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1. Introduction

A partition of a positive integer n is a non-increasing sequence of positive integers, whose
sum equals n. For example, n = 3 has three partitions, namely, 3, 2+ 1,1+ 1 + 1. If p(n)
denote the number of partitions of n, then p(3) = 3. The generating function for p(n) is given

by

Zp(n)qn = ((]:3]) , p(0) =1,

n=>0

where
(a; @)oo = [ J(1 = ag®™), lal < 1
k=1

Throughout this paper, we use
Ex: = (0=,
where k is any positive integer.

Corteel and Lovejoy [4] introduced the concept of an overpartition. An overpartition of a non-
negative integer n is a sequence of natural numbers arranged in non-increasing order, adds up
to n, where the initial appearance of any integer in the sequence may optionally be overlined.

For instance, there are 4 possible overpartitions of 2, specifically: 2, 2, 1+1, 1+1. If p(n)
represnts the number of overpartitions of n with ( p(0) = 1), the generating function is expressed
as follows:

Zﬁ("n)g” _ (7(1 Q)OO .

n=0 (QQ):L
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Naika et al.[10] introduced a new type of overpartition called (j,k)-regular overpartition p, ,(n)

of a positive integer n, where none of its parts are congruent to j (mod k). The generating
function for p,, (n) with p;,(0)=1 expressed as follows:

ipj,k(n)qﬂ N E_q; Ul ) (1.1)

=0 ¢ Q)oo(—¢7; ¢")oo

Naika, Harishkumar and Veeranayaka[10], in their study, discovered many infinite families of
congruences modulo powers of 2 for p,(n), ps,,(n)and p,,,(n), Where n is multiple of the

primes 2, 3, 5 and 7. Also, Saikia et al.[12] obtained infinite families of congruences modulo
4, 8,16 and 32 for p,,(n), modulo 4 and 8 for pg,,(n), modulo 16 for p,,.(n).

In this paper, we establish many infinite families of congruences modulo powers of 2 for
P,.(n). In second section, we list the main results. We present some preliminary results and

lemma to prove main results. In the final section, we establish the proofs.

2. Main Results

In this section, we list the main results.

Theorem 2.1. For any prime p > 3, i € {1, 2...p — 1} and non-negative integers o. and n, we
have

iPZA(PQQ-STL +p*) ¢" =2E} (mod 4), (2.1)
n=0
iﬁz.ﬂpgaﬂ&a +p* ) " = QE;‘ (mod 4), (2.2)
n=0
P, (P***1.8(pn +1i) + p**?) =0  (mod 4), (2.3)
i p2,a(16n+2)¢" = iﬁg.q(&fl +1)¢" (mod 4). (2.4)

n=0 n=0

Theorem 2.2. For any non-negative integers o1, o2, n and i € {1, 2}, we have

oo ) E2

Zﬁ“ (321 8n)¢" = —-  (mod 4), (2.5)
n=>0 . E2

Z}?g_.q(SQ“lH.Sn) "= Eﬂ (mod 4), (2.6)
n=0 6

P, (3°%.24n+16.3°“) =0 (mod 4), (2.7)
P,.(3*“".8(3n+i))=0 (mod 4), (2.8)
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> o P24(2%2.8n) ¢" = £ (mod 4), (2.9
2.10)

S0 g P2a(22°2 8n) " = % (mod 4)

P, (2°**".8(2n+1)) =0 (mod 4). (2.12)

Theorem 2.3. For any prime p > 3, 1 €{1, 2...p — 1} and non-negative integers o and n, we
have

Z Paa(p*™.32n 4+ 4p**) ¢" = 8E}  (mod 16), (2.12)
n=0
Zﬁg!;l(pz““ 32n 4 4p** %) " = 8E}  (mod 16), (2.13)
n=0
B, (p™.32(pn +i) + 4p™*?) =0 (mod 16), 2.1

Theorem 2.4. For any non-negative integers «,, «,, a4, We have

D P2a(32.5% 7292 1329 4 12,571, 7202 13%%) ¢" = 16E)  (mod 32), (2.15)
n=0
D Pra(32.52F 702 13205y 4 28 521 722 1329%) ¢" = 16¢ES  (mod 32), (2.16)
n=0
Z‘ﬁ“ (32.5% 7202t 13205y 4 9. 5% 722t 13293) " = 16¢°EY  (mod 32), (2.17)

n=0

> o g P2,a(32.5%01 7202 1320aty 4 98 52 7202 1320 t) g0 = 1641 EYy (mod 32),  (2.18)

