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1.Introduction

Many mathematicians ([3 ],[4])have studied of BCKalgebras as a generalization of the concept of set theoretic difference
and propositional calculus and alot of properties are investigated. The fuzzy set initiated by L.A.Zadeh [20].In ([3],[4
1.[5])Since then this concept has been applied in BCI algebras and several theorems and properties are investigated
.S.M.Mostafa and et al [14,16 Jintroduced KUSideals in KUS algebras and introduced the notions fuzzy KUS
subalgebras ,fuzzy KUS ideals of KUS algebras and studied relationship among them .

2. Preliminaries
Now we give some definitions and preliminary results needed in the later sections .

Definition 2.1.([16 ]). Let (¢,*,0)be an algebra of type (2,0)with a single binary operation
(*).Xis called an KUS — algebra if it satisfies the following identities:

for any §,8, T € o.
(kusl) (t#8)*(t*S) = §*x,
(kus2): 0 = § = §,
(kus3):§ * §= 0,
(kus4) :§ (8§ *T) =8*(§*71).

In X we can define a binary relation (<) by : § <Sifandonlyif§*$=0.

In what follows, let (¢;* ,0)denote an KUSalgebra unless otherwise

specified. For brevity we also called ¢ a KUS — algebra.

Lemma 2.2. ([16 ]). In any KU — algebra (¢;*,0), the following properties
holds:V §,5,T € ¢;
§xS=0&S*x$§=0 - $§=35,
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S*x[8*x1)*T] =0,

(0%8) «(§*8) = §x0,
$=0=*(0=*39),

($*8)*x0 = §%*§,

$§ <Simplies thats * 1<$§ * T,
$§<Simpliesthatt *$§<t*§,
$§<SandS<timply$§<t,

$ *S§ < timpliesthatt*§ < §.

Example 2.3.
1) Let @ = {0, 1, 2,3} in which (*) be defined by the following Table (1)
Table (1)

« 0] 1122
0 0 1123
3 1 0 2
2 2 3101

Then (¢;*,0) isa KUS — algebra . 313]2]1]0

2) Lete = {0,1,2,3,4}inwhich () be defined by the following table (2) :

Table (2)
« |0 1]2]3]4
oOjoj1])2(3|4
1]14]0(1)2]3
21314 (0]1])2
31213401
4 |12 |3[4]0

By routine calculations,It is easy to show that(¢;* ,0)is a KUS algebra .

Definition 2.4([16 ]). Let ¢be a KUS-algebra and let 9 be a nonempty of ¢. 9 is called a KUS sub algebra of X if
$ *§ € 9 whenever Se 9and §e 9.

Definition 2.5 ([ 16 ]). A nonempty subset cof a KUS-algebra ¢ is called a KUS-ideal of ¢ if it satisfies: for §,§,t €
P,
(Ikusz) (0 € 0),
(lkusy) (t*8)e oand (§ * $)e o imply (1 * §) e o.
Example 2.6 . Let @ = {0, a, b, c} in which (x) is defined by the following
Table (3)
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Then (@;*,0)is KUS — algebra . It is easy to show that o; = {0, a},
o, ={0,b},13 ={0,c},and 0, = {0, a,b, c} are KUS — ideals of @ .
Not that: The example have been calculated by using the programs

Proposition 2.7([16 ])EveryKUS ideal of KUS algebra ¢ is a KUs subalgebra.
Proposition 2.8 ([16 ]). Let{I;|ieA}be a family of KUS ideals of KUS
algebra ¢ Then ;c7]; the intersection of any set of KUS ideals of KUS

algebra X is also KUS — ideal .

Definition 2.9 ([16 ]). Let (E ;*,0) and (E;* *,0") be nonempty sets. A mapping

@: (£ ;%,0) - (E;*,0") be called a homomorphism if it satisfying @($ * 8) = @(%) * @(3), for all §,3 € @. The set {x€
@/@($) = 0} is called the Kernel of ¢ denoted by Kere.

Theorem 2.10 ([16 ]). Let : E — Ebe a homomorphism of a KUS-algebra E into a KUS-algebra E, then :

©(0) = 0"

@ is injective & Kerp = {0}.

