Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No.2 (2025)

Applications of Second-Order Differential Subordination Considering
Mittag-Leffler Poisson Distribution Series to a Class of Analytic
Functions

S. Sridevi %2 and Dr. B. Venkateswarlu ?
!Department of Mathematics, V.R.Siddhartha engineering college, Deemed to be University, Vijayawada-520007,
Andhra Pradesh, India; sdkmaths@gmail.com

2Department of Mathematics, GSS, GITAM University, Doddaballapur-562163, Bengaluru Rural, Karnataka, India;
bvimaths@gmail.com

Article History: Abstract:

Received: 29-10-2024  |n this paper, we establish an innovative subclass of analytic functions by utilising the Mittag-
Revised: 30-11-2024 Leffler poisson distribution series and acquire some number of Differential Subordination

Accepted:09-12-2024  (DSO) results.

Keywords: Analytic, convex, subordination, Poisson distribution series.

AMS Subject Classification: 30C45, 30C50.

1. Introduction

Let C be complex plane and D = {w: w € C and |w| < 1} = D\{0} exists as an open unit circle
inside C. As well as, assume H (D) represent a class of functions which are analytic in D. For n €
N ={1,23,..,}aswell as a € C, let H[a, n] be a subclass of H(ID) constituted as functions having
of the form

[(w) =+ a,w" + ap w™ + -

Through H, = H[0,1] along with H = H[1,1]. Assume A, is the class, which is a group of every
holomorphic mappings of the form

[(w) =w+ Z a,w" (1.1)
k=n+1
within a unit circle that is open in D through A; = A. A mapping [ € H(D) is injective if it satisfies
the one-one correspondence mapping within . The subclass of A formed by univalent functions in
D, which is indicated by S . Suppose there is a function [ € A, which takes the mapping D onto a
convex domain as well as [ injective, then [ represented as convex mapping and denoted the class
by
_ . wl"(w)
K={leanfl e }>0 we p},
The class of all convex functions specified in ID and are normalized by the conditions " 1(0) =
0and 1'(0) = 1"
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Assume [ and f are elements in H(ID). A mapping [ is said to be subordinate to f if 3 a Schwartz
function belongs toD , which is analytic among

g(0) = 0aswellas |g(w)| < 1, w€E D,

So asto

I(w) = f(g(w)).

In this instance, we write

l(w) < f(w)orl<f.

Moreover, if the mapping f is injective in D, after that we obtain the following equivalence

l(w) < f(w) © 1(0) =f(0) and (D) < f(D).

The technique of DSO (also called as the method of admissible functions) was early introduced
through Miller and Mocanu [7] in the year 1978, in addition to the progress of the theory was started
in 1981 [see. [8]]. The book by Miller and Mocanu [9] in 2000 contained the total information about
the DSO. In the last several years, frequently the researchers deliberate the attributes of DSO (refer
[1-3,11]).

Letting W: C’ x D — C as well as allow # be one-one in D. Suppose that the analytic function p
within D and fulfills the second order of differential subordination

¥ (p(w), wp (w), wp " (w); w) < h(w). (1.2)

Subsequently p is referred to as the DSO solution. Now the injective mapping g also named as a
dominant of the DSO solution or, equivalently, a dominant if p < q for all p fulfilling (1.2). The
dominant q; fulfilling q; < g to each and every dominants g of (1.2) and then g, named as the best
dominant of (1.2).

In the last several years, Binomial, Pascal and Poisson distribution series etc., are plays significant
role in geometric function theory. For Star-like(ST), Uniformly Convexity( UCV) and for some
special functions in the geometric function theory, there was innovated the sufficient conditions and
the proofs. By the motivation of the works [1, 4, 8, 9], we develop this work.

In [12], Porwal, Poisson distribution series and provides the cordial submission on analytic
functions; which gives a new way of research exposure in Geometric Function Theory. Afterwards,
some researchers moved on the distribution series of confluent hyper-geometric, hyper geometric,
Binomial, Pascal and prevails essential and adequate requirement for certain classes of Injective
mappings.

Recently, Porwal and Dixit [13] create Mittag-Leffler type Poisson distribution with prominent
instants, mgf, that is a generalization of Poisson distribution using the definition. For this, the
probability mass function is as

/lla
Eys (DT (uke +s)’

P(Aus;#)(w) = #£=012...), (1.3)
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where

E, () = ;}m . (wseCRW > 0,%() > 0). (14)

The Mittag-Leffler type Poisson distribution series was innovated by Porwal and Dixit [17] along
with specification as

Oo /lk—l .
K(A’“'S)(m)=m+kz=2F(u(k—])+s)E#,s(/1)m ’ (1.5

Which is a standardization mapping in S, since K(A, u,s)(0) = 0 and K'(4, u, s)(0) = 1. After that,
the geometric properties of (1.5) were investigated by Porwal et al. in [14].

