Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 7s (2025)

Successive Approximation Method for a system of Integro -
Dynamical Equations with Integral Boundary Conditions on
Time Scales.

G.V. Ramana®, M. Bala Prabhakar®, N. Veerraju¢, D. Naga Purnimad, M. Naga Raju®
and Renuka Lakshmi Avvari'.

aDepartment of Mathematics, Aditya University, Surampalem, Kakinada, Andhra Pradesh, India-533 437.
Email: ramanaginjala9@gmail.com
b Department of Mathematics, Aditya University, Surampalem, Kakinada, Andhra Pradesh, India-533 437.
Email: prabhakar_mb@yahoo.co.in
¢ Department of Engineering Mathematics, SRKR Engineering College, Bhimavaram, Andhra Pradesh India.
Email: veerrajunalla@gmail.com
4 Department of Mathematics, Aditya University, Surampalem, Kakinada, Andhra Pradesh, India-533 437.
Email: munukutlal977@gmail.com
¢ Department of Mathematics, Aditya University, Surampalem, Kakinada, Andhra Pradesh, India-533 437.
Email: nagarajuacet@gmail.com
fDepartment of science & Humanities, Vasireddy Venkatadri Institute of Technology, Nambur, A.P, India.

Email: renukalakshmiavvari@gmail.com

Article History: Abstract: In this paper, we prove a new comparison result and develop the
. successive approximation technique to obtain the minimal and maximal
Received: 18-12-2024 solutions of integro-differential equations with integral boundary conditions

Revised:28-1-2025 on time scales. _ _ o
Keywords: Time scales; integro-dynamical equations; integral boundary
Accepted:6-2-2025 condition; successive approximation method.

AMS Subject Classification: 34N05.

1. Introduction.

The study of dynamic equations on time scales, created in order to unify the study of
differential and difference equations and their applications have been well documented in the
monographs [1,2,5,6,9,10,12,13]. In addition, the existence of extremal solutions of ordinary
differential equations has been studied extensively in [3,4,11]. To extend such results to the
integro-differential equation on time scales, the initial valued integro-differential equation of
Volterra type on time scales are studied in [7,8,12]. An opportunity is traced to take up
further study on the existence of extremal solutions of integro-differential equation of
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Volterra type on time scales with integral boundary conditions. Therefore, this work is taken
up in that direction. The successive approximation technique, used when lower solution is
less than upper solution, is not suitable here. So successive approximation technique, used
when lower solution is greater than upper solution is employed in this work.

In this paper, we consider the following integro-differential equation on time scales
t
x2t) = f t,x(t),fk(t,s)x(s)As t €] (1.1)
0

Where f € C[] X RXR,R],k(t,s) € C[]J xJ,R]. Let T be atime scale (any non-empty
closed subset of the real numbers). Without loss of generality, we assume that 0,a € T and
J =1[0,0(a)] © T being a closed interval.

2. Preliminary Results.

Definition 2.1. The mappings ¢ and p : T — R where T is any closed subset of reals, are
definedas o(t) = inf{s € T: s > t}and p(t) = sup{s € T: s < t}.

Definition 2.2. A non-maximal elementt in T is called right dense if o(t) = t; right
scattered if o(t) > ¢t; leftdense if p(t) = t and left scattered if p(t) < t.

Definition 2.3. If T has a left scattered maximum m, then T* = T — {m}, otherwise, T* =
T. T* is called the degenerate set.

Definition 2.4. The function pu*: T* —» R* defined by p*(t) = u(o(t),t) fort € T is
called graininess. If t is right dense, then p* = 0 and if t is right scattered, then u* = o(t) —
t.

Definition 2.5. Amapping g : T — R is called rd-continuous if
(a) it is continuous in each right dense t;
(b) Left side limit g(t™) exists in each left dense t.

Remark 2.6. If (b) is replaced by g being continuous at each left-dense point, then g is said
to be a continuous function on T.

