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1. Preliminaries

A productive area of mathematics within complex analysis is Geometric Function Theory
(GFT). In recent years, this sub-branch has succeeded in drawing researchers’ attention. let
U ={{ € C:|{| < 1}, where C is the complex plane. The class of analytic functions ¢ in U is
identified by A and elements of A are of the form

P(¢) =¢+dyc? +dsc®+ - =¢c+3I%, dig/, ceU, (1.1)

and let S = {¢ € A: ¢ isunivalentin U}. In [5], Biebereach conjecture that |dj| <j,j=2for
every function ¢ € S. Numerous new subclasses of S were defined to settle the Biebereach
conjecture and a number of results were established. Researchers worked on this conjecture’s
proof for many years and finally, Luis De Branges solved this conjecture for every j = 2 in
[11]. Another problem in GFT is Fekete-Szego functional |d; — £d2|, ¢ € R, for every function
¢ € S. Familiar researchers published many papers on above mentioned problem for functions
belonging to subclasses of S. One of the remarkable subclass of S is bi-univalent function class
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o. The notion ¢ of bi-univalent functions was presented by Levin in his work [23]. These are
analytic functions, denoted by ¢, where both ¢ and ¢~ = 1 are univalent in U. The renowned
Koebe theorem (see[14]) states that, each function ¢ € S of the form (1.1) has an inverse given

by
¢t (w) =w —d,w? + (2d3 — d3)w? — (5d5 — 5dyd; + dy)w* + - =yp(w) (1.2

satisfying ¢ = Y(¢(s)) and w = p(Pp(w)), Iw| < 1o(¢), 1/4 < 19(¢), 5, w € U. The class
o is not an empty set since the functions %log (1—:) —log(1 —¢) and %_g are functions in

“—, and the Koebe function —
1-¢ (1-¢)?

though they are in S. For a concise analysis and to discover some of the characteristics of the
family o (see [6,7,25,36]). The article by Srivastava and hi co-authors [30] gave rise to the
recent momentum of studies of the bi-univalent function family. Numerous scholars have
looked into several fascinating special families of ¢ since this article brought the subject back
to life (see [8,9,12,16,17,37]) and the citation provided in these papers.

In many fields, including number theory, numerical analysis, combinatorics, computer science,
physics, and engineering, special polynomials like Faber, Lucas, Chebyshev, Horadam,
Bernoulli, Gegenbauer, Lucas-Lehmer, Pell-Lucas, Fibonacci, and their generalizations are
crucial. Some generalizations of the Fibonacci polynomials have been defined in the literature
due to their widespread use in the applied sciences (see [22]). Researchers have recently
focused attention on a specific type of polynomials called Generalized Bivariate Fibonacci
Polynomials (GBFP).

It is known that the Fibonacci numbers have the recursive relation F; = Fi_; + Fj_5, (Fp =
0,F, = 1,j = 2). Fibonacci polynomials which generalize Fibonacci numbers is defined as
(see [4]) F;(3) = nFj_1(30) + Fj_5(»), (Fo(») = 0,F,(3) = 1,j = 2). A new generalization
of F;(5) is introduced in [21] and is expressed as below:

2
the o family. However, ¢ — % are not elements of o, even

Let k (3, y) and I(, y) be polynomials with real coefficients. For, j > 2, the GBFP are defined
by the recurrence relation:

P}'(K, }’) = k(}f, J’)Fj—1(”: y) + l(}f, 3’)[’}'—2(”’ 3’)' (13)

where Fy(3,y) =0, F;(3,y) = Land k?(»,y) + 4l(3,y) > 0. The generating function of
GBFP is (see [21])

F(%:yyz) = Z;on F}(%:Y)ZJ =

Readers with an interest in GBFP can find a brief history and extensive information in [10]
and its references.

z

1-k(3,y)z—1(3,y)z2’ (1-4)

The present focus is on functions that belong to a specific o subfamily and are subordinate to
known number sequences or special polynomials. Several researchers have found coefficient
estimates and Fekete-Szeg6 functional |d; — &d3|, € € R, for elements of subfamilies of o
subordinate to known special polynomials or number sequences (Refer to
[2,3,13,18,20,26,29,31,33,34,38] for additional details). Researchers have recently focused
attention on GBFP. For members of specific subclasses of o associated with GBFP, interesting
results have been found in [1,19,27] regarding coefficient estimates and Fekete-Szeg0
functional.