Corollary 2.1. For any non-negative integers n,«,, «,, a,, andi€ {0, 2, 3, 4}, j €{0, 1, 3,
4,56}, ke{0,1,2,3,5,6,7,8,9, 10, 11, 12}, we have

P, (3257 . 724 .13%% (5n +1i) + 28-5°%* . 722 .13**) =0 (mod 32), (2.19)
P,,(32-5% . 7213 (Tn+ j)+20-5°% . 7°%*.13°*) =0 (mod 32), (2.20)
P,,(32-5% - 7% .13 (13n + k) + 28-5°* - 7°* .13**") =0 (mod 32). (2.21)
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Theorem 2.5. For any prime p > 3, i € {1, 2...p — 1} and non-negative integers o. and n, we
have

Z Poa(p*@.64n + 8p**) ¢" = 16E?  (mod 64), (2.22)
n=>0
Zﬁ2,4(p2”+1.64'n, + 8p* ) ¢t = 16E§ (mod 64), (2.23)
n=0
., (p***1.64(pn +1i) +8p**?) =0 (mod 64). (2.24)

Theorem 2.6. For any non-negative integers «,, «, , &5, We have

> > D24 (16,52, 7222, 132030 + 6, 5% 722 132%) = 169  (mod 64), (2.25)
D P2a(16.52H 702 13200y 4 14,5214 72 13%99) ¢ = 169 (mod 64), (2.26)
n=>0

S o Do, (16.5%0 722t 13205y 4 1,52 TReetl 13205) g = 16¢°F2 (mod 64)  (2.27)

S Paa(16.5%0 7202 13205+l 4 14 520 7202 1320541 o = 16¢4EY, (mod 64)  (2.28)

Corollary 2.2. For any non-negative integers n, «,, «,, a;, andi € {0, 2,3,4},j€{0, 1, 3,
4,5, 6}, k €{0,1,2,3,5,6,7,8,9,10,11,12}, we have

P, ,(16-5°4" . 72% .13%% (5n +i) +14- 5?4 . 7%% .13**) = 0 (mod 64), (2.29)
P,,(16-5°% - 72" .13*% (Tn + j) +10-5° - 72%™.13*%) =0 (mod 64), (2.30)
P,,(16-5°% - 7% .13*%"(13n + k) +14-5°* - 7%% .13***) = 0 (mod 64). (2.31)

3. Preliminary
In order to prove the main theorems, the following lemmas are required.

Lemma 3.1. The following 2-dissections hold:

1K E2E2,

- 9g—4-16
TR,

= Er (3.2)
E?  E3ER
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By ES By E2,

J DF p—— -9 > 3.2
Cmm R 2
1 BN BB
S : 4g=— , 3.3
Ei T ERE D (3.3)
 EW E2ES
E4 — i-'1 —4 2 : 8, 34
' T el TR (34)

The identity (3.1) can be obtained from the 2-dissection of ¢(q) in [9, p.1]. The identity (3.2)
can be obtained from the 2-dissection of ¢(g)?in [9, p.1]. By substituting g and —q in (3.1) and
(3.2), we can derive (3.2) and (3.4).

Lemma 3.2. The following 3-dissection holds:

_ BoEg E3ET

E3 _ 9 _ ES 4 3 18, 3.5
(= mE, P &
The equation (3.5) is the same as (14.8.5) in [9, p.137].
Lemma 3.3. The following 3-dissection holds:
2 2 2
& _ Ej - 2qE3E13_ (3.6)
E2 EIS EGEQ
The equation (3.6) is from [5].
Lemma 3.4. The following 2-dissection holds:
B, _ B} . EiE}
—_= = 2 . 3.7
2~ B, B =7
Lemma 3.4 was obtained by Hirschhorn and Sellers [7, p.2].
Lemma 3.5. We have
E =Ex(R(@")-a-09°R(@) ), (3.8)

where

(0% 4°) o0 (4" 0°)
(43 0°) oo (0" 4°) oo
The equation (3.8) can be found in [6].

R(q) =
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Lemma 3.6. The following 7-dissection holds:

-

Ald')  Cld") . sBd)
Ba)  “Alq) f“cw))’ (39)

By = Ey (

where C(q) = f(-a%-0%), A() = f(-0%-0°), B(a) = f(-a;—q°).
The dissection (3.9) can be obtained in [3, Entry 17].