Definition 2.7. A mapping f : T — R is said to be differentiable at t € T, if there exists an
a € R such that for any € > 0 there exists a neighbourhood N of t satisfying |f (a(t)) —
f(s) — (o(t) — s)a| < |a(t) — s|foralls € N.

Lemma 2.8. Assume f,g : T — R are differentiable att € T* . Then:

(a) The sum f + ¢g:T — R is differentiable at t with (f + ¢)2(t) = f2(t) + g°(b).
(b) For any constant a, af : T — R is differentiable at t with (af)2(t) = af2(¢).

(c) The product fg: T — R is differentiable at ¢ with
L) = A9 + f(e(®)g*(t) = fFOF*®) + fA()g(a(®)).
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We define C[J,R] = {u(t) is continuous on j}, and C’ [J,R] = {u?(t) is continuous on J}.

Definition 2.9. A function p : T — R is said to be regressive if 1 + p(t)p(t) # 0 for all
t € T* . The set of all regressive and rd-continuous functions will be denoted in this paper
by R(T, R). For two functions p,q € R(T,R) define a plus @ and a minus © by

(@ ® @) = p(®) + q®) + u®Op)q(®),
©p@r) = ——L2

1+u@®p@®)
Definition 2.10. If p € R, then the exponential function is defined as

ey(t,s) = exp[fst Eu(t)(p(t))At] fors,t € T,
where fu(t)(P(t)) = ﬁ Log(1 + p(t)u(t)) where Log is principal logarithmic function.
WhenT = R, thene,(t, t,) = e*t~t) andwhen T = z, thene,(t, t,) = (1 + a)t~to
Definition 2.11. If p € R, then the first order linear dynamic equation

yA4(®) = p®y(©®) (2.1)
is called regressive.

Theorem 2.12. If p € R and for fixed t, € T, e,(t,ty) is a solution of the initial value
problem (2.1) satisfying the initial condition y(t,) = 1 onT.

Remark 213. If p(t) = 0 fort >¢t, clearly 1 4+ p(t)p(t) = 1. Therefore
Sun(@(T)) = 0ande,(t, ty) = 1.

Lemma 2.14. If p,q € R(T,R), then
(D) eo(t,s) = landey(t,t) = 1

(i) ep(a(t),s) = (1 + u®p(t)ey(t,s)

1
ep(s,t)

(iv) ep(t,m)ey(r,s) = ey(t,s)

(V) ey(t,5)eq(t,s) = epgq(t,s).

(iii) ey(t,s) = = egp(s,t)

3.Main Results.

Lemma 3.1. Suppose there is a function k(t,s):J xJ — R*™ continuous and K, =
max{k(t,s): t,s € ] xJ} > 0. Assume that there exists a positive function m(t) and a
non-negative function n(t) continuous on J and
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x2() = m(t)x(t) + n(t)fk(t,s)x(s)As ,t €] (3.1)

x(0) = x(o(a)).

NoKoem(a(a),0)[em(a(a),0)—1]
M2 (1+Lg)

rglei]n {m@®)}, No = rrtlgx{n(t)} and Ly, = rpei]n{m(t)u(t)}-

Then x(t) < 0 for all t € J provided that < 1,where M, =

Proof. Let v(t) = egn,(t, 0)x(t), we have

n(t)
nOm) e

v2(t) = T (t,0) fk(t, s)v(s)em(s, 0)As (3.2)
0

v(0) = v(o(a))en(a(a),0)

Obviously, v and x have the same symbol, we need only to prove that v(t) < 0,t € J. Ifitis
not true, then there exists r; € J such that v(r;) > 0. Suppose that v(t) = 0 forall t € ],
then v2(t) > 0,t € J by (3.2). This shows that v(t) is nondecreasing on J and so,
v(a(a)) > v(r) > 0, x(a(a)) = v(a(a))em(a(a), 0)> 0, v(0) < v(a(a)). However,
from (3.1), we have v(0) = x(0) > x(a(a)) > x(a(a))eem(a(a), 0) = v(a(a)), this is
a contradiction. Hence, v(t) < 0 forsomet € J.

