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1. Introduction

In study, we examine a simple connected graph G = (V, E), where V represents the vertex set
and E the edge set. Utilizing the notation introduced by Harary [8], the order and size of the
graph G are denoted by |V(G)| = p and |E(G)| = q, respectively. For a vertex u € G, the
degree of a vertex u, denoted as deg (u), refers to the number of edges incident on u. The
minimum and maximum degree of a vertex u are denoted by & and A, respectively. Similarly,
for an edge e = uv in the graph G, the degree of the edge e is expressed as deg(e) = deg(u) +
deg(v) — 2, and the minimum (maximum) degree of an edge e is denoted by §'(A"). The open
neighborhood of a vertex u is represented as N(u) and it is the set of vertices adjacent to u.
Furthermore, the closed neighborhood of vertex u, denoted as N[u], is defined as N[u] =
N(u) U {u}. Additional information regarding the concept of neighborhood can be found in
the reference [10]. The vertex(edge) covering number, denoted as a,(G)(a,(G)), in graph G
is defined as the minimum cardinality of a vertex(edge) cover. An independent set M of vertices
is independent if none of its vertices are adjacent. The independence number B,(G) of G isthe
maximum Cardinality of an independent vertex set. Similarly, a set N of edges is independent
if no two edges in N share an adjacent, and the edge independence number 3, (G) represents
the maximum cardinality of an independent edge set. The graph’s diameter, diam(G), is
defined as the maximum distance between any pair of vertices. For further notation, one can
refer [11].

A line graph, denoted as L(G), is generated from a graph G where vertices in
L(G) corresponding to edges of G, In L(G), two vertices are considered adjacent if the
corresponding edges in G share a common vertex, in the original graph (see [3]).
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(a) Graph G=K» 3 (b) Line Graph L(G)=L(K32.3)

Figure 1. Graph and its Line graph.
We recalling fundamental definitions within domination theory.

A set D € V(G) is a dominating set if, for every vertex u € V(G) — D,N(u) N D # ¢. The
domination number y(G) represents the minimum cardinality of a dominating set in G. In
scenarios where each vertex in V(G) has at least one neighbor in D, the subset D € V(G) is a
total dominating set. The y,(G) denotes total domination number which is minimum
cardinality of total dominating set, as detail in [2]. Further, a subset D < V(G) called an
independent dominating set if the induced subgraph < D > has no edges. The y;(G) denotes
independence domination number which is minimum cardinality independence dominating set
(refer to [9]).

Generalizing the concept of k-domination in [5-6], Fink and Jacobson from both domination
and independence. A subset D € V(G) is k-dominating in G if every vertex in V(G) — D is
connected to at least k vertices in D. The y; (G) denotes the k-domination number which is the
minimum cardinality of k-dominating set of G. Various bounds on k-domination number
discussed in [2-4, 7, 14]. The study by author in [13], the investigation of set-domination in
line graph L(G) of a graph G. This paper establishes bounds of y,;(L(G)) and provides exact
values for certain standard graphs. Similarly, in [12] studied line double domination in graphs
and found various bounds on y,4;(G) in relation to vertices, edges and other distinct parameters
of G.

This paper applies concept of k-domination of graph G to its line graph L(G). The line k-
domination number y;,;(G) is the minimum cardinality among all k-dominating sets of line
graph L(G). Within this investigation, numerous bounds on y;,;(G) have been derived in terms
of vertices, edges and other parameters of G. Furthermore, we establish relations between
v (G) and different domination parameters.

2. Preliminaries

— ; P
Theorem 2.1.[15] If G = (p, q) is any graph, y(G) = TrAG

Theorem 2.2.[1] If G = (p,q) isany graph, y(G) = p —q.
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3. Main Results

In this section, numerous upper and lower bounds on y,;(G) have been derived, considering
vertices, edges, and various parameters of G. Additionally, relationships between y;,;(G) and
distinct domination parameters are established.

