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1. INTRODUCTION

Recently, many mathematician [1, 7, 13] have defined and constructed generat-
ing maps for novel families of special polynomials, such as g-Bernoulli, g-Euler, g-
Genocchi, etc., utilizing tangent polynomials and degenerate tangent polynomials.
These types of studies have provided fundamental properties and diverse applications
for these polynomials. For instance, not only several explicit and implicit summation
formulas, recurrence formulas, symmetric properties and many correlations with the
well-known polynomials in the literature have been derived intensely, but also we have
derived some beautiful correlations between some special polynomials. Additionally,
the aforementioned polynomials allow the derivation of utility properties in a quite
basic procedure and assist in defining novel families of special polynomials. By moti-
vating the above, here, we introduce (g, h)-analogue of Frobenius-tangent polynomials
and analyze some properties by providing several relations and applications. We first
attain diverse relations and formulas covering addition formulas, recurrence rules, im-
plicit summation formulas and relations with the earlier polynomials in the literature.

The subject of g-calculus started appearing in the nineteenth century due to its
applications in various fields of mathematics, physics and engineering. The definitions
and notations of g-calculus reviewed here are taken from (see [6, 7]):

The g-analogue of the shifted factorial (a),, is given by

n—1

(@:q)o=1,(a;q)n = [[(1 = ¢™a),n e N.

m=0

The g-analogue of a complex number a and of the factorial function are given by

1—qg%
la], = 17qq,q€(C—{1};ae(C,

nlg! = T mly = [1gl2ly - [n], = ((fq;)q £LneN,

0! =1,¢€C;0<¢g<1.

m=1
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The Gauss ¢-binomial coefficient < Z ) is given by
q

n _ [l (@ 01
< F >q © [Klg!n— kgt (q§Q)k(q;q)n,k’k*0717 ..

The g-analogue of the function (x + y); is given by

n _ - n k—1)/2,n—k, k
(z+y)qz<k>q( M y*,n € No. (1)
k=0 a
The g-analogue of exponential functions are given by
eq(x)Zi xnl: x 0<[gl<ylz|<|1-q™, (2)
= nlgt (1= @)75¢)0

The g-Bernoulli B,, 4(x), the g-Euler E,, ,(x) and ¢-Genocchi polynomials G,, ()
are defined by (see [11, 12]):

# ZB ra@ gy (18D < 2m, (7
T ZEM o (1) < ®)

i ZGnq py (<), )

respectively.

Clearly, we have
B4 =B, 4(0),E, ; =E, 4(0),Gp 4 = Gy 4(0). (10)
Let n € Zy and u € Z, the q—Frobenius—tangent polynomials as follows (see [])

1—
m ZTn MERD) n] 1, where eq(2t) # u. 0
When z =0, T, 4(u) = T}, 4(0; u) are called the ¢g-Frobenius-tangent numbers.

The generalized quantum exponential function is defined by
> al(z — O)fz) h

—~ [4]! ’

where « is arbitrary nonzero constant.

Clearly exp, ;,(0) = 1. As h — 0 with a = 1, the generalized quantum exponential
function () becomes the so called g-exponential function e,(z) (see []). Likewise, as
q — 1 with a = 1, the generalized quantum exponential function equ)h(om) reduces
to the so-called h-exponential function exp, ,(z) = (1+ h)#»

equ7h(o¢x) =

The ¢-tangent numbers and polynomials are defined as

2 > t
W%(m) = Z%Tn,q(f)

For ¢ — 1, we note that ¢-tangent numbers and polynomials become tangent numbers
and polynomials become tangent numbers and polynomials, respectively.
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The degenerate tangent polynomials are defined by

2 .
SR S— Y T,
(1+ )% 4t Z A

When « =0, T,, » = T, 1 (0) are called the degenerate tangent numbers.

