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1. Introduction

One of the most important parts of research in general topology in the last few decades is the analysis
of open sets, continuous functions, and generalized T;-spaces, including their structural properties. In
[4] Levine pioneered the research on generalized open sets with the publication of articles that featured
semi-open sets, which was followed in [6] by a-open sets, and [5] preopen sets. Abbas [1] invented
the concept of h-open sets. Other definitions of types of h-open set are ah-open, pre-h-open, semi-
h-open set see ([2],[3] and [8]). This paper introduces the concept of semi-closure-h-continuous
function (simple, sch-continuous function and Tj,., and some of their properties are studied.

2. Sch-Continuous and Sch-Homeomorphism Functions.

Here we first define new classes of sch-continuous, sch-open, and sch-homeomorphism functions,
and examine some of their properties.

Definition 2.1 [7]: For the set B € X in (X, 7). It is a semi-closure-h-open set (in short sch- open
set) if their h-open H such that H € B € cl,(H). T4, denoted to the family of all semi-closure-h-
open set.

Definition 2.2: Let (X, 7) and (Y, p) be two topological space (T.S.) a function f: X = Y is said sch-
continuous if V € p then f~1(V) € Tgp,.
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Example 2.3: Let X = {3,2,1}, Y = {1,2}, t = {@,{1}, X, {3}, {2,1}, {1,3}}, 7, = {0, X, {1}, {3},
{1,2}, {1,3}}, t5en = {0, X, {1}, {3},{1,2},{1,3}} and p = {@, Y, {1}}. The function f: (X, 1) = (Y, p)
define as: f(1) = 1, and f(2) = f(3) = 2, the function is sch-continuous.

Theorem 2.4: Any continuous function is sch-continuous.

Proof. Let a continuous function be f:(X,7) = (Y,p) and V € p. Since, f is continuous, then
f~Y(V) € 1. By (Proposition (3), [7]) every open set is sch-open, therefore f ~1(V) is sch-open set in
X. So, f is sch-continuous. m

The following example show that a sch-continuous function may not be continuous.

Example 2.5: LetX = {3,2,1},Y = {a,b,c}, T = {0, {1}, X}, Toer, = {@, X, {1},{2,3}},and p = {8, Y,
{a, b}}. The function f:(X,7) = (Y,p) define as: f(1) =c, f(2) =a and f(3) =b, f is sch-
continuous, but f isn’t continuous.

Theorem 2.6: Every h-continuous function is sch-continuous.

Proof. Let a continuous function be f:(X,t) = (Y,p) and V € p. Since, f is h-continuous, then
f~Y(V) € 1,,. By (Proposition (4), [7]) every h-open set is sch-open set f ~1(V) is sch-open set in X.
So, f is sch-continuous in X. m

Converse of the aforementioned theorem is false, as in example (2.6).

Example 2.7: Let X = {4,2,1,3}, Y = {3,2,1}, = = {0, X,{2,1}, {2}}, 7, = {9, X, {1}, {2}, {1,2},
(1,34}, Teen = {0, X, {1}, {2}, (1,2}, {1,3}, {1,2,4}, {1,3,4}, {14}, {1,2,3}}, and p = {®, Y}. The
function f: (X, 1) = (Y,p) defincas: f(1) =1 = f(2), f(3) = 2, f(4) = 3, f is sch-continuous, but
f isn’t h-continuous.

Theorem 2.8: Every sch-continuous function is sh-continuous.

Proof. Let a continuous function be f:(X,7) - (Y,p) and V € p. Since, f is continuous, then
f~1(V) € 7. By (Proposition (5), [7]) every sch-open set is sh-open, then f~(V) is sh-open set in X.
So f is sh-continuous. m

Converse of the aforementioned theorem is false, as in example (2.8).

Example 2.9: Let X = {4,2,1,3}, Y = {3,2,1}, t = {0, X, {1}, {1,2}, {1,3}, {1,2,3}}, 7, = {0, X, {1},
{12}, {1,3}, {2,3}, {1,2,3}, {2,34}} 1sn={0, X, {1}, {2}, {3}, {1.2}, {1,3}, {14}, {1,2,3}, {1,2,4},
{134}, {2,3}, {24}, {2,3.4}, {3.4}}, 15cn={0, X, {1}, {2}, {3}, {12}, {1,3}, {1,2,3}, {1,2,4},
{1,3,4}, {2,3}, {2,4}, {2,3,4}, {3,4}},and p ={0@, Y, {1,3}}. The function f: (X, 7) = (Y, p) define
as: f() =f(2) =1, f(3) =2, f(4) = 3, f is sh-continuous, but f isn’t sch-continuous.

