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Introduction: Each numerical method needs a good starting approximation
to diminish the frequency of iteration and to converge the root of a function.
Generally intermediate value theorem (IVT) is widely used to estimate an
interval containing the root of a real function and as it is well known that the
theorem depends on the alternative sign of a function. When the range of a
function is non-negative or non-positive in its natural domain, IVT does not
suggest any interval containing root.

Sometimes the linear interpolation method is also recommending to estimate
the initial approximation of a root, but here we need prior information about
the interval containing root; that is, the linear interpolation technique is
depends on IVT. In some cases, graph of the corresponding functions are also
used to estimate initial approximation as an alternative. But tracing of graph
is not always an easy task without using mathematical tool. Supposed that
F(x) = 0 is a real valued function and it can be expressed as other two real
valued function such as f(x) = g(x) (say), then their intersection point can
be used as an initial approximation of the function F(x). But here difficulty
is that, the solution of the expression f(x) = g(x) may not be calculate
easily.

The content of this paper is organized as follows: we briefly review the
literature associated with initial approximation in Section-2. The main results
on proposed technique are studied in both real and complex field with
examples in Section-3 and Section-4 respectively. The paper end with a
conclusion in Section-5.
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Objectives: The prime objective of this paper is proposing a technique to
estimate a better initial approximation to a root of a function. In this technique
our main focus is to overcome the aforementioned limitations and make it user
friendly.

Methods: The Wiersma basin attraction root point Theorem, Schrader Fixed
Point Theorem are used. The concept of variational inenequality problem
approach is used to find the root interval of the basin attraction root point of a
function.

Results: The basin of attraction of the equations of real function and complex
function are established. The results are established with the concrete
examples.

Conclusions: In this piece of work, we suggested a new strategy to estimate
the real and complex initial approximation for both real and complex
equations respectively. Any standard iteration by function will definitely
convergent to the root by choosing these initial approximation and it will also
diminish the frequency of iteration.

Keywords: Favorable initial approximation; Newton’s basin of attraction;
Supper strong initial approximation.
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1. Introduction

Each numerical methods needs a good starting approximation to diminish the frequency of
iteration and to converge the root of a function. Generally intermediate value theorem (IVT) is widely
used to estimate an interval containing the root of a real function and as it is well known that the theorem
depends on the alternative sign of a function. When the range of a function is non-negative or non-
positive in its natural domain, IVT does not suggest any interval containing root. A real function F(x) =
(x — 1)? or — (x — 1)? always attained non-negative or non-positive value respectively for all x € R,
having second order root at 1. In such cases IVT fails to suggest a conclusion over the roots of the
function. Sometimes the linear interpolation method is also recommend to estimate the initial
approximation of a root, but here we need prior information about the interval containing root; that is,
the linear interpolation technique is depends on IVT. In some cases, graph of the corresponding
functions are also used to estimate initial approximation as an alternative. But tracing of graph is not
always an easy task without using mathematical tool. Supposed that F(x) = 0 is a real valued function
and it can be expressed as other two real valued function such as f(x) = g(x)(say), then their
intersection point can be used as an initial approximation of the function F(x). But here difficulty is
that, the solution of the expression f(x) = g(x) may not be calculate easily. Let us consider a function
F(x) = cosx - coshx — 1 and it can be expressed as other two such as coshx = secx, but to find the
intersection point of the expression is not an easy task.

The prime objective of this paper is propose a technique to estimate a better initial
approximation to a root of a function. In this technique our main focus is to overcome the
aforementioned limitations and make it user friendly. The content of this paper is organized as follows:
we briefly review the literature associated with initial approximation in Section-3. The main results on
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proposed technique are studied in both real and complex field with examples in Section-4 &5
respectively. The paper end with a conclusion in Section-6.