$ < Simpliep($) < @(8).

Theorem 2.11 ([16 ]). Let ¢: (E ;% ,0) - (E;**,0") be a homomorphism of a KUS-algebra E into a KUS-algebraE, then

(F1) If Q is a KUS sub algebra of E, then ¢ (S)is a KUS subalgebra of E.
(F2) If 0 is an KUS ideal of E, then ¢(o)is an KUSideal in E .

(F3) If N is a KUS sub algebra of E, thenp~*(B)is a KUS sub algebra of E .
(F4) If ] is an KUS ideal in E, then ¢~*(])is an KUSideal in E .

(F5) Kere is KUS ideal of E.

(F6) Im(¢)is a KUS sub algebra of E.

Definition 2.12([20]).Let (E;*,0) be a nonempty set, a fuzzy subset p in E is a functionp : ¢ — [0,1].
Definition 2.13.[14] Let (9;*,0) be a KUSalgebra , a fuzzy subset p in 9 is
called a fuzzy KUS sub algebra of 9 if for all §, 59,
p ($*8) = minp($),p (5)}.
Definition 2.14.[14] Let (9;%,0) bea KUS algebra, a fuzzy subset ¢ in
O is called a fuzzy KUS ideal of § if it satisfies the following conditions:
foralls,s,ted,
(Fkusl) o (0) = o (8),
(Fkus2) o (t*8) = min{o (t*8),L(§*9)}.
Example 2.15.(1) Let @ = {0, 1, 2,3} in which (*) is defined by the following
Table (1)Then (@ ; *,0)is KUS — algebra . Define a fuzzy subset
9:¢ - [0,1] by

~_ (08 if $€[0,1]
° () = { 0.2 otherwise

o; = {0, 1}is an KUS ideal of ¢. Routine calculation gives that 9 is a fuzzy
KUS ideal of KUS algebras .
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(I1) Consider @ = {0, a,b, c,d} with(x) defined by the Table (3)
Then(e ;* ,0) is a KUS-algebra. Define a fuzzy subset 9: ¢ — [0,1]such that
V(0) = t;,9(a) = 9(b) = 9(c) =9(d) =t, ,wheret,,t, € [0,1] and t; > t,.
Routine calculation gives that 9 is a fuzzy KUS-ideal of KUS- algebra ¢ .

Definition 2.16 .[ 1, 2] ( An Intuitionistic fuzzy set (briefly I F S) A in a nonempty set ¢ is an object having the form
A = {5 Ba v(8))I$ € @}, where the function

Ba:@ — [0,1]and y,: @ — [0,1]denote the degree of membership and degree of non membership, respectively and 0 <
Ba(8) + va(8) < 1forallx € @. An intuitionistic fuzzy set A = {($, Ba(8), Ya($))|$ € @} in @ can be identified to an
order pair(Ba, ya) in IX x IX. We shall use the symbol A = (B, va) -

Definition 2.17. [6] Let ¢ be a non — empty set. A function from ¢ -
[—1,0]is called a negative valued function (w — function)from ¢ to [—1,0]
Denote by w (¢, [—1, 0])the collection of functions from a set ¢ to [—1, 0].
We say that, an element of w(¢, [—1, 0])is a negativevalued function from ¢
to [—1, 0] ( briefly , w function on ¢. By an w structure we mean an ordered pair ((p, VX),
where V¥ is an w — function on ¢.
Let the set of all w function on ¢ denoted by Xw ().
Definition 2.18 ([ 6]). Let ¢ be a nonempty set and let A, B € Xw ().
(i)We say that the w — function A = (§ pX)on @ is subset of the
o function B = (8, p§ ), denoted by A c B,if V5 € ¢, pX(3) = p§(3).
(ii) The complement of w — function A = (x, p¥), denoted by
A = (§,(pM)°) isa w — function in ¢ defined as: for eachy € ¢
AB) = (35 (H®) =8ie, ("GN = -1~ (PHB)
(iii) The intersection of two w — functions A = (§,p}) and B = (3, p}),

denoted by A N B,is a w — function in ¢ defined as: for each § € ¢,
ANnB)®) = {(p GV p§®)}
(iv) The union of two w — functions A = (3,p}) and B = (3, p}),

denoted by A U B, is aw — function in ¢ defined as: for eachy € ¢,

(AUB)® = {((pG)p® )}

3. Crossing intuitionistic KUS -ideal

Definition 3.1. Let ¢ be a nonempty set. By a crossing intuitionistic set in ¢ we mean a structure A =