Letv(r,) = I?Ei]n{v(t)} = p, then p < 0. From (3.2), we obtain

t
pn(t)
A1) = t,0 fk t, ,0)A
v () 1 + H(t)m(t) e@m( )0 ( S)em(s ) S
NyK, g
bNofLo
> TLO eem(t, O)Jem(s, O)AS
0
PNoKo
= m [1 - eem(t, 0)] (3.3)
Next, we consider two possible cases.
Case(a): r, > r;. By (3.3), we have
T2
NyK,
v(ry) — v(r) = ——20 [ [1 = egu(t, 0)]At

My(1 + Ly)

1
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— P 0Ko _
p = v 2 v() + s & j eom(t,0)]At
pNoKo
>m [1 - eem(t, 0)]At

1

Since p <0, e, (o(a),0) = 1,then

1< — oK f [1 (t,0)]At
Mo(1 + Ly) coml
1
g(a)
NoKoem(a(a),0)

< TSN J [1 — egm(t, 0)]At

o(a)
NoKyen(a(a),0)

A

Mo(1 + Lo) em(t, 0)AL

 NoKoem(0(@),0) [ m(®)
T My(1 + L) J m(@®)

en(t,0)At

NoKoem(U(a) 0)[em(a(a),0) — 1]

- MZ(1 + L)
This is a contradiction.
Case(b): 1, < r1.By (3.3), we have
v(ry) — v(0) > —oko J — eoml(t, 0)]At
T My(1 + Ly) me

PNy Ko

p = v0) 200 + f [1 = eom(t 0)]At

and
g(a) g(a)
A pNoKy f _
f vA(t)AL = TACESM) [1 — egm(t, 0)]At
T

a(a)
pNoK, [1
My,(1 + Ly)

T

v(a(a)) >v(r) + — egm(t, O)]At

https://internationalpubls.com

(3.4)

222



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 7s (2025)

a(a)
pNoK,

> My(1 + Ly) [1

T

— egm(t,0)]At (3.5)

Since v(0) = v(o(a)e,(a(a),0), from (3.4) and (3.5), we get

p= v(a(a)em(a(a),O)) + v ?1 0+ OLO)f — eom(t, 0)]At
N, K, 7 NK, [
p> ﬁ e,.(o(a),0) f [1 - eont, 0)]At+ﬁ [1 - eom(t 0)]At
0

Noting thatp < 0,e,,(c(a),0) = 1, r, < 7, One can obtain

o(a)
NyK,
1< mem(a(a), 0) j [1 — egm(t,0)]At
NyK,
T Lo)f ~ eom(t, 0)]At
NK o(a)
00
< mem(a(a),O)Oj [1 - eem(t,O)]At
N.K o(a)
oo
< mem(a(a),O)of em(t,O)At
<00 (0(@), 0)len(o(@),0) ~ 1]
M§(1 + Ly)

This is a contradiction. Combining case(a) and case (b), we know that v(t) < 0, forallt €
J,and thus x(t) < O, forall ¢t € J. The proof is complete.

Next we apply Lemma 3.1 to two extreme cases of T and obtain some interesting results.

Corollary 3.2. Assume T = R, k(t,s) satisfies the assumption in Lemma 3.1 and there
exists two positive numbers M, and N, such that

x'(t) = Myx(t) + N, Jk(t, s)x(s)ds,t € | =10,q]

x(0) = x(a).

NoKoe®Mo[e®Mo—1]

Then x(t) < Oforall t € J provided that 2 < 1

0
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Corollary 3.3. Assume T = Z%, k(t,s) satisfies the assumption in Lemma 3.1 and there
exists two positive numbers M, and N, such that

t—1
Xt + 1) = (1 + M)x(t) + NOZk(t,s)x(s) t e =1[0L]
s=0
where L =a+1
x(0) = x(L).

Then x(t) < Oforallt € J provided that NgKo[1 + Mo X 1 [(1 + M) —1]< 1.