2. Preliminaries

1
In 2006, Kornerup [6] studied for finding the best possible seed values when computing a?

using the Newton-Raphson iteration in a given interval. A natural choice of the seed value would be the
one that best approximates the expected result. It turns out that in most cases, the best seed value can
be quite far from this natural choice. When a monotone function f(a) is evaluated in the interval
[@min, @max], DY building the sequence x,, defined by the Newton-Raphson (NR) iteration, the natural
choice consists in choosing x, equal to the arithmetic mean of the endpoint values. This minimizes the
maximum possible distance between x, and f (a). And yet, if it perform n iterations, what matters is to
minimize the maximum possible distance between x,, and f(a). Thus the study of Kornerup [6] is
confined on the equation x? — a = 0. In 2010, Muheadden [7] modified NR and Secant methods to
complex form, then from that they get new iterative formula to them, named Newton (Secant) real
iteration formula and Newton (Secant) imaginary iteration formula, real iteration used to find real roots
while imaginary iteration one will be used to find complex roots of nonlinear equations such as x2 +
a = 0. In 2017, Kafash and Hosseini [5] have attempted to approximate the real and complex roots of
nonlinear equations, by considering the convergence conditions of Adomian Decomposition (AD)
Method for solving functional equations. It can be computed suitable approximate real and complex
roots of a given function more efficient than Maple software. The problem of specifying the Newton
basins was posed by Cayley [4] in 1879. Cayley (like Schraoder before him) could not go beyond
guadratic polynomials because of the chaotic global behavior of the complex Newton method. The
study of iterations with rational functions (such as the Newton iteration for a polynomial) was greatly
advanced by Fatou and Julia in 1918-1920; see [3] and the history in [1]. We revisited some results to
make this work self contained.

Definition 2.1 (Wiersma) If x, is a root of f, the basin of attraction of x, is the set of all numbers x,
such that Newton’s method starting at x,, converges to x,. In symbols,

B, = {xo: x, = N"(x,) convergent to x,}.

Theorem 2.2 (Alexandar et al. ) (Schroder Fixed Point Theorem) If f is an analytic function with
f(A) =21 and |f'(1)| < 1, then there is neighborhood D of the fixed point 1 on which all points
converge to A under iteration by £, that is, for any z € D, lim f™(z) = A.

n—oo

Fixed points are often classified according to the following definition:
Definition 2.3 (Wiersma) Suppose that a map f: X — X is differentiable at a fixed point x,. Then

(@) x, isattracting if and only if |f'(x,)| < 1,
(b) x, is supper-attracting if and only if |f'(x,)| = 0,
(€) x, isrepelling if and only if [f'(x,)| > 1.

If there exist an element ey € X such that |1y — ex| < 1, then the Definition 3.3 can be defined as a
Variational Inequality Problem (see [9]) to find x, € X such that for all x € X,
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—(ex, x —x,), if x <x,;
—(1x,x —x,), if x=x
(€x, X — X,), if x > x,.

(Vf(x) = 1g,x —x.) =

. Variational Approach for finding Initial approximation in

numerical method of function with real roots

Let us consider a real polynomial F(x) of n degree, define in the domain D € R
Fx)=ap+a;-x+ay - x>+ag-x3+ - +a,; - x"+a, x" aga, #0 (3.1)

which can be represented by the polynomial equation

Fo =1+ (2 )x+( )x +(2 )x I o PR ) X"=0 (3.2)

Qo
For our need, we define the concept of favorable initial approximation of the real equation.

Definition 3.1 Let F(x) be a real function defined in the domain D € R and f(x) be the two lowest
degree terms (with unity constant if any) or single term of degree > 3 of F(x). Let x, be the root of the
equation f(x) + x = 0. Then, a point x € D is said to be favorable initial approximation of the real

equation F(x) = 0 if and only if lim %ﬂ =1or0.