Recently, Kang [] introduced the degenerate exponential function define by

exp, p(z:t) = Z(x)ljh [tn i 0

n=0

Definition 1.1. Let | ¢ |[< 1 and h be non-negative integer. Then, we can define the
degenerate g-tangent polynomials T}, 4(z : k) as

2 kad tm
meq)h(x 1) = T;)qu(x :h) i, O

so that

Tualo 1) = 3 (1) @53 Tia(h)

k=0
When z =0, T}, 4(h) = T),,4(0 : h) are called the degenerate g-tangent numbers.

The main purpose of this paper, we introduce (g, h)-analogue of Frobenius-tangent
numbers and polynomials. Based on these polynomials, we construct some differential
equation of these polynomials. Also, we derive some differential equations between
g-Euler, g-Bernoulli and g-Genocchi polynomials.

2. (¢, h)-ANALOGUE OF EULER POLYNOMIALS

In this section, we define (g, h)-analogue Euler polynomials using generalized quan-
tum exponential functions. Using the (g, h)-derivatives, we obtain several differential
equations related to (g, h)-analogue of Euler polynomials. Furthermore, we find re-
lations among ¢-Euler polynomials, degenerate Euler polynomials and (g, h)-Euler
polynomials.

Let | ¢ |< 1, and h be non-negative integer. The, we can define the (g, h)-analogue
of Euler polynomials E,, ;(z : h)

2 o0
_ T:t)= E E
eqh(l t)‘i’leq’ ) = 5 (

For z = 0 in (2.1), we note that

(2.1)

oo

'”/ 2
ZE na0: h Z I eqn(l:it)+1° (2:2)

where E,, ,(h) are called the (g, h)-Euler numbers. From (2.1), we can see certain
relations between the Euler, degenerate Euler and ¢-FEuler polynomials. Setting h — 0
n (2.1) and (2.2), we can derive the ¢-Euler numbers and polynomials as follows:

’ﬂ

= " 1—-u
T,,q(w) = T, q(z;u) = ert,
T;) T n),t (1—u t) Z q n]y!  eg(l—w:t)—u?
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As h — 0 and ¢ — 1 in (2.1) and (2.3), we can derive the Frobenius-tangent
numbers and polynomials as follows:

> " 1—uw
ZTn(u) ! (1 u)t ZT (E u ! me :
n=0

When ¢ — 1 in (2.1) and (2.3), we can derive the degenerate Frobenius-tangent
numbers and polynomials as follows:

o0

" 1—u 1—u e
Tp.n - N T - (1+h)E.
; )y (14 ht) 7 nz% Sl (l—i—ht)lT—u( )

Here is a list of some (g, h)-Frobenius-tangent numbers:
Several (g, h)-Euler polynomials are as follows:
Figures

Theorem 2.1. For | ¢ |< 1 and h € N, we have

Dt(zlf)z acEn,i}(x : h) = [n]q]Enfl,q(l' : h) (24)

Proof. Using (2.1), we note that

;En Q(x h) [T’L]q' - ;Enq(h) [n]ql n_o( )q h [n]q|
o n n . m
—ZxQQL“““W>M' (25)

From this equation, we have

n

E,q(z:h)= Z (Z) B q(h)(z)i 3" (2.6)

k=0
Using the (g, h)-derivative in (2.6), we have

D Engle 1) =3 () 0= HuBra@3* = [ Easale )
k=0 q

This completes the proof. O

Corollary 2.1. Let k be a non-negative integer. Then

Ep_pg(z:h) = quDfl ) Eng(z:h).
Corollary 2.2. Setting k¥ — 1 in Theorem 2.1, we have
(n—k)!
n!
where Dy, is the h-derivative and E,,(z : h) are the degenerate Euler polynomials.

D\)E.(x:h) =nEn_y(z: h), Ey_g(a:h) = DM E,(a: h),

Corollary 2.3. Letting h — 0 in Theorem 2.1, we have

[n— k] !
WD(g’ngn,q(x)»

where D, is the ¢g-derivative and E,, ,(x) are g-Euler polynomials.