1) Lower bounds on y,;(G)

1
A(G)+1

Theorem 3.1. For any graph G = (p, q), Y11 (G) =
Proof. Consider the vertex set A = {wl,wz, ...,wq} of the line graph L(G). Then there exists
aminimal set A; = {w;, w,, ..., w,} € A such that every vertex in V(L(G)) — A, is adjacent to
at least k vertices of. Consequently, A; stands as the minimal k-dominating set of L(G).
Clearly, |A1| = v (G). Since each vertex in V(L(G)) — A, is adjacent to at least k vertices of
A;, every vertex in V(L(G)) — A, contributes at least one to the sum of degree of vertices of
Ay Hence, [V(L(G)) — Ay| < T,ea, deg (w;). For any graph G, there exists at least one edge
e € E(G), which corresponds to a vertex in L(G), such that deg(e) = A'(G) .

We have, g — y14(G) = [V(L()) — A1| < Ty,ea, deg (wy).
< A'(G) - yY(G)

q
ThUS, ykl(G) > INGIEE

p—1
A (G)+1

Corollary 3.2. For any graph G = (p, q), Y (G) =

_a
A(G)+1

Proof. from Theorem 3.1, y4,(G) =
As we know, if G is connected graph, g = p — 1.

Using this, we get required result.

Theorem 3.3. If G = (p,q) isany graph with 2 < k < A(G), Y1, (G) = y(G) + k — 2.

Proof. Consider the vertex set A = {uy,u,, ..., u,} of a graph G which contains a minimal set
D that covers all the vertices of G. Then D is minimal dominating set of G. Let S € V(L(G))
be a minimum k-dominating set of L(G). Take w € V(L(G)) — S and wy, w,, ..., wy, as distinct
vertices in S that dominates w. As S is a k-dominating set, every vertex in V(L(G)) — S is
dominated by at least one vertex in S — {w,, ws, ..., wy}.

Therefore, since w dominates each vertex in {w,,ws,...,w;}, we can form S’ =5 —
{w,, ws, ..., wi } U {w} as dominating set of L(G) that satisfies,

Y(@) < |S'| = IS —{wz,ws, .., wi } U {w}]
=Y(G) —k +2
ThUS, Vkl(G) = ]/(G) +k—2.
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p

Theorem 3.4. For any graph G = (p, q) with k = 2, y;,(G) = Gy

Proof. Let set A = {ul,uz, ...,up} represent vertex set of a graph G then |A| = |[V(G)| = p.
Now, consider set E = {el, €, ...,eq} be the edges incident on vertices of A, and let B =
{wl, Wy, o) wq} be the vertices of L(G) corresponding to elements of E. Consequently, there
exists a minimal set B; = {w;,w,, ..., w.} € B such that every vertex in V(L(G)) — B, is
adjacent to at least k vertices of B,. Thus, B, serves as the minimal k-dominating set of L(G).
In this scenario where k > 2, we take 4; = {u,,u,, ..., u,,} S A as the set containing all non-

end vertices in G. In By, an edge is included, which is incident on a vertex u with maximum
degree in G. This construction ensures that, |B;| - deg (u) = p. Therefore, y;,;(G) - A(G) = p.

Thus, we get result.

Theorem 3.5. For any graph G = (p,q) and k be any positive integer with k > A(L(G)),
Y1 (G) = q — s, where s is number of vertices of degree A(L(G)).

Proof. The lict graph has g vertices corresponding to edges incident on vertices of G. Let S =
{wi, w,, ..., ws} contains a vertices of degree A(L(G)). The proof is divided into two cases.

Case (1): If |S| = 1. In this case, the result hold trivially.
Case (2): If |S]| > 1,

Subcase (1). For k = A(L(G)), if the members of S are adjacent to each other: In this scenario,
a k-dominating set contain |S| — 1 from S. We get required result.

Subcase (2). For k > A(L(G)), if the members of S are not adjacent to each other: In this case,
there exists k members from V(L(G) other than member of S adjacent to every vertex of S.
we get, y4,(G) = q —s.

I1) Upper bounds on y,;(G)
Theorem 3.6. If G = (p, q) is any graph with k < §(G), v, (G) + y(L(G)) < q.

