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1. Introduction

Let G be a connected graph. If G doesn't contain any loops or multiple edges, we said that G is a simple graph, and we thus
assumed that all the graphs in this research were simple. The shortest path between any two vertices in the set vertex 1V (G)
determines the distance in any connected graph., This was indicated by d (u, v), where u, v € V(G). Degree of vertex v is
the quantity of edges connecting each vertex in V(G) directly with v, and it is represented as degv or degv. The longest
path between any two vertices in a connected graph G, denoted diam(G), determines the diameter of the graph diam(G)
= uvev(o)td (W, v)}, review the references [1] [2] [3].

A number that may be computed directly from the structural graph of a molecule is called a topological index. The structure
and branching pattern of a molecule are quantified by a non-empirical numerical value called its topological index. A
molecule's chemical structure needs to be transformed into a unique number (or index) that can be used to describe the
molecule under study in order to do a topological analysis on it [4]. Ahmed M. and Mahmood M.A. gave the introduction.
[5] Polynomials of Chain of Vertex Connected for Complete Square Graphs: Schultz and Modified Schultz.

Science, Harold Wiener (1947), used these topological indicators for the first time in biology and chemistry. Wiener
showed the connections between the physical and chemical properties of organic molecules in graphs [6].

Schultz introduced the Schultz index in 1989 [7], and Klavar and Gutman established the modified Schultz index in 1997
[8]. The Schultz index Sc(G) and the modified Schultz index Sc*(G), also the Wiener index in 1947 [6]: are each defined
as follows:

Sc(Gn) = Luvevcy(dagu + degv) d(u,v) .
Sc*(Gn) = Xuviev(e,(dagu . degv) d(u,v) .
W(G,) = Xuwicv(c, dW,v).
The following are the definitions of the Schultz, modified Schultz Hosoya polynomials, respectively:

d(u,v)_

Sc(Gn:x) = Xuwiev(e, (dagu + degv) x
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Sc*(Gn: %) = Lumjere,p(dagu . degv) xdv)

H(Gn: x) = Z{u,v}QV(Gn) xd(u'V)-

Furthermore, we can deduce that the derivatives of Sc(G,; x), Sc*(G,; x) and H(G,: x) with respect to x when x =1
correspond to the Schultz, modified Schultz and Wiener indices, respectively, which are derived from Schultz, modified
Schultz and Hosoya polynomials.

1 — The Schultz index: Sc(Gy) = %(SC(Gni X)) | =1
2 — The modified Schultz index: Sc*(Gy) = %(Sc*(Gn: X)) | o1
3 — w; Wiener index: W(G,) = d%(H(Gn:X)) | =1

Where p(G,) is the order of G and i it means derived. References [9] [10] [11] and [12] [13] [14] include a number

of current studies on polynomials and indices for Schultz and modified Schultz, as well as applications of Schultz and
modified Schultz in chemistry. H. Hosoya created the Wiener polynomial [15], a distance-based polynomial that generates
graph distance distributions.

Let Dy (s, g) be the set of all (u, v) of G which distance between u and v is k such degu = s and degv = g and Dy (G)| is
the number of pairs (u, v) of G that are distance k, D(Gy, k)". Clearly, from that Y0 |D, (G)| = w

2. Polynomials for Schultz, Modified Schultz and Hosoya with a one—path of Chp, (W),

In this section we compute Hosoya, Schultz and Modified Schultz polynomials, Wiener, Schultz and Modified Schultz
indices of connecting the vertices of a chain of pentagonal rings with a one—path.