{cp, wa (8), AA(é),fo\)lé € @}, where the function p,: @ — [0,1] and A4: @ — [0,1]denote the degree of membership
and degree of non membership, respectively such that0 < p,($) + s ($) < 1and VX: @ - [0,1] is w —

function on @, where —1 < VX(§) < Oforall$€ ¢ .

Let the set of all crossing intuitionistic set on ¢ be denoted by CIN(¢).

Example3.2

Define C, = {($ € X|pa($),2a($), V})} as follows:
CA(0) = {0.9,0.1,—0.5}

Ca(a) = {0.7,0.2,—0.4}

Ca(b) = {0.5,0.3,—0,2}
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It is easy to check that C, = {(§ € @|pa(8),Aa($), V})} is crossing intuitionistic set.

Definition3.3. Let C, = {($ € @|pa($),2a($),V})} and Cg = {(§ € o@|up($), A(8), V¥ )} be two crossing intuitionistic

sets of ¢, then we say:
1.C5 S Cg <>y < Hp,Ay = Agand V§ > VE

Example3.4.
Cp = {0.4,5,—0.2},Cz = {0.7,3,—0.7}then C, S Cp

2.Cp = Cg © 1a(®) = up($), 24 (8) = A5(8), VA(8) = VE(¥)

3.[C1° & (Ca)° = {6 € o] (1 ©)%, A" (Vi®) }
where(ia)¢ =1 —pa, M) =1 -2, and (V§)" = —1 - V§

Example3.5.
LetC, = {(s 1A (3), AA(é),fo\(§)) |§ € (p} = {0.4,0.5,—0.2}
And Cg = {(ﬁ uB(ﬁ),)\B(é),vﬁ(é)) S€e <p} = {0.7,0.3, —0.7} are two crossing intuitionistic set of ¢ then

CA N CB = {g, min{}lA (g), U (g)} B maX{KA (é), )\B (g)} B max{vg (g), Vg (é)}} = {04,05, —02}
Ca U Cp = {8, max{p (8), up(8)}, min{a, (3), A5 (8)}, min{V(8), VE (8)}} = {0.7,0.3,-0.7}

It is easy to prove the following

Result 3.7 Let 6, ®,0 € CIN(¢) be three crossing intuitionistic sets of ¢, where 6 =
{(51a®, 28, VR[5 € 0}, @ = {(5 18 (8),25(5), V§)[$ € }and
0 ={(51c(®¥),Ac($x), VY)|$ € 9}
Then
(1) (Idempotent laws):(6NnB6)=6,(6UB) =06
(2) (Commutative laws): (6N®) =d N6, (6U D) =BUB,
(3) (Associative laws): (6N®)N0=6n (P nNO0O),
Bud)ud=06U(PUO)
(4) (Distributive laws): 0 U (@ N0)=(OUDP)N(OUO),
ON(@PUO)=OBNdP)U(BNO)
(5) (Absorption laws): 6 U (BN ®)=6,6N(OUD) =06
(6) (DeMorgan’s laws):(8 N ®)¢ = 6° U ®F, (B U ®)¢ = 8¢ n d°¢
(M) (©)° =6
B) (6Nnd)co,(OND)Cc P
(9) 6c (BUD),dD c (BU D)
(10) if6 c ®and ® c O, then 6 c O
(11) ife cd, then®NO0cPNO,6UO0CPUO
From now on ¢ is a KUS — algebra, unless otherwise is stated.