Dz(g,la)cEn,q(x) = [n]qEnfl’q(x% Ep—kq(z) =
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Theorem 2.2. The solutions of differential equation of the (g, h)-Euler polynomials

as follows
an ) @)an' o) 2)an" (ne2)
[’I’L}q' Dq,h,xEnny(x : h) + ['I”L . 1}q!Dq,h7w qu(az : h) + [’I’L o 2]q|Dq h,x En, Q(x : h)
2)in 1 n
ot D) Eng(:h)+2D) (x;u)En(x: h) —2(2) ), = 0.
g

Proof. By using (2.1), we see that

I
[M]8
A

0
e have
degn(z:t) =23 (@), [t" - (2.8)

Therefore, by (2.7) and (2.8), we get

3 (Z) (2)% g h) = 2(2)7 . (2.9)

k=0

On the other hand,

Taking the k — th derivative of above equation, we obtain

n

(2)1(; h (k)
Z WDQ h, oEn, ( ch) + En,q(x th) —2(x )‘1 n =0
k=0 -9

Therefore, we obtain the desired result. (Il

Corollary 2.4. Letting ¢ — 1 in Theorem 2.2, we have

275 ) ()L (2)15,° (n 2)
——D;"’K : —D E : D, E
n! h,x n(l‘ h) + (n _ 1)' h,x n(‘r h) + (TL . 2) ( h)
2 2
A (;;’!h D2 By (2 h) + 2D} By (a - h) = 2(x)7, = 0.

Corollary 2.5. Letting A — 0 in Theorem 2.2, we have

C DAl + 5 DT, i) + S D, i)
e (1[2];) D) T g(wsw) + (1= w) DI (w5u) — uT,q(25u) — (1 —u)z" = 0.

Theorem 2.3. For w > 0, we have

Epq(z:h) +Ey,(h) (n) . En_14(x:h)+Eyq4(h) (n—1) .
! Dq i zE gz h)+ = 1,! Dq,h,x E, 4(x: h)+
Eo o(x : h) + Eg 4(h)

o D) Eng(@:h)+ (Erg(z: h) +Eyg(h)DY) Englz:h)
J!

+(Eoq(x : h) +Egq(h) — 2)E, 4(xz : h) =0.

518
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Proof. From (2.1), we have

2

o0 tn
E, :h = it
2 Brale W = e Y

_1 2 ( 't)—I— 2 2 ( ’t)
T o \ega(l )+ 1T YT )+ 1) eqn(lit) 1M

Using the generating function of (g, h)-Euler polynomials, we have

zzuzwx Wy = Z(Z (}) aEk,q(x:h>+Ek,q<h>>En_k,q<x:h>> .

n=0 \k=0 [n]q.

Comparing the coefficients of both sides, we have

n

n
> < k> (Egg(z: h) + B g(h)Ep_pg(x: h) — 2B, 4(2 : h) = 0. (2.10)
k=0 q

Replacing E,,_j o(z : h) with Dq hoLn,g(z  h) in equation (2.10), we have
“ (E h Eq(h
Z ka2 + kal ))Dfl’“,i B g(z:h) = 2K, ,(z:h) =0.
klg!
The complete proof of the theorem. O

Corollary 2.6. On setting h — 0 in Theorem 2.3, we have
En q(x) +Enq Enfl (LL') +En71
, > D(n)En 4
R A TR X

Egq(z) + Eo,
+ WDé?%En,q(x) + (E14(z) + E1,4) D
+ (Eg4(z) + Eo,qy —2)E, 4(x) = 0.
Corollary 2.7. On setting ¢ — 1 in Theorem 2.3, we have
E.(z:h)+E,(h) E,—1(x:h)+ En,l(h)D(n_l)E

nl (n—1)! ha

Eo(x : h) + Eq(h)
2!

4 D(-DE,, () +

! Enq(2)

(
q,T

DB, (2 h) + W2 h)+

DY Eu(z: h) + (Ev(z : h) + Ei(h)) Dy E, (x : h)
+(Eo(z : h) + Eg(h) —2)E,(z: h) =0.
Theorem 2.4. For w > 0, we have

q" (En,q(Q cqth) + En’q(q_lh))

[n]q!

