homogeneous or
not-homogeneous equations containing multiple unknowns have attracted many mathematicians since antiquity
[3,4,5,12]. In particular, refer [1,2,6,7,8,9,10,13,14] for various forms of second degree equations with four
unknowns .. In [11,15,16], quinary equations of degree two are studied for obtaining solutions in integers.

This motivated us to determine solutions in integers to other forms of second degree equations having
five variables. This aim of this paper is to determine solutions in integers to the quinary second degree

xy+XY =(k?+2k-1)w? . Different sets of solutions in integers are determined to the above equation are

obtained by converting it to a ternary quadratic equation through employing suitable linear transformations for
which the integer solutions exist. Some fascinating observations satisfied by the solutions are given.

2. Method of analysis

Quinaryquadratic homogeneous polynomial for solving is
Xy+XY=(k?+2k-1)w?. (2.1)

Various choices of solutions in integers to (2.1) are presented as follows.
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3 Sets of integer solutions
Set 111.1
Taking
x=Kk+)U-w,y=(K+DU+w,X=(k+)V-w,Y=(k+)V+w
in (2.1) , we get well-known Pythagorean equation
Uz +v2 =w?,
whose solutions may be taken as
U=2pq,V=p*-q*,
and
w=p®+q® .
Using (3.3) in (3.1) ,one has
x=2(k+1)pa-(p* +0°),y =2(K+1)pg+(p* +0°), ]
X=(k+1)(p*-a*)-(p* +0%),Y =(k +1) (p* —a®) + (p* +0°)
Thus,(3.4) and (3.5) give the required integer solutions to (2.1).

Observations 111.1

1. Each of the following expressions

w,2(y—X),2(Y —X)

is a perfect square when p,q represent the legs of a Pythagorean triangle.

2. Each of the following expressions

w257 (y - x),2%7H (Y = X)
is a cubical integer for the choices of p,q given by

(i) p=m(m?+n?),q=n(m?+n?),
(i) p=m(m?-3n?),g=n(Bm?-n?).
3. yi=x*+8wi+6xyw

4. Yi=x%+8wl+BXYW

3.1

3.2)

(3.3)

(3.4)

(3.5)

5. Each of the following expressions (K+1) (X+Y),(K+2) (y+X) ,2 (k+D) (X+y+X+Y)

is a perfect square whenp = 2u% +v?-2uv,q=2uv.

6. Each of the following expression
(k+D) (y+x),2(k+D(Y+X)

is expressed as the difference of two squares.

https://internationalpubls.com

19



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 27 No. 2 (2024)

7. 2)(/k++X1) is a square multiple of Triangular number when p=q+1
y+X . ) _
8. is a square multiple of Pentagonal pyramidal number when
2(k+1)
p=q(q+1)

9. Y*X isa square multiple of Triangular pyramidal number when
6(k+1)

p=(@+1) (@+2)

10. XX isa square multiple of Square pyramidal number when
6(k+1)

p=n(n+1),g=2n+1

It is to be mentioned here that choosing p,q suitably ,relations connecting y + x with figurate
numbers may be obtained.

Y+ X . .
+Ww isasquare multiple of 2.
2(k+1)
Y+X owisa perfect square when p =2rs,q =3r? —s?
2(k+1)
13. w represents area of Pythagorean triangle.
8(k+1)
Set 111.2
Choosing
X=U+V,y=U—-V,X=V+S,Y=V-5, (3.6)

in (2.1), we get ternary quadratic diophantine equation
u?-s?=(k?+2k-1)w?, (3.7)
Express (3.7) as

. u+s __w :E,Q;to.
(k“+2k-Hh)w u-s Q
(3.8)Solving the above system of double equations (3.8) , it is seen that

u=(k*+2k-1)P2+Q? s= (k> +2k-1)P?-Q?, (3.9)

and
w=2PQ. (3.10)
x=(k?*+2k-1)P? +Q% +v,y = (k®> +2k-1) P2 + Q% —v, (3.11)
X=v+(Kk?+2k-1)P?—Q2,Y =v— (k2 +2k-1)P2+Q? | '
Thus,(3.10) and (3.11) give the required integer solutions to (2.1).
20
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Observationlll.2

Apart from (3.8) , (3.7) may be considered in the form of ratios as

2 p—
u+s:(k +2k 1)W:£,Q;t0

w u-s Q

For this choice , we get a new pattern in integers for (2.1).
Set 111.3
The substitution
x:(k+1)w,y:(k—1)w.
in (2.1) gives second degree polynomial
XY =2kw?
On considering different choices of factorization in (3.13) , the respective
solutions in integers for (2.1) are given by

Set111.3.1x=(k+)w,y=(k-Dw,X=2w,Y =kw ’
Set111.3.2x=(k+)w,y=(k-Dw,X=kw,Y =2w ’
Set 111.3.3x = (k+)w,y = (k-D)w,X =w?,Y =2k |
Setl1.3.4x =(k+)w,y=(k-)w,X=2w?,Y =k ,
SetlII.3.5x:(k+1)w,y:(k—l)W,X:ZWk,Y:W’
Setl1.3.6x=(k+)w,y=(k-Dw,X = w? k,Y=2
Set III.3.7x:(k+1)w,y:(k—1)W,X:2W2k,Y:1_

Setlll.4
Considering
x=(k+D)X,y=(k-1)Y,k=12
in (2.1) ,we get
k2XY =(k?+2k -1 w?
On considering different choices of factorization in (3.15) , the respective

solutions in integers for (2.1) are given by

— 2 _1\2s (K _ 2 B
setliag = KD K +2k-D)T e,y =(k-1) (k*+2k-1) a,

X=(k?+2k-1)%a,Y = (k?+2k-1) a,w=k(k? +2k—-1) S a.
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x=(k+1) (k2 +2k-1>" o,y =(k-1) a,

Set 111.4.2

Setlll1.4.3

X=(k?+2k-)>%a,Y= a,w=k(k?+2k-1)°a.

x=(k+1) (kK2 +2k-1)" o,y =(k-1) (k*+2k-1)° a,
X=(k?+2k-1)"a,Y=(k?+2k-2)° a,w=k(k?+2k-1)°a.

3. Conclusion

The second degree quinary quadratic equation represented by xy+XY = (k% +2k-1)w? has been analysed

for various choices of distinct solutions in integers . As second degree equations with multiple variables are
plenty, one may search for solutions in integers to other forms of second degree equations with multiple

variables.
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