Defintion3.8. Asetd = {(§ pna(8),2a(%), V})|$ € ¢}, in Xis called a crossing intuitionistic ideal of ¢ if it satisfies the
following condition: v§,5 € ¢

(b1) k(0) = 1(8) and A(0) < A(S), VA(0) < VE($)

(b2) p(8) = min{u(s * 8), u($)},A(8) < max{A(s = §),A(9)},

(bs) VE(0) < VX(8), VX($) < max {V¥(§ = 8), V¥(8)},where the function
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Ha: @ — [0,1] and A,: @ — [0,1]denote the degree of membership and degree of non membership, respectively ,0 <
Ha(8) +2,(8) <1 and VX: @ — [—1,0] is R-function on ¢, such that —1 < V}(§) <0 ,V$ € @.

Defintion3.9. A crossing set d = {(é, ua(8), A4 (%), V§)|é € cp}in is called
a crossing intuitionistic sub algebras of ¢ if it satisfies the following
condition: V§,8, T € .
(Sb1) p ($*8) = min{u($), n(8)},A(s * 8) < max{A($),A(8)}.
(Sb2) V¥($ x 8) < max{V¥(5), V¥(8)}, where the function pu: @ - [0,1],
Aa: @ — [0,1]denote the degree of membership and degreeof non
membership, respectively,such that 0 < p,(8) +A4(8) < 1and V}:X - [0,1] is w function on ¢, such that —
1< Vi) <0forall$ € .
Lemma 3.10. If A = {(§, pa(8), 24 (8), V} ) |$ € o} is crossing intuitionistic KUS-sub-algebra of ¢, then p(0) > u($)
A(0) < A(8), and VX(0) < VX($)
Proof. Put § = § in the defintion 3.9,then we have
(s *$) = p(0) = min{u($), u($)} = n(¥),
A *§) = A(0) < max{A($),A(8)} = A(S).
Similar we have V¥($ * §) = V¥(0) < max{V¥Ex)V¥($)} = V¥(¥)
Defintion3.11. set d = {($, na($), A (%), VX)|$ € X}in ¢ is called crossing intuitionistic KUS-ideal of ¢ if it satisfies the
following condition: for all §,5,T € ¢
(b1)  1(0) = u(®), u(t * $) = min {u(t * §), u($ * )}
AT *§) < max {A(t *§),A($ x85)}
(b2) A(0) < A(S),A(t*$) < max{A(t = 8),A(§ x8)},
(b2) VE(0) < VR($), VX (T * $) < max {V(t *8), Vi($ = 3)}

Example 3.12 Let X = {0, 1, 2, 3} be a set with a binary operation * define by the following Table (1)

*loj1]2]3

0o jof1]2]3

1 |1]0]3]2

2 |23]0]1

3 131210

Table (4)
0 1 2 3

v -0.7 | —0.7 | —0.6 | —0.4
p 0.6 0.5 0.3 0.3
2 0.1 0.2 0.3 0.4

By routine calculations ,we can prove , that d = {(§, pa (%), 25 (8), Vi ($))|$ € @} is crossing intuitionistic KUS-ideal
of ¢.

Proposition 3.13. Every a crossing intuitionistic KUS - ideal of ¢is a crossing intuitionistic ideal of ¢ .
Proof. clear.

Proposition 3.14. If B = {(, pa($), 24 (8), VX ($))|$ € o} is crossing intuitionistic KUS - ideal of pand § < §, then
() = u),A®) < AG) and V(&) < VE(b)
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Proof. If § < §, then § » § = 0,since B = {($, ua($), 24 ($), VX)|$ € olis crossing intuitionistic KUS - ideal of ¢, putz =
0 in defintion3.11, then we get

H(0 *8) = u(8) = min{us, u($ * 8)} = min{ u(8), u(0)} = p(d),

A0 % §) = A(8) < max{A(0  §), A% * §)} = max{A(3), A(0)} = A(3),finally

VR0 % 8) = VE($) < max{VZ(0 = 8), VX(5 * )} = max{V} (), VX(0)} = VE(5).