\ v -/ o

Wan

Figure.1. The Graph Chp,(Ws),

From Fig.1. We not that p(Chp, (Ws),,) = 5n, for the vertex and q(Chp,(Ws),) =9 — 1 and diam(Chp,(Ws),) =
3n—1, foraln>3,1<i,j<n,i#j,2<h<3nand 2<k <3n,h+# k,then we have:

TABLE 1.degu; and degv;

X degu; =3 degv; =3 degw; =3 degw, =4 degws, =3
+
degu; =3 9 9 9 12 9
6 6 6 7 6
degv; =3 9 9 9 12 9
6 6 6 7 6
degw; =3 9 9 12 9
6 6 7 6
degwy, =4 12 12 12 16 12
7 7 7 8 7
degws, =3 9 9 9 12
6 6 6 7
248
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Theorem 2.1:  Schultz, Modified Schultz and Hosoya Polynomials with a one—path of Chp,(Ws),. Then from
p.1l.top.8. and n = 3, then we have:

1- SC(ChPZ(Ws)n X) =2(40n — 21)x + 2(29n — 23)x2 + 2 Y316 (387’1 _ @ _ 1)

2y 5( _¥_7) 1+223"4(22n— 22(SH)+7)x + 74x3"73 +
38x3"72 4 px 3171,
2- Sc*(Chp,(W5)p:x) = 4(36n — 21)x + (105n — 88)x? + 4 X375 6( - % -
z)x +123%7; 5( n——s(’ D_ 3) J 48y 4(10n—
10(s+1)

+ 3)x + 124x3773 4 60x372 4 9x3n1,
3- H(Chp,(We)p:x) = (11n — 5)x + 2(4n — 3)x? + 11 X356 (n - —)x +
s (7n - —7(]3_1) - 1) x) + 23354 Bn — s + Dx® +

11x3773 4 6x3772 4 x3n- 1,

Proof: Every two vertices u, v € V(Chp, (Ws),: x), thereis d(u,v) = k,1 < k < n, then 31, |D;| =@ . The proof
can be divided into five parts:

P1.Ifd(u,v) = 1,then |D;| = 9n — 1, and we have three subsets of it:
P1.11D;(3,3)| = [{(ug, wy), (v1, wy), (Up, W3p), (Vn, wan)}| = 4.

(uu W3L) (Vu W31) (ul'W3l 1) (qu3L 1) (ul+11W3l+1) (v1+1xw31+1)}
s (Ui, Waig2), (Vip, Waip2): 1S 0Sn—1

{(wy, wy), W3y, Wapn_1)}| = 2(4n — 3).

P1.2 |D,(3,4)| = |{

P13 |D; (44| = {Wsi—1, W3i), W3i41, Waig2), (W3, wai1): 1 < i <n—1} =3(n—1).
P2.Ifd(u,v) = 2. Then |D,| = 2(4n — 3), and we have three subsets of it:
P2.1[D,33) = {(wv),:1<i<n}|=n

P2.2 |D,(3, )| = {(us, wzi+1), (W, Waig1), (Uigq, Wap), (Vi1 W3i): 1 < i <n—1} U
{(wi, w3), W3p, wan_2)} = 2(2n - 1).

P2.3[D;(44)] = {(W3i—1, W3it1), (W3, Wai45) 1 1 ST <n— 1} U {(Wgi49,Wai43) 1 1S i<n—2} =3n—4

P3.Ifd(w,v) = k,k =3r+3,where r =0,1,2,... ,n—3. Then |D;| = (11n — —) and we have three subsets of it:

P3.1 D, (3,3)| = |{(ui, ui+§),(ui, vi+§),(vi,vi+§) , (vi,ul.+ g) 1<i<n- §}|
-3
P32 1D (B3] = [{W1 Wiess), (Wap Wi )} U
{(ui, Wit %) , (vi,wsH%) , (qu, W3i_1) , (ng, Wsi_1 ) 1<i<n- §}|
=2(2n-Z+1).
P3.3 D (44)| = |{(W3i—1rW3i+k—1): 1<i<n-— S} u {(W3i; W3iti), Wi, Waipper): 1 S TS0 — S - 1}' =3n-

k-2
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P4.Ifd(w,v) =j,j = 3r + 4,where r =0,1,2,... ,n—3. Then |D;| = 7n — — 1, and we have three subsets of

it:

P4.1|D;(3,3)| = |{<w1, Uj—1 +1) ) (wl, Vj-1 +1> , (wgn, un_j—_1> , (wgn, ”n_f-_1> }| = 4.
3 3 3 3

(ui' W3i+j—1)' (Ui: W3i+j—1)' <ui+(1‘—1)+1: W3i+1> , <77L.+(j—1) 1 W3i+1)
3 3

P4.2|D;(3,4)| = U

. j—1
:151371—%—1

{(Wl’ W}'+1), (W3TL' W3n_j)} = 2 (Zn - % - 1)

P43 |D;(44)| = |{(W3i—1'W3i+j— 1) (W30, Waisj), (Wagsn, Waggjun )i 1 S i< n— % - 1}|

(s+1)

P5. 1fd(w,v) =s,s = 3r + 5,where r =0,1,2,... ,n—3. Then |D,| = 6(
of it:

) + 2, and we have two subsets

s+1

P51 |DS(3'4)| = |{(ui, W3i+$—1)' (Ui, W3+S—1)' (ui_'_m, W3i)' (Ui+w, W3L> 1 < i <n-— T} U
3 3

s+1

(1, W), G W) = 4 (n = 222) + 2.

P5.2 |Ds(4'4)| = |{(W3l 1 W3i+s— 1) (W3L'W3L+S) l<isn-— ST}| =2 (Tl - _)

3
P6. If d(u,v) = 3n — 3. Then |D3,_3| = 11, and we have three subsets of it:

P6.1|D3,-3(3,3)| = [{(uy, up), (ug, v), (vy, ), (W, u)}l = 4
P6.2 |D3n—3(3'4)| = I{(ul' W3n—1)l (vl:WSn—l)t (unl WZ)' (Un, WZ)} U {(W11W3n—2)t (W3n, W3)}| = 6.

P6.3 [D3p_3(4 )| = {(wz, Wi, 1)} =1
P7.1f d(u,v) = 3n — 2. Then |Ds,_,| = 6, and we have two subsets of it:

P7.1|D3n—23,3)| = [{(ug, wap), (1, wan), (W, up), (W, vp)}| = 4
P7.2 |D3n—2 B = {wi, wap—1), Wan, w2)}| = 2.
P8. If d(u,v) = 3n — 1. Then |D3,_,| = 1, and we have one subset of it:
P8.1[D3;,-1(3,3)| = [{(wy, w3} =1
Now, from P1 to P8 and the table 3.1 Our produce:
1- Sc(Chp,(We)n:x) ={6(4) +7(2(4n —3)) +8(3(n — 1))} x + {6(n) + 7(2(2n— 1)) + 8(3n — 4 }x* +
{6(4(n——)) +7(2 (2n -2+ 1)) +8(3n—k—2)}x* +{6(4) +7(2 (2n 20 1)) +
8 (3 (n S . ))} X+ {7 (4 (n - %) +2)+8 (2 (n- %))} x5+ {6(4) + 7(6) + 8(1)}x3""3 +

3
{6(4) + 7(2)}x3"2 + {6(1)}x3""1
38k

= 2(40n — 21)x + 2(29n — 23)x? + 2 533° (38n — 2 —
1)x +233; 5(26n—M—7) J 4233 4(22n—

22(s+1) + 7) x5 4+ 74x3"3 4+ 38x3772 4 gx 31
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2- Sc*(Chp,(W5)pix) ={9(4) +12(2(4n - 3)) + 16(3(n — 1))} x + {9(n) + 12(2(2n — 1)) +
16(3n — 4)}x2 + {9 (4 (n - —)) +12 (2 (2n o 1)) +16(3n —k — 2)}xk +
{9(4) + 12(2(2n—%‘”— 1)) + 16(3 (n—%l— 1))} xJ +{12(4(n—%) +
2) + 16 (2 (n - ﬂ))} x5 +{9(4) + 12(6) + 16(1)}x3P~3 + {9(4) + 12(2)}x3P 2 +