For brevity, we write hereafter that k (s, y) = k and [(s, y) = I. Clearly

https://internationalpubls.com 120



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 6s (2025)

Fz(%)’)zk; F3(%}’)=k2+l, (15)
are evident from (1.3).

Remark 1.1. It is possible to infer numerous polynomial sequences from GBFP by
specializing k and [ (see [39]). They are i). The bivariate Fibonacci polynomials are obtained
if k = and [ = y, ii). We arrive at the Pell polynomials if k = 2» and [ = 1, iii). We derive
the Jacobsthal polynomials if k = 1and ! = x, iv). We get the Fermat polynomials, if k = 3
and [ = —2. v). We have the Chebyshev polynomials of the second kind if k = 2 and l = —1
and so forth.

For a,, a, € A analytic in U, a, is subordinate to a,, if there is a Schwarz function 6(¢) that
is analytic in U with 8(0) = 0 and 16(¢)| < 1, such that a,(5) = a,(6(c)), ¢ € U. This
subordination is symbolized as a; < a, or a;(¢) < a,(¢) (¢ €U). In case, if a, €S,
then a,(¢) < a,(¢) © a,;(0) =a,(0) and a,(U)ca,(U).

We present a few subfamilies of o that are subordinate to a GBFP F;(x,y) as in (1.3), namely

TY(o,7,F) and Z}) (o, T, F). These are motivated by the aforementioned patterns in coefficient-
related problems as well as the Fekete-Szeg6 functional [15] on specific subclasses of .

This paper uses the generating function ‘F(x,y,z) as in (1.4) and the inverse function
¢~ 1(w) = (w) as in (1.2), unless otherwise noted.

Definition 1.1. Leto € C\ {0}, 0 <t <1, andv = 1. If ¢ € o satisfies

1+$(T(M)+(1—T)(M)—l) <P =129 cey, (g

¢1(¢) ¢
and
1+ l(r (—[(Ww’(W))’]v) +(1-1) (—W(”’”(W))v) - 1) < F(w) =222W ey, 17)
0 Pr(w) P(w) w
then we say that ¢ € T) (o, 1, F), Where
F(z) = ﬁ,k +0,k% + 41> 0. (1.8)

The following subfamilies of ¢ are obtained for particular choices of t in the class T} (o, 7, F):

1. PY(o,F) =TJ(0,0,F),v=1,and g € C \ {0} is a family of functions such that ¢ € o
fulfills

1 (s’ _FGuy.9)
1+Q <—¢(C) ) 1] < F(g) = " , ¢ EU,
and
142 wl @) ) _ 1| < Fw)= Fy,w) W), w €U,
p(w) w

where F(z) is as mentioned in (1.8).

2. Q¥(0,F) =TY(0,1,F), v=1,andp € C \ {0} represents a set of functions ¢ € o that
meet
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1 (I’ _F(6y,0)
1+Q ( 0 1 <F(g)——C ,CEU,
and
1 +l [(Wll}:(W))’] —1]< F(W) — F(”'y! W)’ w e U,
(o P'(w) w

where F(z) is as mentioned in (1.8).
Definition 1.2. Letv>1,0<7 <1, andp € C \ {0}. If ¢ € o satisfies

143 (r (e <3))_)+<1 D(@©) - 1) < F©) ="22 ey, L9)

and

142 (e (LD 1 (4~ ()~ 1) < Fw) =222 e, (110)

then we say that ¢ € ZY (o, t, F), where F(z) is as mentioned in (1.8).

The following subfamilies of ¢ are obtained for particular choices of Tandv in the class
Zy(o,7,F):

1. VY(o,F) =ZY(0,0,F),v=1,andg € C \ {0} is the collection of functions ¢ € o that
meet

1 v F(xn,y,
(@) -1) < F@ =22 ey,
and
1 +g((¢'(w))v— 1) < F(w) =W w €U,

where F(z) is as mentioned in (1.8).

2.H,(0,7,F) = ZL(0,7,F),0 <1 <1, and ¢ € C \ {0} represents the set of functions ¢ € o
that satisfies

1+= ( (“{f ((c))) ) + A=) - 1) < ri =22 ey
¢
and
1+ Q( ((Wf((w))) ) + (1= W) - 1) < F(w) = W weU,
where F(z) is as mentioned in (1.8).
Remark 1.2. ZY(o,1,F) = Qx (o, F).