For L € A according to (I.1)and j(w) given by
j(w) =w + Z byw* (1.6)
k=2
the convolution of j&I is represented as (j * 1), which is exemplified with
(D@ =w+ ) aghpw® = (Lx @), @EY) (1.7)
k=2
Note that j [ € A. Further, we establish the operator which is convolution product as
S7,ut(@) = K(4 p,5) * j(w)
=w+ z oF (1, s)azw, (1.8)
k=2

/1/&—1
T(u(h—1)+8)Eys(A)

where @ (i, 5) =

Definition 1.1. Let 8, ,(o)be a class of function | € A fulfilling the inequality

ﬁt(giﬂl(m)) >po,wherem €D, 0<po<].

Lemma 1.2. [6]Given & be a convex function with 2(0) = a and suppose p € C* := C\{0}, p,
which is complex among Nt{p} = 0.Suppose if p belong to H[a,n] as well as

p(w) + - wp' (@) < h(w), (1.9)
then

p(w) < q(w) < h(w),

7
where q(w) = #9%[ tn—1h(t)dt, w € D.
nwn ;)
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The mapping q is convex, which acts as best dominant for subordination (1.9).

S

Lemma 1.3. [10] Let {u} > 0,n € N and writ w = T

, in addition let the
holomorphic function # € D with h(0) = 1. Assuming
»"
ER{] +m, (m)} > —w.
h (w)
If p(w) =1+ p,o" + p, 0" + - is always differentiable in I and

p(w) + ﬁmza’(m) < (), (LI0)

then
p(w) < g(w),
where q is the solution of dif ferential equation q(w) + %mq'(m) = h(w), q(0) =1,

Provided by
w
7 _u
q(w) = _uf tn-1h(t)dt, w € D.
nwn ;,
q is therefore best dominant for the DSO (1.10).
Lemma 1.4. [15] Suppose r be as convex function in D as well as let
h(w) = r(w) + nowr'(w), w € D, as long asn € Nand o > 0.
In case
p(w) = r(0) + ppw” + ppw™ !+, wED,

Which is holomorphic in D and

p(w) + owp'(w) < h(w), wED,
then

p(w) < q(w)
in addition to this outcome is pointed.

In the current work, we make use the subordination results from [6] and [10] to demonstrate our
main results.

2. Main Results
Theorem 2.1. Prove that £, , <(0) is convex set.

proof. Suppose

fi(w) =w+ Z ak,jm’&,m €ED,j = 1,..,mbeinthe class £, , ;(0).
k=2
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Then we obtained by Definition 1.1,

n{(g5, 1w)} =

N+ z oXu, s)ay, jkow*! } > 0 (2.1
k=2

For any positive numbers ¢;, ¢5, 63, ..., G SUch that Zj—’;] ¢ =1,

Now we essential to demonstrate the mapping

W) = ) gf; (w)
j=1

is a member of £, , ;(0),i.e.,

n{(s5 L)} > . 2.2)
Thus, we have
S5, (w) = w + z A z ¢ja,;  w~. (2.3)
k=2 j=1

Suppose differentiating (13) with respect to w, after that we acquire
o] m
(gi#l(m))': )i +Zk<p§f(u,s) Z”“’ﬂf wk1,
k=2 j=1

Thus, we have

R{(75, L)} = 1+ 6
=1

> kpk () o }
k=2

m
>1+ Z ¢ile—1), by (2.2
j=1

=Q_

Hence, the equation (2.1) is accurate as well as we arrive the desired result. Hence the theorem

demonstrated.

Theorem 2.2 Suppose g can be convex function in D having q(0) = 1 as well as

h(w) = q(w) + ﬁwq (w), wEeD,

Where p is a complex number with N{p} > —1.
Ifle & ,5() and N =Y,f, where V defined as

N(w) = Y, l(w) = ,,%;1 f 7= 1(t)dt, 2.4)
0
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(75,1)) < h(w) (2.5)

implies that

(JZ,MN (w))’ < q(w)

along with this outcome is pointed.