{9(1)}x3P~1
3- =4(36n — 21)x + (105n — 88)x? + 4 3375 6(3311—@—2) ky12ym, 5( n—S(jT_l)—3)x7+

83315 (10n — 2 4 3) 0 + 124x%3 4+ 60x°72 + 9x30 1,

4- H(Chp,(Ws)p:x) = {4+2(@n—-3)+3n—D}x+{n+22n—1) + Bn—H}x? +
{4(n——)+2(2n—§+1)+(3n—k—2)}xk+{4+2(2n—@—1)+3(n—’%1—1)} X+
{4(n S”)+2+2(n—ﬂ)}x {446+ 13033 + {4+ 2372 4 {1)a3n1

= (11n — 5)x + 2(4n — 3)x? + 1153255 (n = £) xk + 3305 (70— L2 1) + 233054 — s +
Dxs + 11x3773 4 63772 4 3071,

Example 2.2: It is possible to calculate polynomials with ease

1- Sc(Chp,(W5)3:x) = 198x + 128x% + 150x° + 90x* + 58x° + 74x° + 38x7 + 6x°

Sc*(Chp,(W5)3:x) = 348x + 227x? + 256x° + 156x* + 104x5 + 124x° +
60x7 + 9x8.

H(Chp,(W5)3:x) = 28x + 18x% + 22x% + 13x* + 10x° + 11x° + 6x7 + x°.

2- Sc(Chp,(Ws),:x) = 278x + 186x% + 226x° + 156x* + 102x° + 150x° + 90x7 + 58x° + 74x” + 38x* +
6x11

Sc*(Chp,(W5)4:x) = 492x + 332x? + 388x> + 252x* + 184x5 + 256x° +
156x7 + 104x8 + 124x° + 60x1° + 9x11,

H(Chp,(W5)4:x) = 39x + 26x2 + 33x% + 20x* + 14x5 + 22x° + 13x7 + 10x® +
11x° + 6x10 4+ x11

Corollary 2.3: For all n > 3 then we have:

- Sc(Chp,(Ws),) = 550n — 438 + 23373 6(38 —ﬁ—1)k+223n 5( 6n—%"1)—7)j+

22311 4( 22(S+1) + 7)
2- Sc*(Chp,(Ws),) = 933n — 761 + 43375 6(33n — 2 2)k+1233%5 (8n —@— 3)j +
823“' 4( 10(S+1) + 3)

7(j-1) .
3- W(Chp,(Ws),) = 81n — 63 + 115373 6(n——)k i 5( n— 2 1)] +
2Y3*3Bn—s+01)s .
Proof: The proof can be obtained directly through the Theorem 2.1.
Corollary 2.4: For all n > 3 then we have:

1- Sc(Chp,(Ws),) = 1444n — 2020.
2- Sc*(Chp,(W5),) = 2481n — 3493.
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3- W(Chp,(Ws),) = 216n — 300.

Proof: The proof can be obtained directly through the Theorem 2.1 and Corollary 2.3.

3. Some properties of Schultz polynomial coefficients, modified Schultz polynomials, and Hosoya for some chains
and rings of graphs:

Some properties | Propertyl Property2 Property3 Property4 | PropertyS | Property6
polynomial
Sc(Chp,(Ws)n:x) | Notj- Not monotonically | Not Troubled | Not Positive
unimodal increasing And not palindromic equality
monotonically
decreasing
Sc*(Chp,(Ws),:x) | Not j- Not monotonically | Not Troubled | Not Positive
unimodal increasing And not palindromic equality
monotonically
decreasing
H(Ch p,(Ws)n:x) | Notj- Not monotonically Not Troubled Not Positive
unimodal increasing And not palindromic equality
monotonically
decreasing

Conclusion: we present the concept of Schultz, modified Schultz and Hosoya Polynomials to connect a chain of vertices
of rings of a pentagonal graph, with a path of length one. In addition to some special results.
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