XX I T

In other words, a point x € D is said to be favorable initial approximation of the real equation F(x) =
0, if and only if, for any € > 0 there exist § > 0 depending on € such that 0 < |x — x,| < §,=
|%? — y| < e where y is 1 or 0 and x,, is the root of the equation f(x) + x = 0 in the domain D € R
of the real function F(x), where f(x) is the two lowest degree terms (with unity constant if any) or

single term of degree > 3 of F(x).

Remark 3.2 The choice of the number ¢ is arbitrary, but as small as one wishes. The root of the
equation f(x) + x = 0 may be either real definite or complex or indefinite values. The number 1 or 0
provides some information on the behavior of the function in the neighborhood of the point x,. It
conveys that when f(x) assume its value closer to x, x is the favorable initial approximation of F(x) =
0. The definition also guess the favorable initial approximation of complex roots of the real or complex
equation.

Let us consider f(x) =1 +( )x two lowest degree terms (with unity constant) of F(x) =0,

according to the Definition 3.1, it follows

1+(Z—(1))x
X

f(x) _q

1|< = < €,

( ) ex < 5,

istherootof f(x) —x =0,

:>|x—

0

= |x—x0] <6, x5 = a0a—0a1

> X E (XO - 5,.x0 + 5) = NS(XO)
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where Ng(x,) is the neighborhood of favorable initial approximation x,. Similarly, we can consider
flx)= (%) x3, term of degree 3 in F(x) = 0, according to the Definition 3.1, the following

0
()

9 1| <e s <e

-1
o < (=) =
as a

3
Qo Ao
> -2 — x| < 8xp = |20 =~ [,
3 3

X and x; are roots of f(x) —x =0,

= |x — x| - [x —x1] <6,
=2>x€(xg—6,x0+8) =Ns(xp)and x € (x; — 8,x; +6) = Ns(xq),

where Ng(xo) and Ng(x;) are the neighborhoods of favorable initial approximation x, & x4
respectively. Proceeding similarly we can estimate other favorable initial approximation of the equation
F(x) = 0. Here each neighborhoods Ng(x;),i = 0,1, are the subsets of the Newton’s basin of
attraction for corresponding roots. We can represent the above argument in the following Figure: 1.

” F(zx)

/

For * € Ns(z0) and F/(z) # 0 (slope of the tangent at z),
in the right angle triangle and }l"’(i‘l} — ‘Jr‘*l—ir‘
—. _F(=) = |zy — %
=~ @~ " :
F(z)
\ 4 [— $ 3 \
)
) L - r1 T T .\,\":I())

Figure 1: First approximation of any ¥ € Ng(x,) convergent to x; under iteration by F. In symbols,
Ip(f) = Xq1.

On the basis of these arguments, we can classified the favorable initial approximation in the following
definition.

Definition 3.3 Suppose that a function F: R — R, is differentiable at a favorable initial approximation
X € Ng(xo) and F'(%) # 0. Then

F(%)

rl = O

* X isroot if and only if |
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* X is supper strong attracting if and only if 0 < |%?) < %
S I el |F(®
X is strong attracting if and only if 5 < |—F,®| <1,

* X is useless if and only if |% > 1.

. . . F
Let us consider an exponential function F(x) = e**. For |a| < 1, we have |E| > 1 for all values of x €

R. This implies that, all values of x € R are useless in terms of setting for an initial approximation for
the equation F(x) = 0, because the function does not have any root in R. Similarly for, |a| > 1 we have

0< |§| < 1, for all values of x € R. In this case the Definition 3.3 suggest strong initial approximation

but that will diverge to —oo, after n > M iteration where M is a large positive integer and —co is the root
of the exponential function in R*(extended real line). Now let us consider a trigonometric function
F(x) = secx and its Maclaurin’s series is

E
F(x) = secx = E, —2—2'x2 +4—‘:x4 — .