¢" " (En-14(2: 97 h) + Eno1,4(g7h) (na
ol o Bectald )y 8
.

2 -1 -1
¢* (Ba(2:47'h) +Eog(a'h) o
= [2]4! } )DéimE (g : D)

D E, 4(qz : h)

q,h,x

_|_

+q (E1q(2: g7 h) + E14(¢7'h)) D) By o(qz : )

+ (Eo,q(2 : qilh) + ]Eo,q(qflh) — 2) E, 4(xz:h)=0.
519
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Proof. By using () and (2.1), we have

- tn 2
E, :h = ot
2 Bl M= o o)
1 2 2 2
_2< 71h(1:qt)—i—leq’q_lh(l'qt)—’—e q1h(1:t)—|—1>xeq,h(1:t)—l—leq’h(qm't)'
25 Brato 1 = 55 (3 (1) o Gt 70 e ) B ) 1

(2.11)
From the above equation (2.11), we get

n

Z (Z) ¢" (Brg(2: ¢ h) + Epg(q7 h) Enpglqr : h) — 2K, o(z : h) = 0. (2.12)
k=0 q

Substituting gz for z in Corollary 2.3, we get

[n —Klq!
[”]q! Dq

Applying equations (2.12) and (2.13), we obtain

q~ (Eg, (2 1 q h) + E,, (q h) .
Z (Erq oy q )DéﬁwEn o(qgz i h) —2E, 4(z: h) =0.

k)

En—kq(qr:h) = 4 zIE,W(qQ[,’ :h). (2.13)

k=0
Therefore, we acquire at the desired result.

Corollary 2.7. Setting h — 0 in Theorem 2.4, we have
q" (Eng(2) + Eng) (n)
[n}q' Dq zEn,q(qx)
gt (En-1,4(2) + En—14)
[n —1]g!
¢ (E2,4(2) +Ea,)
[2],!
+q (El,q(Z) + Elyq) Dé};En,q(qx)
+ (Eo,(2) + Eo,g — 2) Eng(2) = 0.
Theorem 2.5. For | ¢ |> 1 with a,b # 0, we derive a basic symmetry relation for
difference equation as

V"E, 4(ay : b 1h)
[n]q!
+b2a”_2Egﬁq(ay :b71h)
[2]!

+

Dé?z_l)En—l,q(qx)

ot DR, 4(qx)

b LaE, 1 4(ay : b71h)
[n—1],!

Dc(:izE",q(bf : Cl_lh)+ D((:h_l)En,q(bx : a_lh)+

DBy (bx - a™h)+ba" By g(ay : b h) D) Ey 4 (bz - a™'h)

+a"Eo 4(ay : b R)E,, 4(bz : a” h)

a"E, 4(by a7 1h)

: “YWE,_14(by :a"'h
= : DfﬁfEn,q(ax:b*lh)Jra Lalby sa” 1)

Dgflh‘”En,q(ax (b h)+

[n]q! [n—1],!
21n—2 .1
a’d ]EQ[;](I"Z/'G h)fo)Enq(ax b h)+ab" 'Er 4 (by : @) DL)E,, o (ax : b1 h)
N
+0"Eo 4 (by : a ' h)E,, 4(az : b7 h). ()
520
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Proof. From (2.1), we find a relation

eq.n(abz : t) Za (bz)(bx — a"'h)(bz f[2]qa*1h)~~(bxf[mfl}qaflh)m—

= e q-1p(bx @ at).
If eqn(abr : t) = ey q-15(bx : at), we can take

22e, 1 (abx : t)eq n(aby : t)

A(t) =
" (ega—1n(L:at) +1)(egp-1p(1:0t) +1)
2 2
= br i t by : t
(a1 Dy canaby 0
2 9

= eq.a-1n(bx @ at)