Lemma 3.4. Suppose there is a function k(t,s):J xJ — R* continuous and K, =
max{k(t,s):t,s € J xJ} > 0. Assume that there exists a positive function m(t) and a non-
negative function n(t) continuous on J. Then the equation

x2(t) = m(t)x(t) + n(t) fotk(t,s)x(s)As ,t €] (3.6)

x(0) + d = x(a(a)),

where d = f:(a) x(s)As € R, has a unique solution provided that J(a)NOK"EVZIEm(C'O)_l] <

0

1, where (Kx)(t) = fot k(t,s)x(s)As, M, = fYtléan{m(t)} and N, = rrtléa]x{n(t)}.

Proof. We shall prove the conclusion by Banach’s contraction principle. First define a
Banach space as follows.

X = {(x(®) € GalJ, RIpwith Il (x(£) Il = max{x ()}

Now define an operator on X as

d
S:x(t) = en(t,0) e (0(0).0) = 1
o(a)

em(0(a),0)

@] OIS
0

t

+Jem(0,0(s)n(s)(Kx)(s)As ,t € ].

0
For any two functions ¢, ¥ € X, there holds
|(SP) (&) — (SPI(®)] =
e e @D [y em(0,0(5) {n(s) [y [K(¢ - ¥)()ATIAs) +
en(t,0) J, em(0,0()){n(s) [; [K(¢ - ¥)(z)AT]As} |
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<
2| [T em(0,0() {n(s) f; (K (¢~ 9) () Ias)] +
em(t,0)| [3 em(0,0()){n(s) f [K(p - w)(x)Ar]as),

where the integral
t t
fem(o,a(s)As = feem(o(s),O)As
0 0
t
= f [1 + p(s) © m(s)]legm(s, 0)As

H COLION ISR

1+ u(s)m(s)

1
‘fo T+ aeme) om0

fOm

fyos ———egm(s,0)As

< —Mio leom(t,0) — 1]

_ 1 — eem(t, 0)
= MO .

Thus, we have

I (S)(®) — (S)(p) Il < LDemEDD [ _ o (a(a), 0)] Z2E2 | ¢ —yp |

[em (0(a),0)- 1]

G(a) 0Ko

+en(t, 0|1 —egnt, )] ———1¢ — ¥ I

__ ep(t,0)ep(o(a),0) a(a)NoKo B
= Tem @011 11~ em(O,a(a))]—MO ¢ —

] O'(a)NoKO

+ e, (t,0)[1 — e,,(0,t) I — Y

o(a)NOKO ] J(Q)NOKO

=en(t,0)——— ¢ — P Il +[ey(t,0) — 1 g — Pl

=%”O°K°[2em<t,0) ~1¢ — Pl
a(a)NoKo[2em(t,0)-1]

My
by Banach’s contraction principle there exists exactly one x(t) € X such that

This implies by condition < 1 that S is a contraction on X and therefore
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o(a)

em(a(a)' 0) J em(o'o-(s)n(s)(KX)(S’)AS

en(0(a@),0) = 1 ep(o(a),0) - 1

x(t) = en(t, 0){

+fem(O,a(s)n(s)(Kx)(s)As} ,t € J.

0

Next, we shall show that x(t) is a solution of (3.6). We have

d
em(a(a),0) - 1

x4(t) = m(t)en(t,0) {
o(a)

em(a(a),0) f e (0,0(s)n(s)(Kx)(s)As
0

“ep(0(@),0) - 1

t

+ f em(O,a(s)n(s)(Kx)(s)As} + e (a(t),0)en, (0,a(t))n(t)(Kx)(t)

0

t
= m(t)x(t) + n(t) f k(t,s)x(s) As.
0

Moreover
em(a(a),0)d em(a(a),0)em(a(a),0) rola)
x(a(a)) Py Ry f em(0,a(s)n(s)(Kx)(s)As
o(a)

+ em(a(a),O)j em(0,a(s)n(s)(Kx)(s)As
0

_ en(o(a),0)d _
~ em(o(@),0)-1 [1

m(c(a),0) (@)
O ] en(0(), 0) [ em(0, 5(s)n(s) (Kx)(s)As

_ ep(a(a),0)d _ em(a(a),0) ro(a)
= o1 @1 fo em(0,0(s)n(s)(Kx)(s)As

m(o(a),0) (a)
= e;((,glfo)_ 1 [d - foa ¢ em(0,a(s)n(s)(Kx) (S)AS]

=x(0)+d

Definition 3.5. Functions a,8 € C'(J,R) are said to be the lower and upper solutions of
(1.1) respectively if

al(t) < f(t, a(t),Ka(t),t € ],
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o(a)

a(0) + f a(s)ds < a(a(a)).