2
where Eq=1,E, =—1,E, =5,E5 = —61,--- are Euler’s number. Setting, f(x) =1+ % (see
Definition 3.1). The roots of f(x) + x = 0 are complex conjugate, implying the complex conjugate are
not suitable for favorable initial approximation of a real function. Similarly, by setting, f(x) = %x“

(see Definition 3.1), we obtain the roots of f(x) + x = 0 are real or complex conjugates as |§| > 1for
the real root by Definition 3.3. Thus there will be no suitable value for the initial approximation of the
equation F(x) = secx = 0. On the basis of the above discussion, we obtain the following result.

Theorem 3.4 If a function F (x) is differentiable in its natural domain D and x, is a root of the equation
F(x) = 0, then there is a neighborhood of a strong attracting point (that is, Ns < B,) on which all
points converges to x, under iteration by F, where B, is the Newton's basin of attraction for the root
X., 1.e., forany ¥ € Ns and I} (%) = x,,, = éi_r)?oxn = X,.

Proof. A function F(x) is differentiable in its natural domain D and x, is a root of the equation F(x) =
0. Let x4 be a strong attraction point and there are two numbers 0 < §,4 < 1, suchthat Ng(xo) = (xg —

8, %, + &) on which all points satisfy || <2 < 1, by Definition- 3.3. Now let ¥ € N5(x,), then by
Lagrange’s Mean Value Theorem (MVT) for finite increment (h > 0),
F(x. +h) = F(x.) = [(x. + h) — (x.)]F'(x. + 6h), 0 <6 <1,
sincex, + 8h = x, + h=X (say),as0 < h <1,
= F(%) - F(x.) = (¥ — x.)F' (%),

o _F® _F@)

>X—x, = @ F® (as x, is aroot of F(x) = 0 and by Definition 3.3,)
> lF-xl<|g2] <4

S |X—x] <4

implies that, the distance between strong initial approximation ¥ and the root x, is smaller than unity.
So we repeat the same argument under iteration by F, i.e., Ig(X) = x, is the first approximation and
using Lagrange’s MVT given as follows:
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Fx.+3)=Fee) = [(x. +3) - x|F (x.+3), 0< 0 <1,
because X, +92—h = X, +

F(xl) - F(x*) = (xl - x*)F,(xl)'
_ Fp) _ F(x)
* F'(xq) F/(x1)

F(x1)
Fr(xq)

h
L= (say),

(as x, is a roof of F(x) = 0 and by Definition-4.3,)

= | — x| < <A =|x—x| <22

Since 0 < A < 1, implying A2 < 1, i.e., the distance between first approximation x; and the root x, is
more smaller than before. So we repeat the same argument under iteration by F forn > 0, i.e., [ (%) =
x, and we have |x,, — x,| < A"*1.Since 0 < 1 < 1,A"*! - 0 as n — oo. Therefore, x, > x, asn -
oo, This completes the proof.

A good number of examples on algebraic and transcendental equations are studied to illustrated the

process of calculation. In the following example we have taken the problem studied by Philip [8] and

Wiersma [10].

Example 3.5 The function F(x) = x3 — x has three real roots x = +1 and 0. A simple calculation
. - . .1 : ; —o — L

gives critical points x = + 7 SO we can conclude the basin of attraction of as ( 0, ﬁ) c

B(—1), ( 7 \/_) c B(0) and (\/_, ) c B(1), where B(—1), B(0) and B(1) are Newton’s basin of

attraction for the roots —1, 0 and 1 respectively. We establish the result by our proposed method in the
following Table-1.