- - bt
eqa-1n(l:at)+1 eqp-1n(ay : bt)

eq,b_lh(l N bt) —+ 1
—1 1 k
_;)a E, q(bz : a”th) [n 'ZbJEk,qay b™ h)[]'

q*

n

- ) " /n ARk ot av b1 t
—Z@ (1) B 0 BBt h)) 0

q*

Similarly, we obtain

A => 1> (k> "R B g g0z b B o (by s a7 h) | 0
n=0 \k=0 q [n]q
Comparing the coefficients of both sides in () and (), we obtain
3 (Z) A" E, g, o (b s a" h)Eyg(ay s b 1R)
k=0 q
-y (Z) bR E,, g, o(az s b ) By o (by : a th). 0
k=0 q
From Corollary 2.3, we have
n—k
Epq(bx,a” h) = [ o [n = K¢t D) B g(bz,a™"h),
q!
_ n—k _
Ep_jq(az, b~ 1h) = [[n]}qufﬁ +En.q(az,b="h). 0
q!
Replacing () with equation (), we have
"~ " FVE g (ay bR _
’“[’kq]( Y >ng,g B g (b, a™'h)
k=0 a
"L aFo PR o (by cam R (k _
[z] ' D) By g(az, b~'h). 0
k=0 a
From (2.11), we complete the proof of Theorem 2.6.
O

521
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Corollary 2.8. On setting ¢ — 1 in Theorem 2.5, we have

b"E,(ay : b~1h) " LaE, _1(ay : b=1h)
n! (n—1)!

D\E, (bx : ah) + D" VE, (bx : o Th)+

b2a"2Ey(ay : b~'h
L Yra" s (ay )

o Dflz)]En(bx ca”th) + ba" By (ay : b_lh)D,(ll)En(bx ca”'h)

+a"Eo(ay : b h)E,, (bx : a”h)
_a"B,(by :a"th)

= —|D2")Bn(ax b7 h) +
n!

a" B, _1(by : a"1h)
(n—1)!

D\ VB, (ax : b h)+

2b" 2By (by : a”'h
+a 2§'y a )

DB, (az : b~'h) + ab” "By (by : o h) DV B, (az : b 'h)

+b"Bo(by : &= *h)B,(ax : b 1h). ()
Corollary 2.9. Setting h — 0 in Theorem 2.5, we have

b taE, 1 4(ay)
[n — 1!

b"En q(ay)
[]q!
b?a" Ky 4 (ay)
[2],!

DR, 4(br) + DY VE, o (br)+

DPE, ,(bx) + ba" " Ey 4 (ay) DVE,, 4 (bx)
+anE0,q (ay)qu (bx)

a”flen_l,q(by)

(n)
DVE,, 4(ax) + 1],

"E,, 4(b
a nq$ y) D((anl)qu(ax)_*_

[n]q
2 n—Z]E

ab[Q]Q"Q(by)D((IQ)En’q(ax) + abn_lEl’q(by)Dél)En,q(aaf)
q

JanEO,q(by)IEn,q(am)' ()

Theorem 2.6. For | ¢ |> 1 with a,b # 0, we derive a basic symmetry relation for
difference equation as

BT Enq(B~1h)

[n]4!

P (5)
[n],!

B laBn_1,4(87'h)
[n—1]4!

DB (B - ™ h) + DU VR, 4(Br : a7 h)

+- D((I?,)Lqu(ﬁx : of1h)+Ba"71E1,q(571h)DéTQLqu(ﬂx cath)

+a"Eo (B )y 4 (Bx s o™ h)

m—1 E —lh e
" BB 1q(a >D(7h VE,  (az : 71h)

a™Ey, (a7 h) _
= . D ,izEn,q(Cw B lh) + [n— 1], q
q!

(
[n]q! !

a?Bm 2Ky 4 (™ th)

[n]q!