In Section 2, we find estimates for |d,|, |ds|, and |d; — £d2|, ¢ € R for functions in the classes
Ty (0,7, F),and ZY(p,7, F). In Section 3, interesting results from these classes are presented
along with connections to the published findings.
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2. Main results

We find the coefficient related estimates for any function ¢ € T) (o, 7, F).

Theorem 2.1. Letp e C\ {0}, €ER,v=>10<7t<1land F(g)isasin(L8).If¢p € gis
an element of the family Ty (o, 7, F), then

|kl

|d2| = |Qk|\/|(v(v—1)(6r+1)+r+v2)gk2—(2v—1)2(r+1)2(k2+l)|’ (2'1)
lok|? lokl
lds| = (2v-1)2(T+1)2 + Bv-1)(2r+1)’ (2.2)
and
|ds — §d3|
k
( d 1=¢<7,
< Bv-1QR2t+1)
= IRLIER PR,
|(v(iv =1 (6T + 1)+ 7+ v2)k? —2v—1)2(+ 122+ D]’ -
(2.3)
where
_ |vv=D)(6T+ D) +1+v2)0k2—(2v-1)%(r+1)? (k2 +1)
1= (Bv-1)2r+ D ok? | (2.4)
Proof. Let ¢ € TY (o, 7, F). Then, from subordinations (1.6) and (1.7), we can write
()] ()"
1+ ﬁ(T (Kcir(cc))] ) Ta-9 (dz(;) ) N 1) =Fu(©) ¢ €V, (25)
and
1 [(wwr(w»f]”) _ (w(wr(w»”) _ ) _
1+~ (T( o) T A= (=505 1)=F(v(w)), weU, (2.6)

where u(¢) =Y%; w¢/, and v(w) = X2, wvw/, qweU are Schwarz functions
with the property (See [14])

lui| <1, and |v;| < 1(j € N). (2.7)
By using few fundamental mathematical techniques we can write equations (2.5) and (2.6)
as
1 (1o’ ENGCIOR A TS
1+ 0 <T (—¢'(C) ) +(1-1) <—¢(C) 1]=1+ 0 Qv —1)(t+ 1)d,¢
+%([(3v — 1)t + 1)ds + (2v% — 4v + 1)(3t + 1)d2]¢? + ---), (2.8)
F(u(s)) = 1+ R0t »)us + [Fo 06, y)uy + F3 G, y)ufle? + -+, (2.9)
and
(M) T (W)Y )y 1,
1+Q<T< o) >+(1 T)( on) 1]1=1 Q(Zv D(t+ 1d,w
123
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+§([(3v - 1DQRt+1)(d%—d3) + 2v2 —4v + 1)(Bt + Ddilw? + ), (2.10)

F(v(w)) = 1+ F,06,y)vaw + [F, (6, y)v, + F3(, y)vi]w? + -+, (2.11)

Comparing the terms with the same degree in (2.8) and (2.10), we conclude due to equality
(2.5)

2v—1)(t+ 1)d, = oF, (3, y)u,, (2.12)
(Bv—1)Q2t + 1)d; + 2v2 —4v + 1)(Bt + 1)d3 = o[F, (3, y)uy + F3(x, y)u?],
2.13)

Similarly, due to equality (2.6), we draw our conclusion by comparing the terms of the
same degree in (2.9) and (2.11)

—2v -1+ 1D d; = oF06y)vy, (2.14)
and
Bv—1)Q2t+1)(2d3 — d3) + (2v? —4v + 1) (Bt + 1)d3 = o[F, (%, y)v, + F53 (3¢, y)vZ].
(2.15)
From (2.12) and (2.14), we get
U = —vy, (2.16)
and
22v — 1)2(t + 1)%d3 = 02(u? + v)Fi(n, ). (2.17)

Addition of (2.13) and (2.15) yield
2viv =1 (6T + 1) + T +v3)d3 = 0F,(, y)(uy + vy) + 0F30, y) (U2 + v2).  (2.18)
Replacing u? + v from (2.17) in (2.18) we get

2 _ 0%F3 (1,y) (u+v5)
4 = 2[(v(v=1) (67+1) +T+V2)oF2 (3,y)— (T+1)2(2v—1)2F3 (e,y)]|’ (2.19)