Choose f(x) = x3 —x
Roots of lim f(x) F(x;) Nature Ngs(x;) © B(x,)
f)Fx=0 x-x; | +x F'(x)
X9 =0 1 0 root 1
NsGxo) © (2 =)
V' Vs
x; =V2 1 0.28 supper Ns(ry) (L oo)
\/-5—)1
- _ -1
wevE |1 028 B (- )
X3 =x9 =0 1 0 root -1 1
N5 (o) < (=)
V5 V5
Choose f(x) = x3
Roots of . ) FGx) Nature Ns(x;) © B(x,)
_— lim |—— Fr(x;)
f(x)+x=0 x-x; | +x
Xo=0 0 0 root Ns(x) C (\/ﬁ })
x; =1 1 0 root Ns(x,) © ( )
x, =—1 1 0 root Ns(x,) © ( o0, )
Xx3=%=0 |0 0 root Ns(x) C ( ; 15)
x4_ - i l e ]D)
454
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Table 1: Example: 3.5

Example 3.6 Let us consider a transcendental equation F(x) = x — 2sinx = 0 with roots such as

0,+1.895494, .- etc. and F'(x) = 1 + 2cosx. Using the Maclaurin’s series of sinx, we rewrite the
3 5 3
equation as F(x) = —x + % —% -~ =0, setting f(x) = % Now we summarize the proposed

method of calculation in the following Table-2.

Table 2: Example: 3.6

Choose f(x) = ’;—3
Roots of im £ |F(xi) Nature Ngs(xi) © B(x,)
Fx)—x=0 x-xi | x F'(x;)
X9 =0 0 0 root Ns(x9) € B(0)
x; =3 1 0.35 supper Ns(x;) € B(1.895)
x, = —V/3 1 0.35 supper Ns(x,) € B(—1.895)

Clearly, the initial approximation x; = /3 = 1.732 is fairly close to the least positive root 1.895.

Example 3.7 Let us consider a transcendental equation F(x) = cosx - coshx — 1 = 0 with roots such
as 0,4.73, etc. Using Cauchy product of series on the Maclaurin’s series of cosx and coshx, we can
rewrite the equation as follows

. (_1)nx2n x2 x4— X6
COSX = Q= =l-=+—=—-—=+"
Zn=o 2n)! 20 4l el
2n 2 4 6
X X X X
coshx =37 ¢ —-——=1+=+=+=+
Ln=o 2n)! 20 4l el
—5.x% x8
F(x) = cosx - coshx — 1 = + -
2:30  3.7.5!

Now we summarize the proposed method of calculation in the following Table-3.

Choose f(x) = _if or 3.’;?5!
Roots of lim fx) | Flx) Nature Ns(x;) € B(x,)
F)—x=0 x—x; | x F'(x;)
X9 =0 0 0 root Ns(x0) € B(0)
x, = £1.33 1 0.35 supper Ngs(x;) € B(0)
x, = 3.06 1 041  |supper Ns(x,) € B(4.73)

Table 3: Example: 3.7
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The imaginary roots of f(x) + x = 0 for f(x) = are not included in the Table-3. Similarly, other
initial approximation can be estimate.

Now we are extending our argument in the field of complex number, in the following section.

. Initial approximation in numerical method of function with

complex roots
Let us consider a complex polynomial F(z) of n degree, define in the domain D < C

Fz)=ay+a,-z+a, z>+az-z3+ - +ap_1 2" +a, z" ayga, #0 (4.1)

and its polynomial equation can be represent as

F(z) =1+ (2 )z+( )z +(2 )z R o P ) =0 (42

0

Definition 4.1 Let F(z) be a map defined in the domain D < C and f(z) be the two lowest degree
terms (with unity constant if any) or single term of degree > 3 of F(z). Let z, be the root of the equation
f(2) ¥ z = 0.Then, apoint z € D is said to be favorable initial approximation of the equation F(z) =

0 if and only if Lim %)| =1o0r0.

z-2zZg | T

In other words, A point z € D is said to be favorable initial approximation of the equation F(z) = 0, if

and only if, for any € > 0 there exist § > 0 depending on € such that 0 <|z—z,| < §,=
f(Z)

—(lor 0)| < € where z, is the root of the equation f(z) + z = 0 in the domain D < C of the
map F(z), where f(z) is the two lowest degree terms (with unity constant if any) or single term of
degree > 3 of F(2).