Lemma 3.7. The following 13-dissection holds:
By = Figo Bi(q") = qB2(q") — ¢*Bs(¢") + ¢°Ba(¢") + 4" — ¢ Bs(¢"°) + ¢* Bs(¢**))3.10)

where
—t P b g7 2. gl —gf g8
Bi(q) = ff=ih, Bola) = 55k, Bala) = Sisy Bulo) = foimis

B _gl0 —q,—q"?
Bsla) = 4= Bola) = foitay

The dissection (3.10) can be obtained from [3, Entry 8].

Lemma 3.8. From [1, Lemma 2.3] for any prime p > 3, we have

. p—1 11271 . ;“71 2k > pn+2k+41
B =p(-)'T ¢ Ep+ Y (D7 ) (-1 @pn k2 + DT (3)
k=0 n=>0

kst +p—1

Furthermore, for 0 <k < (p — 1) and k= (p — 1)/2,

B+k | p?P—1
2 7 8

From the binomial theorem and for any positive integers k, m and £, we have

(mod p):

EZ"=EX " (mod2”). (3.12)

4. Proofs of Theorems

In this section, we prove the main theorems.

4.1 Proofof Theorem 2.1

Substituting j =2 and k =4 in (1.1), we have

> ‘ E3Fy
P2a(n)q" = ——= 4.1)
2 BT

Employing Lemma 3.4 into (4.1) and isolating the terms that involve g*"and g™, we get
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Eb
ZPM (2n)q = FIERY (4.2)
n=0

2

gpu (2n+1)¢" 72E2E2' (4.3)
Now applying (3.12) for =1 in (4.3) and isolating the terms involving g*', we have
Zﬁu(&rz +1)¢" = 2E}  (mod 4). (4.4)

n=0

The congruence (4.4) is the case for a = 0 of (2.1). Consider that (2.1) is true for a > 0. Now
utilizing Lemma 3.8 in (2.1) and collecting the terms that involve qi>'n+”le, we have

Zﬁ“ (p* ' .8n + p** )" = QE,;_,; (mod 4) (4.5)
n=0

Again colleting the terms that involve g°", we obtain

Zp p*t2 8n + p* )" = 2E7  (mod 4)- (4.6)

n=0

The congruence (4.6) shows that (2.1) is true for « + 1. This shows that (2.1) is true for all
2
a > 0.Employing Lemma 3.8 in (2.1) and isolating the terms that involve ge+* —

=, We obtain
(2.2). Collecting the terms that involve gP™, from (2.2), we get equation (2.3), wherei € {1,
2..p—1}

Again, utilizing (3.1) in (4.2) and isolating terms involving ¢°" and g>"™*!, we get

S ESE;
paa(dn)q" = ——5 (4.7)
2Pl = i
and
> ESE?
n=0

Now applying (3.12) for =1 in (4.8), we get

Zﬁ2:4(4-1‘z. +2)¢" = 2E} (mod 4). (4.9)

n=0

Collecting terms involving g*", we have

Zﬁg_g,(l()'n +2)¢" = 2E?  (mod 4). (4.10)

n=>0
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Combining (4.4) and (4.10), we have (2.4).

4.2 Proof of Theorem 2.2
Employing (3.12) for =2 in (4.7), we have

sz 1(4n)q g— (mod 4). (4.11)

Zpg 4(8n)q" = f (mod 4). (4.12)

n=>0

The equation (4.12) shows that (2.5) holds for «, = 0. Consider that (2.5) is true for all «,> 0.
Now employing Lemma 3.3 in (2.5) and isolating the terms involving g, we have

o0 12
S Pa4(3% 8n)g" = % (mod 4). (4.13)
6

Again extracting g°" from (4.13), we have

Zp (32*1%2.8n)q g (mod 4)- (4.14)
n=>0
The equation (4.14) shows that (2.5) is true for «, + 1. This shows that (2.5) holds for all
integer a, > 0.

Employing Lemma 3.3 in (2.5) and extracting terms involving ", we obtain (2.6).
Extracting the terms involving "2, from (2.5), we get equation (2.7). Isolating the terms
involving g where i € {1, 2} from (2.6), we obtain (2.8).

The equation (4.12) shows that (2.9) holds for «, = 0. Consider that (2.9) holds for «, > 0.
Employing (3.2) in (2.9) and isolating terms involving ¢2", we arrive at

E,
Zpg (22921 8p)g" f (mod 4). (4.15)
n=0

Extracting coefficients of ¢°" from (4.15), we get

Zﬁzz,,1(2202+2.8n)q” = % (mod 4). (4.16)
n=>0 1

The equation (4.16) shows that (2.9) is true for «, + 1. This shows (2.9) is true for all «, >0.