I DB, g(ax : 7 h)+aB"  Erg(a  h) D\ ) E, g(az - f71h)

+B”E07q(oflh)]En7q(ax - B7h). O

522
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Proof. To obtain another symmetric difference equation which is related to the de-
generate quantum Bernoulli polynomials, we have

22e,n(afBz i t)
(eqa-1n(1:at)+1)(e,z-15(1: Bt) +1)
From the same way as proving Theorem 2.6, we find

B(t) =

n

3 (Z) BEam By o (B h)Ep_g 4 (B : o~ 'h)
q

k=0

n n ~
= Z <k> "B FE (T WE, g g (az s BTR). 0
k=0 a
Using Corollary 2.3 in (), we obtain
i /Bkan—kEk’q(ﬂ—lh)
k=0

DB, 4(Bz - a~'h)

(k]!
n k an—k -1
-y e [I;E]k A W) p0g, (ax: 571h). 0
k=0 «

From (), we complete the proof of Theorem 2.7.
O

Theorem 2.7. The degenerate quantum Bernoulli polynomials are solutions of the
following higher-order differential equation combined with the degenerate quantum
tangent numbers and polynomials

T0g(2:0) + T y(h) (n
(T [Tf}q; 1) b g (s byt

(T5,4(2: h) + T5,4(h))
214!

(Tl + Tymra0) pog 0
[n — 1]g! alow

D®) B, (x: h)+(Ty (2 h) + Ty 4(h) D) B, o(x:h)

+ .. .+ G wh
+ (T0,4(2: )+ Toq(h) —2)E, 4(z : h) =0.
Proof. Using (2.1), we note that By using () and (), we have

= t 2
E,q(x:h = eqn(x:t
7;) ’q( )[n]q; eq,h(l . t) 1 q,h< )

L2 (1:t)+ 2 2 eq.n(z 1 1)
== e : :
2 \egn(Z:t)+1 4" eqn:)+1) eqn(l:t)y+1 4"

= %Z (Z (Z) (Tk’q(l : h) +Tk,q(h))Enfk’q(£L’ : h)) i ()

n=0 \k=0 (]!
Comparing the coefficients on both sides of equation (), we have
" /n
2B q(x: h) = Z <k‘) (Th,q(1: 1) + T g(h) B g (@ < ). 0
k=0 q
Using the relationship of the (g, h)-Euler polynomials to the k-times (g, h)-derivative
in (), we get

(T (1 1) + Tig (1)
LT D

E, 4(x:h)—2E, 4(z:h)=0.
k=0
The above equation completes the proof. O
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Corollary 2.10. Setting h — 0 in Theorem 2.7, we have
Tn,q +Tn,q(1) Tnfl,q +Tn71,q(1)
[n]q! [n —1]!
Toq + T (1)
[2],!
+ (To’q + T(),q(l) -2) En’q(ﬂ;‘) =0.
Corollary 2.11. Setting ¢ — 1 in Theorem 2.7, we have

DWE, ,(x) +

q,r—N,q

Dz(;,lz_l)En,q(m)

Dé,z;]En,q(x) +Thq+ Tl,q(l)Dc(I,lngn,q(I)

(T(2 : h) + Ty (R))
n!

Tn_1(2 : h) —+ Tn_1<h))
(n—1)!

T5(2: h) + Es(h))
2!

DY) ( : hy+ Dy VB (s h)+ - 4+ D) En(x : h)

+(T1(2: h) + Ta(h) DY) By (x « h) + (To(2 : h) + To(h) — 2) En(a : h) =0,

where Dy, is the h-derivative and E,,(z : h) are called the degenerate Euler poly-
nomials.

3. CONCLUSION

We constructed (g, h)-analogue of Euler polynomials and numbers and found sev-
eral differential equations with these polynomials as solutions. We also found dif-
ferential equations combining with ¢-Bernoulli and g-Genocchi polynomials. We es-
tablished some properties of (g, h)-analogue of Euler polynomials and numbers. The
results from this paper have highlighted interesting topics for constructing Euler poly-
nomials with bivariate quantum numbers and properties.
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