Letus consider f(z) =1 + ( )ztwo lowest degree terms (with unity constant) of F(z) = 0, according

to the Definition- 4.1, the following

ar
f(z) 1|< :y—l <e,
=>|z—a0_a1 <3 5=z-e(—“1a‘0“°),

2 |z—2y <6, zy = aoa_"al istherootof f(z) —z =0,

= 7z € Ng(2p) = {z: |z — zo| < 5}

Where Ng(z,) is the neighborhood of favorable initial approximation z,. Similarly, we can repeat the
argument for the other favorable initial approximation of F(z) = 0.

Definition 4.2 Suppose that a map F:C — C, is analytic at a favorable initial approximation Z €
Ngs(zy) and |F'(Z)| # 0. Then

(Z)

is root if and only if | =0,

k@)
Fr(2)

Z is supper strong attractlng if and only if 0 <

1
SE;
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F@)
Fr(2)

(c) Zis strong attracting if and only if% < | <1;

FO| 5 4

Fr(2)

For Z € Ns(zp), |F'(f W # 0,

and the right angle triangle,
|F(3)]
=
Fi(z)

= |21 z|.
(=

The trace &(t) formed due to

intersection of Vg and |F(z)|

S; V |F|(zg)

Figure 2: Favorable initial approximation z, and first iteration z; = Iz(Z): T, is the tangent plane at

zy; Vp is the vertical plane through z,; ¢(t) is a real valued function defined over the line S in the
direction of V|F|(z,).

Theorem 4.3 If a map F(z) is analytic in its natural domain D < C and z, is a zero of the equation
F(z) = 0, then there is a neighborhood of a strong attracting point (that is, Ns < B,) on which all
points converges to z, under iteration by F, where B, is the Newton’s basin of attraction for the root
z,; thatis, for any Z € Ng(z,) and I} (2) = z,, = iilgoZ" = Z,.

Proof. A map F(z) is analytic in its natural domain D < C and z, is a zero of the equation F(z) = 0.
Let z, be a strong attraction point and there are two numbers 0 < §,4 < 1, such that Ns(z,) =
{z: |z — z5| < 6} on which all points satisfy |§| < 1 < 1, by Definition- 4.3. Now let us consider a

circle C(i.e., |z — zy| <) c D, center is at z, with radius » > 0 such that it contain the point z, (see

Figure: 2). Applying Taylor’s series expansion of F(z) at Z € Ng(z,) with definite increment h > 0,
we have the following
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F(Z+ h) —F(Z) =[(Z+ h) — (2)] - F'(2). Neglecting the higher order terms. set
Z+ h =z, (say),
F(Z) -F(z) = (Z—z) F(2),

. _F® _Fa) .
>Z—2z, = Fo  F@)

z, is aroot of F(z) = 0 and by Definition — 4.2,

F(20)

5 — <
adl A FI(2)

<A

=>|Z—z|< A

This implies that, distance between strong initial approximation Z and the root z, is smaller than unity.
So we repeat the same argument under the iteration by F, i.e., I[z(Z) = z; is the first approximation and
using Taylor’s series at z,, as follows

=>F (zl + %) —F(z)) = [(zl + %) - (zl)] - F'#1) neglecting higher order terms,
set z; +g =z, (say),

= F(z)) —F(z.) = (z1 — z.) - F'(z),

_F) F@)

>z, —2Z, = e Fay is aroot of F(z) = 0 and by Definition — 4.2,
F
=z -zl < [g 2| <,

: |Zl _Z*l S AZ.

Since 0 < 1 < 1, we have A2 < 1. This implies that, distance between first approximation z, and the
root z, is more smaller than before. So we repeat the same argument under the iteration by F forn > 0,
i.e., IF(2) = z, and we have |z, — z,| < A**1.Since 0 < 1 < 1,A"*! - 0 asn — oo. Therefore, z,, —
z, asn — oo. This completes the proof.