Now employing Lemma 3.4 in (2.9) and collecting the coefficients of g?", we have (2.10).
Isolating terms that involve g?"* from (2.10), we have (2.11).
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4.3 Proof of Theorem 2.3

Employing (3.3) in (4.7) and isolating terms involving g™, we arrive at
E]J
Zpg 1(8n+4)¢" = 8E2E18 (4.17)

n=0
Now applying (3.12) for =1 in (4.17) and isolating the terms involving g*", we have
2132:.1(3271, +4)¢" =8FE} (mod 16)- (4.18)
n=>0

The congruence (4.18) is the case for o = 0 of (2.12). Consider that (2.12) is true for all « > 0.
Now utilizing Lemma 3.8 in (2.12) and isolating the terms that involveqpn+"2§l, we get

S o Poa(p 320 + 4p**+?) gt = 8E%  (mod 16). (4.19)
Again extracting terms involving gP", we obtain

Zﬁz.4(ﬁ2w+2.32n +4p** ) ¢" = 8K}  (mod 16) (4.20)

n=>0

The equation (4.20) shows that (2.12) is true for a+1. This shows that (2.12) is true forall «
2
> 0. Employing Lemma 3.8 in (2.12) and collecting the coefficients of g7 +*%

_ =, We obtain
(2.13). Isolating the terms that involve g™, from (2.13), we get equation (2.14), where the
ie{l,2..p—1}.

4.4 Proof of Theorem 2.4

Employing (3.1) in (4.17) and extracting terms involving g™, we get
EYE?
Zm (167 + 12)¢" = 1615, (4.21)
n=0 E'i
Now applying (3.12) for # =1 in (4.21) and isolating the terms involving g, we have
Zﬁ2'4(32n +12)¢" = 16E) (mod 32). (4.22)
n=>0
Equation (4.22) is the case for o, = a, = a; = 0 of (2.15). Now assume that (2.15) is true for
a,>0and a, = a; = 0. Utilizing Lemma 3.5 in (2.15) with «, = a, = 0 and isolating the
terms involving g°™**, we obtain

> P24(325* 0 4 2857 )g" = 16¢E]  (mod 32). (4.23)

Again extracting terms involving g°™*!, we obtain

D P24(32.5" 0 41257 F)g" = 1657 (mod 32). (4.24)

n=0
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Equation (4.24) shows that (2.15) is true for a1 + 1 and «, = a; = 0. This implies (2.15) is true
for all «,>0. Suppose that (2.15) is true for«,, «,>0and o, =0. Now utilizing

Lemma 3.6 in (2.15) with «, = 0 and isolating the terms involving '™, we get

S0 Poa(32.5%0 T2ty 9052 TRt g = 16 EY (mod 32) (4.25)

Again extracting terms involving '™, we obtain

Z Pa.a(32.5%01 72ty 4 19 52 7Reet2yn — 169 (mod 32)- (4.26)

n=0
Equation (4.26) indicates that (2.15) is true for «, + 1 and «, = 0. This implies (2.15) is true
forall ;, @,>0. Now assume that (2.15) is true for;, «,, ;> 0. Now utilizing Lemma 3.7
in (2.15) and isolating the terms involving g!*"!!, we obtain

ZPH (32,52 7202 3208ty 4 9g 52en 722 3208ty on = 164 EY,  (mod 32). (4.27)
n=>0

Again extracting terms involving g3 we obtain

ipgﬁl(gz fror p2e2 32ast2y 419 5P q2e2 1320t 2)on — 16EY  (mod 32). (4.28)
n=>0

Equation (4.28) indicates that (2.15) is true for «, +1. This implies (2.15) is true for all «,,
a,, a; >0.

By applying Lemma 3.5 in (2.15) and isolating terms involving g°™4, we get (2.16).
Utilzing Lemma 3.6 in (2.15) and isolating terms involving '™, we get (2.17). Again using
Lemma 3.7 in (2.15) and extracting terms involving g™, we get (2.18).