Proof. For every k < 6(G), there exist set S = {wy, wy, ..., w,.} € V(L(G)), be the minimal k-
dominating set of L(G). Let’s assume that there exists vertex w € S that is not adjacent to any
vertices in V(L(G)) — S. This would imply that w is adjacent to at least k vertices in set S.
Consequently, S — {w} is a minimal k-dominating set and |S — {w}| < |S|. However, this
contradicts our initial that S is minimal k-dominating set. Hence, every vertex in S must be
adjacent to at least one vertex in V(L(G)) — S.

Thus, V(L(G)) — S is the dominating set. Therefore, there exists a minimal set A < V(L(G)) —
S that covers all the vertices in V(L(G)). This implies that A is y-set of L(G) and which
conclude that, |A| + |S| < |E(G)]. Hence, 7, (G) + y(L(G)) < q.

q-ALG)

Corollary 3.7. Forany graph G = (p,q) withk < §(G), 11 (G) < TALGY

https://internationalpubls.com 261



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 6s (2025)

p

Proof. From Theorem 2.1 for any graph G, y(G) = 70

it also holds for line graph L(G) of

q
G. So, we get y(L(G)) = T+ALG)

Using this in Theorem 3.6, we obtain

q
1+A(L(G)) =q

Y (G) +

q-A(L(G))
Thus, ¥, (G) < 1+ALG))

Corollary 3.8. For any graph G = (p, q) with k < 8(G), yu(6) <530, d? — q.

Proof. From Theorem 2.2 for any graph G, y(G) = q — p, it also holds for line graph L(G)
of G. So, we get y(L(G)) < q — [%Zle d? — q], where d;’s are degree of vertices in G.

Therefore, y(L(G)) < 2q — %27{;1 dZ.
Using this in Theorem 3.6, we have
1
vi(6) +2q - X7 di <q.
Thus, ¥1a(6) < 730, d? — q.

Theorem 3.9. If G = (p, q) is any graph, ¥4, (G) < ay(G) + Bo(G) + vy (L(G)).

Proof. Forany graph G = (p, q), let a,(G) is the size of the minimum vertex cover of G, which
ensures every edge in G is incident to at least one vertex in this set. This implies that the vertices
in the line graph L(G) corresponding to these edges are dominated. Let 8,(G) be the size of
the largest independent set in G, where no two vertices are adjacent, meaning the edges incident
to these vertices are not directly connected in G. The vertices in L(G) corresponding to these
independent edges can be included without redundancy. Let y(L(G)) be the domination
number of L(G).

Combining these, we construct a k-dominating set for L(G) by considering the vertices
corresponding to edges incident to the vertex cover a,(G), the independent set 5,(G), and the
dominating set in L(G) (y(L(G))). The vertices from the vertex cover ensure coverage of
edges, the independent set adds non-redundant vertices, and the domination set in L(G) ensures
every vertex in L(G) is sufficiently dominated. Since the k-domination number
v (G) requires that every vertex in L(G) not in the dominating set is adjacent to at least k
vertices in the set, the combined set from a(G), Bo(G), and y(L(G)) ensures all vertices in
L(G) are sufficiently covered. Therefore, we have y;,;,(G) < ao(G) + Bo(G) + v (L(G).

Theorem 3.10. If G = (p, q) is any graph, y,;(G) < p + By (G).
Proof. Case (1): If G is a tree, then p > g — 1, and the result holds clearly.
Case (2): If G is not a tree.
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Consider the vertex set V(G) = {ul,uz, ...,up} of graph G. There exists a maximum set A =
{uq, uy, ..., us} € V(G) of vertices such that N(u) N N(v) = {y},Vu,v € Aandy € V(G) — A.
This implies that A is maximum independent set of vertices in V(G) and |A| = B, (G). Since A
is independent, no two vertices in A are adjacent. Consequently, in L(G), the vertices
corresponding to edges incident to vertices in A are not adjacent. This property of A ensures
that adding these vertices to our k-dominating set does not create redundancy.