Corollary 4.4 Strong initial approximation of complex function coincides with strong initial
approximation of real function in a particular direction.

Proof. A map F(z) is analytic in its natural domain D € C and z, = (x,, y.) IS a zero of the equation
F(z) = 0. Let z, = (x,y,) be a strong attraction point for the root z, such that Ns(z,) < B(z,). Let
T, be the tangent plane to the surface |F(z)| = f(x, y)(say) at the point z, (see Figure: 2) and V,, vertical
plane in the direction of z,. Let S be the trace of the line containing z,, z, and in the direction of V|F|(z,).
Let ¢: S — R be the real valued function defined over S, is formed due to the intersection of vertical
plane V, and |F(z)|. The trace S can be parameterized as x = t,y = mt + ¢ where m is the slope and
c is the y —intercept. Using these parameter we can rewrite the surface as

[F(2)| = f(x,y) = f(t,mt +c) = (D),
= [F(zo)| = f(x0,¥0) = P (x0),at zg = (X0, ¥0)- (4.3)

Hence, the strong initial approximation Z € Ngs(z,) in the complex function coincides with the ¥ €
Ng(xo) of real function, in the trace S.

https://internationalpubls.com 458



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 7s (2025)

This established the statement.

Example 4.5 Let us consider an example studied by Yau-Yau98, F(z) = z* — 1 = 0 has four roots
such as +1, +i. Several sets of absolute value of |F(z)| are plotted for the roots of the equation, see —
Yau98. Now we summarize the proposed method of calculation in Table-4.

Table 4: Example: 4.5

Choose f(z) = z*
Roots of lim f(2) F(z;)| |Nature Ns(z;) © B(z.)
_ z-zi| +z F'(z)
fz)+z=0
Zo =0 0 o0 critical point
z1 =1 1 0 root Ns(z;) € B(1)
-1 3 2m 1 0.75 strong Ns(z,) © B(i)
Zy=—+i—=¢e3
2 2
-1 3  am 1 0.75 strong Ns(z3) € B(—i)
Zzg = —— I—==¢ 3
2 2
Zy=—1 1 0 root Ns(z,) € B(—1)
1 V3 m 1 0.75 strong Ns(z5) c B(i)
Zs=-+i—=e3
2 2
1 3 5w 1 0.75 strong Ns(z) € B(—0)
Zg = E — 17 =e 3

Example 4.6 Let us consider an example studied by Kafash [5],
F(z) = (—45+250)+ (2—i)z+e'Z =0
with roots z, € Z,, where Z, is the set of roots such that
Z, = {(2.17 + 0.12i), (0.8 — 0.811), (—0.39 + 2.77i), (0.8 + 1.23i), (3 — 0.07i), -+ }

and F'(z)=2-i)+ 2izel?”, Using the Maclaurin’s series of e'?”, we can rewrite the equation as

4 i,6
F(2) = (=35 +2.5) + (2 — D)z + iz? == - 131' + -~ =0. Now we summarize the proposed

method of calculation in the following Table- 5.

Table 5: Example: 4.6

Choose f(z) = (=3.5+25)+ (2—1i)z

f(2)
+z

F(z;)
F'(z)

Roots of Nature Ns(z) < B(z,)

lim
z—z;

f(z2)¥z=0
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7, =3+ 0.5 1 0.62  [strong Ns(z,) © B(2.17 + 0.120)

7, = 1.3 — 0.4i 1 031  |supper Ns(z,) © B(0.8 — 0.810)

Similarly by repeating the same argument, we can estimate the other initial approximation as well.

5. Conclusion

In this piece of work, we suggested a new strategy to estimate the real and complex initial
approximation for both real and complex equations respectively. Any standard iteration by function will
definitely convergent to the root by choosing these initial approximation and it will also diminish the
frequency of iteration.
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