Theorem 3.15 Every crossing intuitionistic KUS- ideal of « is a crossing intuitionistic sub-algebra of ¢.
Proof . Let E = {($, ua($), 24 ($), VX($))|$ € @}be crossing intuitionistic KUS- ideal of ¢. Putt = 0 in Defintion3.11 ,
we get
Then, p(0 * $) = min{u(0 * §), u($ = 8)}, i.e u$ = min{u(s), u($ * §)}, Similar we have A($) < max{A(58),A($ * §)}and
VR($) < max{VX(®), VX(5 * 9}

Hence E = {($, ua($), 24 (8), VX )|$ € @} is crossing intuitionistic sub-algebra of .

Theorem 3.16. A crossing intuitionistic set E = {($, ua($), 24 (%), V})|$ € @} is crossing intuitionistic KUS- ideal of
KU- algebra ¢ if and only if

BEUS = (§ € i pu(§) = tA(E) < u,V¥(E) <s} £ @ isaKUS- ideal of .

Proof: Suppose that E = {(s ua(8), 24 (8), VX)|§ € cp} crossing intuitionistic crossing intuitionistic KUS- ideal of KUS —
algebra and

BUWS = {§ € @: u(8) = t,A(8) < u, V¥(§) < s} # @forany t,u € [0,1],s € [—1,0]. there exists § € B¥*™S so that u($) =
t,A(8) < u, V¥($) < s. It follows from Defintion3.5 that u(0) > p(8) = t,A(0) < A($) < u, V¥(0) < V¥($) <'s so that
0 € B*S, Let $,5, T € ¢ be such that T« § € B¥™S and § = § € B*"S, Using Defintion3.11 we know that

u(t * $) = min{p(t * 8), u($ *5)} = min{t, t} = t,

A(t *$) < max {A(t = §), A($ * §)} = max{u,u} = uand

VR(t * §) < max{V¥(t  §), V¥(§ * 8)) = max{s,s} = s, Thus T » T € B®™S. Hence B"“S is a KUS- ideal of ¢.
Conversely, suppose that B¥*S # @ is a KUS- ideal of X,for every t,u € [0,1],s € [-1,0] and any a € ¢, let u(8) =
t,A(8) = u, V¥($) = s. Thena € B*™$, Since0 € B3, it follows that p(0) = u($) = t,A(0) < A(§) = u, V¥(0) < V¥ =
s for all § € . Now, we need to show that u($), A(8), V¥($) satisfies Defintion3.11 If not, then there exist §, 3, T € ¢ such
that

u(t * $) < min{u(t = 8), u(s = 8)}

Taking t, = %[u(r * §) + min{u(t * §), u($ * §)}]then we have

u(T * $) <ty < min{p(t * 8), u($ * 8)},

then there exist $, §, T € gsuch that

AT * §) = max {A(t *8), A(S *8)}

Taking ¢, = %[7\(‘( * §) + max{A(t * §), A($ * §)}] then we have

Alt*8) > o > max{A(t*8),A(§*8§)}and

V¥ (1 * §) = max {V¥(t * b), V¥($ % 8)}

. Taking to = 2 [V¥(t * §) + max{V¥(x ), V¥(§  $)}] then we have

V¥ (T * 8) > 6o > max{V¥(t * 8), V¥(§ = 8)}

Hence in all cases T * § € B¥Sand § x § € B*™S but T * $ ¢ B*"S which means that B*%Sis not a KUS- ideal of X, this is
contradiction. Therefore E = {($, ua($), 24 (8), VX ) |$ € @} is crossing intuitionistic crossing intuitionistic KUS- ideal of
KUS — algebra ¢ . The proof is complete.

