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Abstract: 

Nonlinear Variational Inequalities (NVI) pose a challenging class of 

mathematical problems with numerous applications in various fields, 

including optimization, physics, and economics. Regularization techniques 

have emerged as valuable tools for addressing NVIs by transforming them 

into more tractable forms. This article provides an in-depth exploration of 

regularization techniques applied to NVIs, discussing their mathematical 

foundations, solution methods, and practical applications. We highlight the 

significance of regularization in handling nonlinearity and constraint 

violations while showcasing its utility in solving complex real-world 

problems. 
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Introduction 

Nonlinear Variational Inequalities (NVIs) arise in various fields, posing challenges due to their 

nonlinearity and constraints. Regularization techniques offer a systematic approach to 

transform NVIs into more manageable forms, enabling efficient solutions. In this article, we 

delve into the mathematical foundations, solution methodologies, and practical applications of 

regularization techniques for NVIs. 

Mathematical Foundations 

Convex Relaxation 

Convex relaxation is a common regularization technique that involves replacing a non-convex 

problem with a convex one, which is easier to solve. In the context of NVIs, this often entails 

relaxing the non-convex constraints to convex constraints, making it possible to use convex 

optimization methods. 

Tikhonov Regularization 

Tikhonov regularization introduces a penalty term into the objective function, promoting 

solutions that satisfy the NVI constraints. It balances the trade-off between the fidelity to the 

data and the adherence to the constraints. 



Advances in Nonlinear Variational Inequalities 

ISSN: 1092-910X 

Vol 25 No. 2 (2022) 

 

14 
https://internationalpubls.com 

Penalty Methods 

Penalty methods impose a penalty on constraint violations, effectively converting the 

constrained NVI problem into an unconstrained one. As the penalty parameter increases, the 

solution approaches the original constrained problem. 

Solution Methods 

Regularization techniques are typically solved using optimization algorithms. Some widely 

used methods include: 

1. Gradient Descent: An iterative optimization technique that seeks to minimize the 

regularized objective function by taking steps in the direction of the negative gradient. 

2. Interior-Point Methods: Interior-point methods are particularly effective for solving 

convexly regularized NVIs. They optimize the objective function subject to linearized 

constraints. 

3. Augmented Lagrangian Method: Augmented Lagrangian methods combine the 

advantages of penalty methods and Lagrange multipliers. They solve the penalized 

problem iteratively while adjusting the penalty parameter. 

Applications 

Regularization techniques for NVIs find applications in various domains: 

1. Inverse Problems: In medical imaging, regularization is applied to solve inverse 

problems, such as image reconstruction from limited data, while maintaining the non-

negativity constraint. 

2. Mechanical Engineering: Regularization techniques are used to model contact and 

friction problems in mechanical engineering, ensuring numerical stability and 

convergence. 

3. Economics: In economic equilibrium models, regularization helps handle nonlinearity 

and constraints in utility functions, facilitating the computation of equilibria. 

4. Image Denoising: In image processing, regularization is applied to remove noise from 

images while preserving important structural features. 

Conclusion 

Regularization techniques have proven indispensable in addressing the challenges posed by 

Nonlinear Variational Inequalities. By transforming complex and non-convex problems into 

more tractable forms, regularization methods enable efficient and practical solutions. These 

techniques find applications in diverse fields, contributing to the resolution of real-world 

problems across science and engineering domains. 
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