0

BA() = f(t,B(6),KB(D),t € ],

BO) + [T B(s)As = B(a(a)).

LetQ = {y: Lo(t) < y(t) < ap(t),t € J}Iif Bo(t) < ag(t)fort € J.We introduce
the following assumptions.

(HL) ay, By € C'(J,R) are lower and upper solutions of (1.1) respectively and B, < «,
fort € J

(H2)f € CUXRxQ, R)

(H3) there exists two positive, rd-continuous functions m(t), n(t) such that

f(t,x,uy) — f(t,x,u) < m(xy, — x1) + n(uy, —wy) if By < xg < xp, <
ao,KIB()SulS‘IJQSKao,tE]

\NoKoem(a(a),0)[em(a(a),0)—1]
(H4) M2 (1+Lo)

J xJ}>0, Ny = rglgjx{n(t)}and Ly = rpei]n{m(t)u(t)}

< 1, whereM, = rPein{m(t)}, K, = max{k(t,s):t,s €
]

(H5) o-(a)NOKO[Zem(t:O)_l]
Mo

max{k(t,s): t,s € ] x J} > 0.

< 1, where M, = max{m(t)},N, = max{n(t)} and K, =
tej tej
Lemma 3.6. Assume that (H1) — (H5) hold. If
t
YO = mOY© = n(© [ ks
0

= f(t,ao(®), Kap(t)) —m(t)ao(t) — n(t) Jk(t.S)ao(S)AS it €]
0

o(a)

ﬂ®+j ao(s)hs = y(a(a))

0

Z2(t) — m(t)z(t) — n(t) Jk(t, s)z(s)As
0

=f@ﬁde%@D-ﬂmw%ﬁ)—nﬁ)fﬂtﬂ%@MsJEJ
0
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o(a)

z(0) + f Bo(s)As = z(o(a))

0

then

Bo(t) < z(t) < y(t) < ap(0), t €] (3.7)
and y, z are lower and upper solutions of (1.1) respectively.
Proof. From lemma 3.4, we know that there exist unique solutions for y and z.
Putp =y —a, ¢q = By — zthen

r(a(a)) = y(a(a)) — ap(o(a))

o(a) o(a)

< y(0) + f; T a(s)As — ag(0) — [; T ag(s)As
= y(0) — a(0)
= p(0),

4(0(@) = Bo(0(a)) — z(o(a))
< Bo(0) + [TV Bo()hs — 2(0) — [TV By(s)As
= Bo0) — 2(0)
= q(0),

and

p () = y*() — ag(t)

:
> f(t, ao(t),l(ao(t)) +m(t)y(t) + n(t)f k(t,s)y(s)As
—m(Oay () —n(t) [, li(t, $)ay (SO)AS — £(t, a0 (1), Kao (1))
= mO(O - @]+ 1) [ k(&) - a(s)IAs
=m(Op(t) +n(t) [ k(t, Dp(s)as, L€ )

q*(t) = B5 (&) — z5()

= f(t,Bo(),KBo(t)) — f(t Bo(t),KBo()) —m(t)z(t) —
n(t) [ k(t,s)z(s)As + m(O)Bo(t) + n(t) [, k(t,$)Bo(s)As