Example 2.10: Let X = {3,1,2},Y = {c,b,a} v = {0,{2,1}, X, {2}}, 1,={0, X, {1}, {2}, {1.2}, {1,3}},
T =1{0, X, {2},{1,2},{2,3}}, and 74.,={0D, X, {1}, {2}, {1,2}, {1,3}}. The function f: (X, 7) = (¥, p)
defineas: f(1) =c, f(2) = a, f(3) = b. When p ={@, Y, {a, b}} then f is a-continuous but not sch-
continuous. And when p={ @, Y, {a}}, Then f is sch-continuous but not @-continuous. It appears that
there is no direct relationship between sch-continuity and a-continuity.
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Example 2.11: Let X = {1,2,3}, t = {0, X, {2}, {1,2}}, 1,={0, X, {1}, {2}, {1,2}, {1,3}}, 1s={0, X,
{2}, {1,2}, {2,3}} and 75.,={D, X, {1}, {2}, {1,2}, {1,3}}. The function f: (X, t) = (Y, p) define as:
f()=c, f(2)=b, f(3) =a. When p={0, Y, {c,b}} then f is semi-continuous but not sch-
continuous. And when p={@, Y, {a}} then f is sch-continuous but not semi-continuous. Then we note
that there is no relationship between sch-continuous and semi-continuous.

Theorem 2.12: If f: (X,7) — (Y,p) is sch-continuous and g: (Y,p) — (Z,0) is continuous, then
geof:(X,t) = (Z o) is sch-continuous.

Proof: For f: (X, 7) = (Y, p) define is sch- continuous and g: (Y, p) = (Z, o) be continuous. Let V €
o. Since, g is continuous, then g~*(V) € o. Since, g is sch-continuous, so f~1((g~*(V)) =
(g o f)~1(V) is sch-open set in X. We get, g o f: (Y, T) = (Z, 0) is sch- continuous. m

Definition 2.13: Let f: (X, 7) = (Y, p) be mapping if f(v) € psq, for every v € 7, then f is called
sch-open function.

Example 2.14: Let f: (X,7) — (Y, p) be an identity function, where X =Y = {1, 2, 3}, and 7={0, X,

2,31}, p={0, Y, {13}, pp={0, Y, {1}, {12}, {1,3}, {2,3}} and pscp=1{®D. Y, {1}, {12}, {1,3}, {2,3}}.
Clearly, the function f is sch-open.

Theorem 2.15: Any open function is also sch-open.

Proof. Let f: (X, 1) — (Y, p) be an open function, and V be an open set in X. Since, f is open, f (V) is
open set in Y. By (Proposition (3), [7]) every open set is sch-open, which implies that f (V) is sch-
open in Y. Hence, f is sch-open. m

The Converse of the aforementioned theorem is false, as shown in the example (2.16).
Example 2.16: In Example 2.14, The function f: (X, 7) — (Y, p) is sch-open but not open.
Theorem 2.17: Every h-open function is sch-open.

Proof. Let f: (X,t) = (Y, p) be h-open function and VV be any open set in X. Since, f is h-open, f (V)
is open set in Y. By (Theorem 2.1, [1]), every open set is h-open, and by (Proposition (4), [7]), every
h-open set is sch-open. Thus, f (V) is sch-open set in Y. Therefore, f is sch-open. m

The converse of the theorem above is false, as demonstrated by the example (2.18).

Example 2.18: Let f: (X,7) = (Y, p) be an identity function, where X=Y={1, 2, 3}, ={0, X, {1,3}},
p={0. X, {2}, {1.2}, {1}}, pn={9. X, {2}, {1.2}, {1}} and ps.»n={9. X, {2}, {2,3} {1.2}, {1}, {1,3}}.

Clearly, the function f is sch-open but not h-open.
Theorem 2.19: Every sch-open function is sh-open.

Proof. Let f: (X,7) = (Y, p) be open function and V be any open set in X. Since, f is open, then f (V)
is open set in Y. Since, every open set is sch-open by (Proposition (3), [7]) and every sch-open set is
sh-open by (Proposition (5), [7]] then f(v) is sch-open set in Y. Therefore, f is sch-open. m

The Converse of the above theorem is false, as shown in the following example.
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Example 2.20: Let f: (X, 7) — (Y, p) be an identity function, where X=Y={1,2,3,4}, 1={0, X, {1,4}},
p={0,X, {1}, {12}, {1,3}, {1.2,3}}, pr = {@, X, {1},{2}, {3}, {12}, {1,3}, {2, 3}, {1,2,3}, {2,3,4}},
psn =10, X, {1}, {2}, {3}, {1,2}, {1,3}, {14}, {1,2,3}, {1,2,4}, {1,3,4}, {2,3}, {2,4}, {2,3,4}, {3.4}}
and pscn,={0, X, {1}, {2}, {3}, {1,2}, {1,3}, {1,2,3}, {1,2,4}, {1,3,4}, {2,3}, {2.4}, {2,3,4}, {3.4}}.
Clearly, the function f is sh-open but not sch-open

Theorem 2.21: Let f: (X,t) = (Y,p) isopenand g: (Y, p) = (Z,0) is sch-open, then g o f: (X, 7) —
(Z,0) is sch-open.

Proof: Clear.