Utilizing (1.5) for F, (s, y), F5(», y) and applying (2.7) to u,,v, produces (2.1),
From (2.13) we subtract (2.15) to get the bound on |d5|:

g2, 0R0Ly)(up—vy)
dy =dz + 22t+1)(3v-1) (2.20)

If we replace dZ from (2.17) in (2.20) we get

_ PR 0uy)(ui+vl) | 0F00y) (up—vy)
lds] = 2(2v-1)2(z+1)? 22t+1)(3v-1) (2.21)

We deduce (2.2) from (2.21) by applying (1.5) and (2.7). Finally, we compute the bound on
|d; — &d3| using the values of d2 and d5 from (2.19) and (2.20), respectively. Consequently,
we have,

|d3 — ¢d|

1
+B(E,F))u2 —(

Bv-1)Q2t+1)

_lollF; (¢, y)| |
B 2 Bv-1DR2r+1)

—B(E,F)>U2|,

where
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_ (1-§)eF (.y)
BEF) = [(v(v=D)(6T+D)+T+v2)0FF (3,y)~(2v-1)2(t+12) Fs (3,)]
Clearly
lol|F, (e, )1
@ DG D PEPIS Grpe -
|d3 - Edzl S
lel|F2Ge, YIIB(E, F)I |B(, F)I 2r+ DGV -1

(2.22)

We derive (2.3) from (2.22), where T is the same as in (2.4). O

Remark 2.1. From Theorem 2.1, we can deduce Theorem 1 and Theorem 3 in [39] by letting
o=1landv = 1.

We now provide the coefficient related estimates for functions in the class, Zy (o, T, F).
Theorem 2. 2. Leté € R,p € C\ {0},v=>1,0 <71 <1,and F(¢) be asin ([1.8). Ifan

element ¢ of o belongs to the class ZY (g, 7, F), then

k|
<
|d2| - |Qk|\/|Qk2(ZV(V—1)(3T+1)+3V—T(2V—1))—4—(V+‘L’(V—1))2(k2+l) ’ (2'23)
lok|? lokl
<

|d3| - 4(v+1'(v—1))2 + 3(v+t(2v-1)) (224)
and
lds — fd%| <

k
lol k| —¢l<z,
3(1/ +1t(2v — 1))
21kIP11 -
lol“|k]® 11 — & i -¢> 2z,
|Qk2(2v(v —1D@Bt+1)+3v—1(2v — 1)) - 4(1/ +t(v— 1)) (k% + l)|
(2.25)

where

7 - ok?(2v(v-1)(Br+1)+3v—1(2v—1))—4(v+r(v—1))* (k2+1)

o 3(v+t(2v—-1))ok? )
Proof. Let ¢ € ZY (o, 7, F). Then, from (1.9) and (1.10), we get
()] '
142 (r (2L 1 (- o (¢9)" - 1) = F(u), s € U, (2.26)

and

142 (o(L2DL) ) -y w) 1) = Few) we v, (221)
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where u(¢) =¥%, 1w/, and viw) =352, wvw/, cweU are Schwarz functions
with the property (2.7). By using a few fundamental techniques we can write equations (2.26)
and (2.27) as

2
1+ 5 (t(v —1) +v)d,¢

1
+5[3(T(2v —D+v)ds—2(2t(2v—1) —v(v — (3t + 1))d3]¢? + -

= F,06,y) + F, (6, Y)us ¢ + [F 06, y)uy + F3 G y)uzle?+.. (2.28)
and

1-— S (t(v—-1) +v)d,w

+$[3(T(2V — 1) +v)(2d3—d3) —2(2t(2v— 1) —v(v — )3T + 1))d3|w? + -

=F,(t,y) + K00, y)v,w + [F, (o6, V) v, + F300, y)vZ w2+ (2.29)
Thus, by comparing the corresponding coefficients in (2.28) and (2.29), it is possible to obtain
2(z(v = 1) +v)d; = 0F (1, y)uy, (2.30)
3(t(2v— 1) +v)ds — 2(2t(2v — 1) —v(v — 1)(3t + 1))d3
= 0[Ge, y)u, + F3(, y)ui], (2.31)
—2(t(v -1 +v)d; = 0F, (%, y)vy, (2.32)

and
3(t(2v — 1) +v)(2d3 — d3) — 2(2t(2v — 1) —v(v — D37 + 1))d2.