4.5 Proof of Corollary 2.1

Isolating the terms that involve g°"* for i €{0, 2, 3, 4} from (2.16), we obtain equation (2.19).
From equation (2.17), isolating the terms consisting '™ for j € {0, 1, 3, 4, 5, 6}, we have
(2.20). Collecting the terms that involve g**"**where k € {0, 1, 2, 3, 5, 6, 7, 8, 9, 10, 11, 12}
from (2.18), we get equation (2.21).

4.6 Proofof Theorem 2.5

Employing (3.3) in (4.7) and isolating terms that involve g*", we get

EH E? E
P2.4(8n)q" = ( + 16g—2 ) (mod 64). (4.29)
Z EzzEm E114

n=0

Now applying (3.3) in (4.29) and extracting terms involving ¢®"*, we get

. E()E)
me (16n+8)¢" = 16 [ 22} (mod 64). (4.30)
n=>0 E ES
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Using (3.12) for § = 2 in (4.30) and isolating the terms involving g*', we have

252‘4(16?1 +8)¢" = 16E; (mod 64). (4.32)
n=0

Isolating the terms involving g*", we have
2732,4(647“1 +8)¢" = lﬁEf (mod 64). (4.32)

n=0

Equation (4.32) is the case for a = 0 of (2.22).

The proof of identities (2.22)-(2.24) follows a similar approach to those of identities (2.1)-(2.3)
of Theorem 2.1.

4.7 Proof of Theorem 2.6

Employing (3.1) in (4.8) and extracting terms involving g™, we get

i P2,4(8n +6)q¢" = 16E§f’%. (4.33)
n=0 1
Now applying (3.12) for =2 in (4.33), we get
f:p“(Sn +6)¢" = 16E) (mod 64). (4.34)
n=>0
Collecting terms involving g*", we have
i Poa(16n +6)g" = 16E)  (mod 64). (4.35)

n=0

Equation (4.35) is the case for , = o, = a, = 0 of (2.25). Now assume that (2.25) is true for
all o, >0and a,=a,;=0. Now utilizing Lemma 3.5 in (2.25) with «,=a,= 0 and extracting
the terms involving g°"*, we obtain

D P2a(32.5% i + 14,5 )g" = 16¢E)  (mod 64). (4.36)
n=0

Again extracting terms involving g°"*%, we obtain
D P2a(32.5%1 0 4 6.5112)g" = 16E]  (mod 64). (4.37)

n=0

Equation (4.37) shows that (2.25) is true for «, + 1 and a,=a, = 0. This implies (2.25) is true
for all «,> 0. Let us assume that (2.25) is true for all,, «, >0 and a,= 0. Now utilizing
Lemma 3.6 in (2.25) with a3 = 0 and extracting the terms involving q’"*, we get
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D paa(16.5%0 722 10,57 722 " = 16¢°E)  (mod 64). (4.38)

n=0
Again extracting terms involving q’"*?, we obtain

Zﬁ2:4(16.52‘“.72“2+2n + 6.5%1 . 7221 )" = 16E)  (mod 64). (4.39)

n=>0

Equation (4.39) indicates that (2.25) is true for «,+ 1 and a,= 0. This implies (2.25) is true

forall a,, ,>0. Now assume that (2.25) is true for a1, a2, a3> 0. Now utilizing Lemma 3.7
in (2.25) and extracting the terms involving g**"!, we obtain

D P2a(32.5%. 7202 13205  y 4 14,52 722 1329 )" = 16" Yy (mod 32).  (4.40)
n=>0

Again extracting terms involving g™, we obtain

Z ;52,1(32-52(” ‘72@2.1320‘3-{-2?_& + 6.52(” ‘72&2.13203-&2)(17: = 16E‘f (lIlOd 32) (441)

n=0
Equation (4.41) indicates that (2.25) is true for o, +1. This implies (2.25) is true for all «,,
a,, a; >0.

By applying Lemma 3.5 in (2.25) and isolating terms involving g°"*, we get (2.26).
Utilzing Lemma 3.6 in (2.25) and isolating terms involving q’™*, we get (2.27). Again using
Lemma3.7 in (2.25) and extracting terms involving g*""!, we get (2.28).

4.8 Proof of Corollary 2.2

Isolating the terms involving g®"* for i € {0, 2, 3, 4} from (2.26), we obtain equation (2.29).
From equation (2.27), isolating the terms involving g™ for j € {0, 1, 3, 4, 5, 6}, we have
(2.30). Extracting the terms involving g**™*where k € {0, 1, 2, 3,5, 6, 7, 8, 9, 10, 11, 12} from
(2.28), we get equation (2.31).
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