Definition 2.22: Let f: (X,t) — (Y, p) be a bijective function. f is a sch-homeomorphism if it is
both sch-continuous and sch-open.

Theorem 2.23: If f: (X,t) — (Y, p) is homeomorphism, then f is sch-homeomorphism.

Proof: By Theorem (2.4), we get that every continuous mapping is sch-continuous. Furthermore, it
can be deduced from Theorem (2.15) that every open mapping is also sch-open. Also, f is bijective
then, f is sch-homeomorphism. m

The converse of the above theorem is incorrect as in example (2.23)

Example 2.24: Let f: (X, 1) = (Y, p) be the identity function, with X = {1,2,3} =Y, for = ={0, X,

{13}}, tsen = {0, Y, {1}, {2}, {3}, {12}, {1, 3}, {2,3}}, p= {0, Y, {2,3}} and pscp,={9, Y, {1}, {2},
{3}, {1,2}, {1,3}, {2,3}. Clearly, f is sch-homeomorphism, but it isn’t homeomorphism.

3. Some Properties of sch—T;,i =0,1, 2.
In the following, we prove some results on sch-T;- space, i = 0, 1, 2. We recall the following:

Definition 3.1: A T.S. (X, t) is referred to as Tys.,-Space, if for every a,b € X, a # b, there exists
sch-open set G, suchthat G 3 a, G 3 b.

Example 3'2: LetX:{372>1}5 T= {(D'X' {2}7 {3}5 {173}5 {293}}’ TSCh = {Q)'X' {2}9 {3}5 {153}3 {253}3
{1,2,3}}. Then (X, 1) is Tygep-Space.

Definition 3.3: AT.S. (X, 7) is referred to as T;.,--Space if for every a, b € X, a # b there exists two
sch-open sets G and H suchthat G 2 a,G 2 b,and H 2 b, H ? a.

Example 3.4: Let X={1,2,3}, t = {0, X, {2}, {1,2}, {2,3}}, tscn = {0, X, {1}, {2}, {3}, {1,2}, {1,3},
{2,3}}. Then (X, 1) is Tyscn-Space.

Definition 3.5: A T.S. (X, 7) is referred to as T,,.,-Space if for every a, b € X, a # b there exists two
disjoint sch-open sets G and H such that G 3 a, and H 3 b.

Example 3.6: Let X={3,2,1}, t = {0, X, {2}, {1,2}, {2,3}}, tscn = {0, X, {1}, {2}, {3}, {1,2}, {1,3},
{2,3}}. Then (X, 1) is Tyscn-Space.

Theorem 3.7: Every Ty-space is Tysq,-Space.

Proof: Let (X, 1) is Ty-space and x,y € X, x # y. Then there exists open set A € X. Such that x €
A,y & A. By (Proposition (3), [7]) every open set is sch-open. Hence X is Tys-p-Space. m
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Theorem 3.8: Every T;-space is Ty g, -Space.

Proof: Let (X, ) is T;-space and x,y € X, x # y. Then there exists two open sets 4, B in X such that
x€Ayé&Aand x & B,y € B. By (Proposition (3), [7]) every open set is sch-open. Therefore, X is
T1scn-Space. m

Theorem 3.9: Every T,-space is T,q,-Space.

Proof: Let (X, 7) is T,-space and x,y € X, x # y. Then there exists two disjoint open sets 4, B in X
such that x € Aand y € B. By (Proposition (3), [7]) every open set is sch-open. Therefore, X is Tyscp-
space. m

Theorem 3.10:

1) Every T;scn-space is Tyscn-Space.
2) Every T,q.n-Space is T;qq,-Space.
Proof: (1) and (2) are Clear.

Theorem 3.11: A T.S. (X, 1) is Tyscn-space if and only if clg.p, ({xD#clscn({y}) for every pair of
different points x,y € X.

Proof: Let x,y be any two different points of Tys.,-Space X. We show that cly., ({x}) # clsen ({¥]).
By hypothesis, assume that A is sch-open setsuchthatx € Aandy ¢ A.Hencey e X —Aand X — A
is sch-closed set. Therefore, clg.n,({y}) € X —A. Hence y € clyen({y}), x & X — A. Hence

clsen({x}) # clsen({y)).

Conversely: Assume that for all x,y € X with x # y, clyen({x}) # clsen({¥}). Now, let z € X such
that z € clyon({xHbut z & {y}*. If x € clycn({y}) then {x} c clyen({y}) which implies that
cloen({x}) € clge,({y}D). Thus x € clg.p,({x}) and z & cls.,({y}). This is contradiction. Therefore,
x € clyen({y}). Hence X — {y}* is sch-open set containing x but not y. So X is Tys.,-Space. m

Theorem 3.12:

(1) Every Typ-space is Tys.,-Space.
(2) Every T, ,-space is T;s.,-Space.
(3) Every T,,-space is T, p,-Space.
Proof: Clear.

We have the following relations on T;.,-space, i = 0,1,2

/2N

T!sd: Toscii
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