To construct a k-dominating set in L(G), let B be the set of vertices in L(G) corresponding to
edges incident to any vertex in G. Clearly, |B| = p, as each vertex in G can be covered by
considering the edges incident to it. Adding the vertices corresponding to the independent set
A without redundancy, we form the set D, = A U B as the k-dominating set.

Thus, ¥ (G) < p + Bo(G).

Theorem 3.11. If G = (p, q) is any graph, y4;(G) < ao(G) + p.

Proof. Case (1): If G is atree, then p > q — 1, and the result holds clearly.
Case (2): If G is not a tree.

Let C be a minimum vertex cover of C with |C| = ay(G). Each edge in G is thus represented
in L(G) by a vertex connected to at least one vertex corresponding to an edge incident to a
vertex in C. The k-dominating set in L(G) can be formed by including vertices corresponding
to all edges incident to vertices in the vertex cover C and vertices corresponding to the
remaining edges incident on vertices of G. Each vertex in C contributes to covering edges
incident to it. If a vertex in G is not in the vertex cover, it still has its incident edges covered by
other vertices in the cover set. This ensures sufficient coverage for k-domination set of L(G).

Since each edge in G is either incident to a vertex in C or contributes a vertex in G, this
guarantees that the total size of the k-dominating set of L(G) does not exceed a,(G) + p. Thus,

Yi(G) < ao(G) + p.
Theorem 3.12. If G = (p, q) is any graph, y,;(G) < diam(G) + Bo(G) + A'(G).

Proof. Let A ={e;| 1 <i < s}be the edges lying on the longest path between two vertices
u and v of G. Additionally, let B = {u4, u,, ..., u;} be maximum independent set of G and C =
{e; | 1 < j < m}beedgessuchthat e; incidenton u; , forall u; € B.SetD ={e,|1<r <}
consist of edges adjacent to an edge of maximum degree other than the element of A4 and C
such that |[D| < A'(G). The elements of A, C and D are the member of L(G). These sets provide
sufficient coverage for the k-dominating set for L(G).

Consider the set A; UC; UD,, where A; €A, C; €C and D, € D forms a minimal k-
dominating set of L(G). It follows that, |4, U C; U D;| < |A| + |C| +|DJ. This implies that,
7a(G) <diam(G) + 4, (G) +A(G)
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I11) Relations of y,,;(G) with different domination parameter
Theorem 3.13. For any graph G = (p, ), Y1 (G) + v:(L(G)) < q + B1(G).

Proof. Let E = {el, €2, we) eq} be the edge set of G then there is maximum set E; € E such that
N(e)nN(e;) = ¢ forall e;, e € E;. This implies E; forms a maximal independent set of
edges and |E;| = B1(G). The elements of E; corresponds to the vertices of L(G), then there
exists minimal subset E, of E; such that every element of V(L(G)) — E, is adjacent to at
least one vertex of E,, and E, is an independent set. This implies that E, is an independent
dominating set of L(G) with |E;| < | E;|. Consequently, we have yl-(L(G)) < B:(G) and we
know that, y,;(G) < q. Thus, we get required result.

Theorem 3.14. For any graph G = (p, q), Y1 (G) + y(G) = y:(G).

Proof. Let V(G) = {vy, v,, ..., v, } be the vertex set of G, then there exists minimal dominating
set A = {vq,v,, ..., v} Of G such that |A| = y(G).

The proof is divided into two parts.
Case (1): If y(G) = y:(G), result hold trivially.

Case (2): If y(G) # v:(G), the set A ensures that all vertices in G are adjacent to at least one
vertex in A. However, this does not guarantee that A total dominating set, as vertices in A need
to be dominated as well. The set D, ensures that each vertex in L(G) (representing an edge in
G) is adjacent to at least k vertices in Dy. This property helps in ensuring that edges (and their
corresponding vertices) in G are sufficiently added to the set A to obtain total dominating set.

Therefore, the total domination number y,(G) is bounded above by the sum of the domination
number and the k-domination number of the L(G).

4. Conclusion

In this paper, k-domination in line graph is defined. Theorems related to line k-domination are
derived and the relation between other different domination parameters. Also, obtained many
bounds on y,,;(G) in terms of vertices, edges and other different parameters of G.
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