Proof. With regard of equality (2.4), we can write
w?N(w) = (p + 1)f t?=11(t)dt. (2.6)

Now, we obtained by differentiating (2.6) with respect to w
(PN (w) + N (0) = (p + Di(w).
Additionally, by utilising the operator jfw to the above equality, we obtain

D)1, N (@) + (gfw]\/"(m)> = (p + D (). @2.7)
Now, we obtained by differentiating (2.7) with respect to w
(g; HN(m)) + —m (gj Hl(m)) (gfwl(m)> (2.8)

Through the use of the dif ferential subordination, which is given by (2.5)and in equality (2.8),
we attain

(75,7 @) +;m(jjul(m)) < h(w). (2.9)

We define

p(w) = <£,#N (m))’- (2.10)

Therefore, as a outcome of simple calculations, we obtain
1
k
a,w
+k K }

p(m) = {m XA
k=2

=]+pw+p,w’ +-,p € H[II].

Through the use of (2.10) in subordination (2.9), we acquire

p(w) + g#mp'(m) < h(w) = q(w) + ﬁmq'(m), w € D.
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By utilizing Lemma 1.3, after that we write as

p(w) < q(w).
We thereby achieved the preferred q is the best dominant.
Thus the theorem is demonstrated.
Example 2.3. If we prefer in Theorem 2.2,

i+ landq( )_I+m
p=1i an qm—]_m,

then obtain

_(+2)-((+ 2w+ 2)w
") = T U —wy

Suppose | € &, , <(0) and IV is written as

w

i+2 .
mi+1ft‘l(t)dt,
0

N(w) =Y;l(w) =

then, by virtue of Theorem 2.2, we determine

(+2)-((+dw+ 2w
(i+2)(—w)? '

(giﬂl(m)), < h(w) =

I+w

> (giul(m)) <=2

I—w

Theorem 2.4. let {p} > —1 and
I+ lp+ 1P - |p7 + 2p|
B IN{p + 1}
Assume that z € D is a holomorphic mapping with h(0) = 1 with to
o
SR{] +m, (m)} > —mw.
h (w)
Ifl € 8,,s(0)and N =Y, f,where N is specified by (2.4), then

(g;#Z(m))' < h(w)

gives that

(dﬁ#]\f (m))’ < q(w),

where q is the primitive of the dif ferential equation
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1 ,
h(w) = q(w) + mmq (w), q(0) = 1,

given by

w

p+1
q(w) = Wf t? I(t)dt.
0

Moreover q , the best dominant for subordination(2.11).

Proof. Suppose we prefer n = [ in addition u = p + 1 in Lemmal.2, then the proof is obtained

by means of the proof of Theorem 2.4.

1+(20-Dw

Theorem 2.5. Let 4(w) = .

, 0<o<1 (2.12)

be convex in D with h(0) = 1.if | € A also verifies the differential subordination

(ji“l(m))l < h(w),

then
' 2(1 - 0)(p + Dt(p)
(£, @) < q@w) = Qo - n+ =L
for which the formula provides T as
w tg!’
= dt 2.13
ORI (213)
0
Also V" was known by equation (2.4). The mapping q is convex and is the best dominant.
Proof: Suppose #(w) = % 0<o<I,

afterwards /% is convex in addition to, considering Theorem 2.4, we can write

(#,20@) < ()

by using Lemmal.2, we get

w
ny
iwftﬂh(t) dt

0

_;p+1jntp{1+(2g—1)t}dt

q(w) =

R e 1+t

20-)@+1)

= Ce-N+=—25—T®)

wherever t is specified through (2.13). Hence, we obtain

' 2(1 — 1
(4,7 @) <qw) = o -+ L= DLHD 1)

https://internationalpubls.com

429



Advances in Nonlinear Variational Inequalities

ISSN: 1092-910X

Vol 28 No.2 (2025)

The mapping q is convex. Furthermore, it is the best dominant.

The theorem was proven.

Theorem 2.6.If 0<o<1,0<u<1,6 2 0,N{p} > —1,and N =Y, f is defined by (2.4), then

Y, (ﬁ&u,s(g)) < Lus(0),

where
p = lgllig] N{q(w)} =p(p,0) =Ce—D+2(1-0)(p+ Dt(p) (2.14)
and t is given by (2.13).

proof: Let us assuming that # is provided through equation(2.12), l € &; , () and N =Y, f is
defined by (2.4). Then 4 is convex and, by Theorem 2.4, we deduce

' 2(1 — 1
(,20) <a@m) = o -+ =28 D, @2.19)

where t is given by (2.13). Since q is convex, q(ID) is symmetric about the real axis, and ft{p} >
—1, we determine

» {(g;_ﬂw(m))} > min R{q(®)} = R(a(D} = p(2,0)

=@e-D+2(I-0@+ DU - o)(p).
Which obey from inequality (2.15) that
Y, (Q,W,S(Q)) C £y,,s(p), where p is given by (2.14).
Hence theorem proved.
Theorem 2.7. Let g be a convex mapping with g(0) = 1 and & be a function such that
h(w) = q(w) + wq’ (w), w e U.