= m(O)[Bo(t) — 2(O)] + n(t) [y k(t,9)[Bo(s) — z(s)] As
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= m(D)q(®) + n(®) f, k(t,5)4(s) .t € J.
From lemma 3.1, we have p(t) < 0, q(t) < 0, t € Jandso
y(t) < ag(t), Bo(t) < z(t), t € J.Nowletp(t) = z — y, then
p(o(a)) = z(a(a)) — y(o(a))
= 200+ [TV Bo()As —y(0) — [TV ap(s)As

0
o(a)

= 2z(0) —y(0) + [, [Bo(s) — ao(s)]As
< z(0) — y(0)
= p(0)

From assumption (H3), we have
pi(®) = z°() — ¥ ()
= £(t,Bo(t), KBo(®)) + m(t)z(t) + n(t) [, k(t,5)z(s)As
- m(t)Bo(t) — n(t) [ k(t, )Bo()As — f(t, ao(t), Kao(t))
—m(t)y(t) —n(t) fot k(t,s)y(s)As + m(t)ay(t) + n(t) fotk(t, S)ag(s)As
> —m(®)[ay(t) — Bo(®] — n(®) [ k(t,s) [ag(s) — Bo(s)]As
+m(O)[z(t) — Bo(O] +n(t) f, k(t,s)[2(s) — Bo(s)]As
—m®OY(®) — a(®O)] — nt) [, kt,s) [y(s) — ao(s)]As

= m(O[z(8) = y(©®] + n(®) f, k(&) [2(s) = y(s)]As
= m@®p(®) + n(®) [, k(t,s)p(s)ds.

By lemma 3.1, one can get p(t) < 0, t € J, then z(t) < y(t),t € J. It proves that (3.7)
holds. Now we need to show that y, z are lower and upper solutions of (1.1) respectively.
Using again assumption (H3) we have

YA = f(tao(t), Kao() + m®)[y(®) — ao(®)] +n(t) Jk(t,S) [y(s) — ao(s)]As
0

= fty(®,Ky@®) + f(t,y(),Ky(t))

< m(O[a(®) — y(©O] + n(t) fotk(t, s) [ao(s) — y()]As + m(D)[y(t) —
ao(D)] + n(t) fotk(t,s) [y(s) — ao(s)]As + f(t,y(1), Ky(D))

f(&,y(@®),Ky(t))
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z8(8) = f(t,Bo(8), KBo(t)) + m(D)[z(t) — Bo(t)] +n(t) fk(t,S) [2(s) — Bo(s)]As
0

~ f(6,2(0),Kz(®)) + f(&,2(6),Kz(0))
> —m©)[z() — Bo(®)] — n(®) fy k(t,5) [2(s) — Bo(s)]As +m(D)[z(t) —
Bo(O] + n(®) [ k(t,5)[2(s) — Bo ()]As + f(t,2(t), Kz (1))
= f(t,2(6), K2()),
y(0) + [TV y(s)as < y(0) + 7 ap()ds = y(o(a)),

o(a)

2(0) + [TV z(s)ds = 2(0) + [TV Bo(s)s = z(a(a)).
It shows that y, z are lower and upper solutions of (1.1) respectively.

Theorem 3.7. Suppose that (H1) - (H5) hold. Then there exist monotone sequences {a,, 5.}
such thata,, - «a, 8, = B,t € ] as n —» o and this convergence is uniformly and
monotonically on J. Moreover, B,a are maximal and minimal solutions of (1.1)

in[Bo, 0] = {u € C"(J, R): Bo < u < ag}.

Proof. Consider

a1 (6) — mOansi(t) — n() f K(t, $)tps(5)As
0

t
= f(t, an(t), Kay (1)) —m®)an(t) — n(t) f k(t,s)an(s)As,t € ],
0

a(a)

s (0) + f n(5)As = tpy1 ()
0

t
B () — m(DBnsr(t) — n(®) f K(t,)Brsr (5)As
0

= f(tBn(®), KBp(®)) —m(t)B(t) — n(t) f k(t,s)Bn(s)As,t € ],
0

a(a)

Bsr(0) + j Ba($)As = Brs1 (0(a) 38)