4-Image (Pre-image) crossing intuitionistic KUS- ideal

Definition 4.1 Let (E,*,0) and (E,*,0) be BCI-algebras. A mapping ¢: E — E is said to be a homomorphism if ¢($ * §) =
@(8) * @(8) forall §,5 € @ Note that if ¢: E — E is a homomorphism of KUS-algebras, then ¢(0) = 0.
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Let : E — E be a homomorphism of KUS-algebras for any crossing intuitionistic set A =
{(8,1a(8), 24 (8), VE(9))[$ € o} in E, we define new crossing intuitionistic fuzzy set A® =
(G UL EAL6), (VE©DIS € ¢} in @ by

KR (9): = 1(@(9)). 27 6) = A(9(®)) and V()] = Vi (e($) forallae ¢

Theorem 4.2 Let ¢: E > E be a homomorphism of KUS- algebras. If E = {(A, pa($), 24 (%), VA($))|$ € ¢} be a crossing
intuitionistic KUS- ideal of E, then A® = {($, us (), A5 ($), (VX (§) D) $ € @lis crossing intuitionistic KUS- ideal of ¢.
Proof. pj (a): = u(p(@)) < p(0) = p(@(0)) = py(0)forall,$, 3 € ¢. And

uh (z * x) = p((t * §)) = min {u(@(0) * 9(3)), u(@®) * ©(8))}

min{p((z * 8)), u(@($ * 8))} = min{ug (x * y), ug (§ x y)}, for all, §,5 € @.And

AL (T % $) = AMe(t *$)) < max A(@(D) * ©(8)), A(@(3) * 9(8))}

= max{A(@(t * ), A(@($ * 8))} = max{Ay (v * §), A5 (§ * §)} for all §,y € E.And

(VDR (T *8) = Vi(o(t+9) < max{Vi(e(@) * ¢(3), V() * ¢(3))}}

= max{VX(@(t *3)), V(o *9))}

=max {(VD)a(t* (3 *9)), (V)4 (8)}.Hence

AP = {(5 1a (9, A5 (5), (VR () M)I$ € @lis crossing intuitionistic KUS- ideal of ¢.

Theorem 4.3 Let @: E — E be an epimorphism of KUS- algebras .If
A® = {(3 15 (8), A5 (3), (VE) D)3 € 9}is crossing intuitionistic KUS- ideal of Y, then E =
{(3,1a(8), 24 (3), VE(8))[$ € 9} is crossing intuitionistic KUS- ideal of E.
Proof. For any a € E,there exists § € ¢ such that ¢(y) = a.Then
u@ = u(e®) = nz 3 < pz(0) = p(e(0)) = u(0),
Leta,b,c € Y. Then ¢(3) = a, @($) = b, (1) = ¢, for some §, 3, € E. It follows that p(c * a) = p(p(t *3$)) =
M (T * 8) = min{uy (T $), ug (8 + $) =
min{p(@(t * 9)), (@G * 9)} = {u(e@® * (), u(e@®) * 9(¥))} = min{u(c *b), p(a*b)},
Now A(a) = A(¢($)) = A2(x) = A2(0) = A((0)) = A(0),
Leta,b,c € Y.Then @(8) = a,@(§) = b, p(1) = c, for some §,5, T € E. It follows that A(c * a) = A((p(r * §)) =
A (T * 8) < max{Af (t*$),A5 (v * §)}
= max {A(@(t *$)), A3 * $)}
= max{h(cp(‘t) * (p(é)), A((p(é) * @(é))} = max {A(c * b),A(a x b)}
Finally
Vi(@) = Vi(e(®) = (VD4 ® = (VD7 (0) = Vi(e(0)) = VX(0),
Leta,b,c € E. Then @(8) = a, (8) = b, (1) = c, for some $,5, T € ¢. It follows that
Vi(c*a) = Vi(@(z*x)) = (VD)1 (2 * x) < max {(VX)X(Z * Y)) (VDA *y) =

max{Vi (@ * ), Vi(ekx * y))} = max{Vi(e @) * o)), Vi(e &) * ¢())}
= max{V}(c * b), VX (a x b)}.This completes the proof.

Conclusion.

During this work,we present the crossing intuitionistic of KUSideal in KUS algebras as an extension of bipolar fuzzy
sets.Also we discussed few results of crossing intuitionistic of KUS ideal in KUS algebras under homomorphism,the
notion of image and the pre image of crossing intuitionistic of KUS ideal under homomorphism of KUS algebras are
discussed.Moreover,We studied the image and the preimage of crossing intuitionistic of KUS ideal under
homomorphism of KUS algebras become crossing intuitionistic fuzzy of KUS- ideal.
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