= 0[F, (01, y)v, + F3(t, y)vi]. (2.33)

The results (2.23) - (2.25) of this theorem now follow from (2.30) - (2.33), using the same
method as found in Theorem 2.1 about (2.12) - (2.15). O

Remark 2.2. Regarding the above-described definitions, we can obtain multiple subfamilies
of bi-univalent functions associated with GBFP for specific parameters, such as 7 and v. Thus,
the related results come from the findings presented in the publication. We address some of
these in the following section.

3. Special cases
In the scenario where T = 0, Theorem 2.1 would yield the following results:
Corollary 3.1. Let { € R,0 € C\ {0},v = 1andF(g) be as in (1.8). If ¢ € P/(p,F), then

K| lok|? okl
21 < |Qk|\/|v(2v—1)Qk2—(2v—1)2(k2+l)I' 5] < (2v-1)? T

and
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|ok|
3v—1
lol?|k|® |1 — ¢
|(v(2v — 1))Qk2 —(2v —1)%(k?* + l)|
(v(Zv—l))QkZ—(Zv—l)z(k2+l)|
(3v—1)gk? '

Remark 3.1. Allowing ¢ = 1andv = 1 in Corollary 3.1, we get Corollaries 2 and 6 in [39].

I1=¢& < X
|d3 — éd3| <

1=¢&l =X

where X =

Theorem 2.1 would yield the following in the scenario where T = 1.
Corollary 3. 2. Let o € C\ {0}, € R,v > 1andF(g) be as in (1.8). If ¢ € Qx (o, F), then

] lok|? lok|
|d2| = |Qkl\/|(8v2—7v+1)Qk2—4(21/—1)2(k2+11)|‘ |d3| s 4(2v-1)2 T 3(3v-1)’

and

( |ok|

J 3Gv_1) ;1-¢l< 86

|ds —¢d5| < e
lol“1k|® |1 —¢&] 1—¢]> 6

l|(8v2 —7v+ 1)ek?2 —4Q2v—1)2(k2+ D]’ -

where 6 = |ka(81/2—7v+1)—4(k2+l)(2v—1)2 _
3(3v—1)0k?

Remark 3.2. Using ¢ = 1andv = 1 in Corollary 3.2, we get Corollaries 3 and 7 in [39].
In the case where 7 = 0, Theorem 2.2 would lead to the following :
Corollary 3.3. Leto € C\ {0}, € R,v = 1andF(¢) be asin ([1.8). If ¢ € VY (o, F), then

| k| lok|*  |ok]
|d2|5|9k|\/ ld3| < +—=

lv(2v + 1)ok? — 4v2(k2 + D)|’ 42 v’
and
|ds — &d3|
lekl 1—g] < v(2v+1)gk2—4v2(k2+l)‘
! - 2
< 3v 3vok
B lo|?1k|® |1 — €| ¢ > v(2v + 1)ok? — 4v2(k2 + 1)
lv(2v + 1)ok? — 4v2(k?2 + )|’ ¢= 3vok? '

In the case where v = 1, Theorem 2.2 would lead to the following:

Corollary 3.4. Let { € R,0 € C\{0},0 <7 < 1andF(g) be as in (1.8). If ¢ € H, (o, 7, F),
then

Ikl loklZ | okl
2] < |Qk|\/|<3—r)ek2—4(k2+z)|' sl < =~ + 305y
lok| (3-1)ok?—4(k?+1
and |d; —&d3| < 3(5“) =8l T3(i+1)egc2 )|
3 20 =) eIkl ¢l (3-0)ek?=4(k?+1)
141> | |
|(3—-1)ok2-4(k2+1)| 3(t+1)ok?
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Remark 3.3. In Corollary 3.4, if we take T = 1 and o = 1, we get the outcomes [ 9, corollaries
3and 7].

4. Conclusion

This study contains the upper bounds on |d,| and |d| for functions that belong to the defined
o subclasses associated with GBFP. Additionally, for functions in these subfamilies, we have
determined the Fekete-Szeg6 functional |d; — £d3|, ¢ € R. Specialization of the parameters
applied to our results, as mentioned in Section 3, produces previously unexplored new results.
Additionally, pertinent links to the current findings are indicated. Nevertheless, this paper does
not address all of the significant subclasses of ¢ that exist in the literature. For example, authors
have examined various subclasses involving (p, g)-operators introduced in (p, g)-calculus. It
is recommended that the interested readers review these papers and the associated references.
We conclude our study by pointing out to interested readers that these subclasses can be studied
for higher order Hankel determinant problems.
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