0

forn = 0,1,2,.... Lemma 3.6, shows B,(t) < B1(t) < a;(t) < ay(t), t € Jand ay, B
are lower and upper solutions of (1.1) respectively. Assume that
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Bo(®) < P1(t) <...< Br(t) < ap(t) <...a1(t) < ap(t),t €]

for some k > 1 and let ay, By be lower and upper solutions of (1.1) respectively. Then
using again lemma 3.6, we get PBi(t) < Bri1(t) < app1(t) < ai(t),t € Jand
Ap41(t), Brs1 (t) are lower and upper solutions of (1.1) respectively. By induction, we have

Bo(t) < B1(t) <...<Bp(t) < a,(t) <...a:(t) < ap(t),t €]
for all n.

Hence B,(t) = B(t), a,(t) = a(t), t € J ifn = oo. Indeed, taking the limitn — oo on
both sides of (3.8), we know that « and £ are solutions of (1.1).

Next, we are going to show that 8, @ are maximal and minimal solutions of (1.1) in [B,, @;].

To do it, we need to show that if w(t) is any solution of (1.1) such that B,(t) < w(t) <
ay(t), t € J then Bo(t) < B(t) < w(t) < a(t) < ay(t), t € J. Assume that for some
k,

Br(t) < w(t) < ag(t),t € ].
Letp = Brsr(t) — w(t), q = W(t) — e (£). Then
p(3(@) = Bir1(0(@) — w(o (@)
= Bira(0) + [TV Bu(s)as — w(0) — [TV w(s)As

= Bra1(0) — w(0) + [T [Be(s) — w(s)1As
< Bis1(0)- w(0)
= p(0),

q(c(@) = w(0(@) — a1 (o(a))

o(a) o(a)

=w(0) + [ w8 — @e1(0) =[] ai(s)s
= w(0) = a1 (0) + [ Owls) - a()las
< w(0) = @41(0)

= q(0),

From assumption (H3), we have
pA(6) = Bia(t) — wh(D)
= f(t. B (), KB () = f(t,w(®), Kw(t)) + m(D)[Brs1(t) — Bi(D)]
+n(t) [ k(t,s) [Brs1(s)- Bi(s)]As
> —m()[w(t) — Be(®)] — n(t) [, k(t,5) w(s) — Bi(s)]As
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+m(O) [Brs 1) — Br(®] + n(®) J, k(t5) [Bar(s) — Bie(s)]As
= m®)[Birr(®) = wB)] + n(t) [Jk(t,5) [Bea(s) — w(s)]As
= m(Op(®) + n(t) J k(t,s) p(s)As
g*(t) = wh(t) — abii (D)
= f(t,w(®),Kw(®) — f(t 2 (), Ka(®) — m(O[apsr(t) — ap(D)]
—n(t) f, k(t,5) [dsa(s) — a(s)]As
> —m(O)[a,(t) — w(®)] = n(®) f, k(t,s) [ap(s) — w(s)]As
—m(O)[a1(t) — @ (O] = n(6) [ k(t, ) [@sr(s) — @r(s)]As
= m@OW(E) — aa (O] + 1) f, k(t5) [w(s) — area(s)]As

= m()q(t) + n(t) [, k(t,5) q(s)s, t € J.

By lemma 3.1, we can obtain p(t) < 0, q(t) < 0, t € J, this shows Bi,1(t) < w(t) <
ar41(t),t € J. It proves, by induction, that 8,(t) < w(t) < a,(t),t € J, forall n. Taking
the limit n —» oo, we have B,(t) < B(t) < w(t) < a(t) < ay(t), t € J, so the assertion
of Theorem 3.7 is true. The proof is complete.

Conclusion: The solutions to a system of integro-dynamical equations with integral
boundary conditions on Time Scales have been obtained in this work. The solutions are
observed to satisfy boundedness and stability which leads to the observability of the system.
Hence the solutions may be treated significant in analysing the systems which have lower
solution is greater than higher solution.

Future Work: This work may be extended to the fields of fractional order integro-dynamical
equations with integral boundary conditions and integro-dynamical equations with fractional
order integral boundary conditions.
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