If | € A, then the subordination

(75,1)) < h(w) (2.16)
Implies that

I3,,1(w)

< q(w),
and the result is sharp.
Proof: Let p(w) = Ll 2.17)

Differentiating (2.17), we find
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’

(£,1)) = p(w) + wp'w),
We now compute p(w).This gives

g/swl(m) — _I_Zc;co:z <P;lf(ll, s) akmk
w

p(w) =

=Il+pw+pw’ +--, p€H[LI]. (2.18)
By utilizing (2.18) in subordination(2.16), we obtain

p(w) + wp ' (w) < h(w) = q(w) + wq ().
Hence, by applying Lemma 1.4, we determine the result that

p(w) < q(w)

Il (w) )
w

q(w).

This outcome is pointed with q is the best dominant.
Hence the theorem is validated.
Theorem?2.8. Let

1+ Q20— DNDw
I+w

h(w) = , wmED

be convex in D satisfying 27(0) = 1 and 0 < o < 1.If | € A obeys dif ferential subordination
property

'

([ij_#l(m)) < h(w) (2.19)
then

2(1 = 0) In(I + w)
— .

I3, L)
T<CI(U3)=(2Q—1)+

Now, the mapping q is convex and, more over it is the best dominant.

Proof: Assume

Iyt (w)

p(w) = =]+pw+p,w’+--, p€EH[LI]. (2.20)

Differentiating (2.20), we find

(ji”l(m)) = p(w) + wp (). (2.21)
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Considering (2.21), the differential subordination (2.19) becomes

1+ Q20— NDw
I+w

(g;’uzon))' < h(w) =

By using Lemmal.2, we deduce

2(1 — o) In(1 + w)
- :

1
p(w) < q(w) = = [ KDde =Ce - 1) +

By equation (2.20) we achieved the intended outcome.
Thus the theorem obtained.

Carollary 2.9. If L € 8, s(0), then
Iyl (w)
N ’T > 20—1)+2(1 — o) In(2).
Proof. If | € 8, , (@), then it follows from Definition 1.1 that

ER{ (gi#l(m))} >0, wEeD,

which is equivalent to

1+ (20— Nw
I+w '

(gjwum)) < h(w) =
Utilising Theorem 2.8, we acquire

Iyl (w)
w

< Q(m) = (29 -1 +2(1 _Q) In(1 +m).

Since q(ID) is symmetric about the real axis as well as q is convex, we finalize that

l
m{@} > N(q())=Qo—1)+2(1 - 0) In(2).

Theorem 2.10. Let g be a convex mapping to the extent that q(0) = I and A is the mapping given

by the formula
h(w) = q(w) + wqg'(w), w € D.

If | € A with confirms the dif ferential subordination

'

{mgj’ Hl(m)
I3, NV (w)
Then
gfwl(m)
I3, N (0)

<q(w), weD,
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with this the outcome is pointed.

Proof: For function [ € A, given by equation (1.1), we get

S p+1
gi#]\f(m) =w+ z (p/!f([l, S)makbkmk, w € D.
k=2

We now consider the function

(m) = g;'#l(m) - W+ ZC;CO=2 (p/!l((:uﬂ S) akbkmk
Y CON

. +1
w+ X%, 0f (1 s) er—pakbkm"

1+ X5_, 0%, s) agbpw!

- B ¥
1+ Zkzz @ic(.u: S)f_l_—pakbkmk_l

This instance, we obtain

’ '

_Auw) (#,)
Then

'

g, ,l(w) D
gj#]\f(m)}' weD

By using the relation (2.23) in inequality (2.22), we achieve

p(w) + wp'(w) = {

p(w) + wp'(w) < h(w) = q(w) + wq ()

and, by considering Lemma 1.4,

p(w) < q(w),

I L (w)

Hence the theorem is proved.

3. Conclusion

In the study carried out, a new operator was described via Subordination. By using this operator, a
new class was presented and studied. For the further studies, it is planned to describe novel subclass
of m-fold symmetric bi-univalent mappings. It is also planned to present upper bounds for initial
Taylor coefficients, Fekete-Szego and Hankel determinant inequalities for functions in the defined

classes.
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By the following neutrosophic logic, we expect that our work will provide a stepping stone to the
study of various kinds of probability distributions. It is conceivable to investigate the Hankel
determinant for this distribution in the future. Numerous branches of science, technology and
mathematics are anticipated to benefit from the application of Caputo’s derivative operator.
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