Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 5s (2025)

Domination of Polynomial with Application

Alyaa A. Alwan'® and Alaa A. Najim?P
College of .Sciences , University of Basrah , Basrah, Iraq
2Department of Mathematics , College of .Sciences University of Basrah , Basrah, Iraq
3 Corresponding author:®alyaaalwan@utq.edu.iq
b)alaa.najim@uobasrah.edu.iq

Article History: Abstract:

Received: 06-11-2024 In this paper, .We .initiate the study of domination. polynomial , consider

Revised: 05-12-2024 G=(V,E) be a simple, flnlt_e, ar_ld directed graph without. isolated. vertex .We
present a study of the Iragi national power grid 400kv. We extracted the poly

Accepted: 15-12-2024 dominance as well as the reliability. dominance by dividing it in to .several

regions. The MATLAB program was used to calculate the shortest path for
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Introduction: The study of domination polynomial and domination
reliability are very important concepts ..The domination polynomial of a
graphs is a graph invariant that encodes information about the number of
dominating. Set of various sizes in the graphs [29].The domination.
Polynomial has been studies extensively to have various applications, such
as in the analysis of communication network.[30]. Domination reliability is a
measure .of the. reliability .of a graph or network, it is defined as the
probability. that a randomly selected subset of vertices in the graph forms a
dominating sets . [31],[32] .

Objectives: the reliability of the Iragi super grid will be calculated

.Calculation the reliability of figure 1 is NP-Hard, as the electrical

conductors interfering with each other. Therefore, we relied on the reduction

method by definition " DRel(G,p) = (1 —p)V!' Y wev (Z9)WI"  to
N[w]=v 17P

calculate the reliability of figure 1 ,where the parallel law is used for
reduction and the series law for merging components with each other then
use the law of reliability of parallele-seriese to compute the reliability of
figure 1.

Iragi electrical power system is divided in to six subsystems R1 is Iraqi
North Zone reliability index, R2 is Dyala- Anbar Zone reliability index, R3
is Baghdad North Zone reliability index, R4 is Iraqi Middle Zone reliability
index and R6 is Iragi South Zone reliability index

Methods: we want to look at the domination problem from the reliability
point of view. We are interested in the probability that in a graph with
random failing vertices or edges, a dominating set ( with some properties )
exists. In this section we only show some possible direction for further
research . assume that the vertices of the graph are dominating with a given
probability p and the edges are perfectly reliable.

Let G = (V,E) be a graph whose vertices fail randomly and independently
with a given probability g, for all v € V. A failure in the context of
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domination means, that the vertex is not in the dominating set. In such a
graph we are interested in the reliability that a dominating set exists. If we
assume that ¢ = q,, forall v eV, and p =1 — q, then we can define the
domination reliability polynomial as

DRel(G,p) = (1 =p)"' X wev (M.
N[w]=v 17P

Remark: The domination polynomial and the domination reliability
polynomial are equivalent.

Results: We study this work, as domination reliability is may reveal some
new insights in to system reliability.

Conclusions: In this paper, .we introduced the Iragi 400kv grid and
.compute dominating polynomial of .this network also, determined the
dominating reliability of Iraqi super grid , the computation of this network is
NP- hard, that. divides the network to find the minimal path of Iragi 400kv
grid to compute the dominating .reliability .and dominating polynomial We
study this work, as domination reliability is may reveal some new .insights
in .to system reliability.

Keywords: domination polynomial, the domination reliability, the
domination reliability polynomial, Iraqi 400 KV super grid.

1. Introduction

The study of domination polynomial and domination reliability are very important concepts.
The domination polynomial of a graph is a graph invariant that encodes information about the
number of dominating sets of various sizes in the graph [29].

The domination polynomial has been studies extensively to have various applications, such as
in the analysis of communication network.[30]

Domination reliability is a measure of the reliability of a graph or network, it is defined as the
probability that a randomly selected subset of vertices in the graph forms a dominating set.
[31],[32] .

In this paper we will compute the domination polynomial and domination reliability of Iraqi
400kv grid. The network of fig (1) is classified into SIX zones which represent the close
practical operating condition of the network. To find the domination indices of the network
the following procedure is followed:

For each zone & to apply the domination procedure calculations, the minimal paths are found
.Hence finding the domination index (D)

Notation:

J D1 .... Iraqi North zone domination index

o D2 .... Dyala -Anbar zone domination index
o D3 .... Baghdad North zone domination index
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J D4 .... Baghdad South zone domination index
. D5 .... Iraqi Middle zone domination index
o D6 .... Iraqi South zone domination index

The adjacent matrices of the 400KV Iraqgi super grid of Iragi north region, Dyala and Anbar
region, Baghdad north region, Baghdad south region, Iragi middle region, and Iragi south
region are shown in tables above, which is input data to the first computer program, the
output results are also shown in tables above, from these tables it is noted that there are
Minimal paths sets.

Objectives

Domination and graph polynomials are each areas of graph theory with extensive research. A
1991 bibliography on domination in graphs [17] by Hedetniemi and Laskar traced domination
back to the graph theory texts of K'onig (1950), Berge (1958) and Ore (1962). Graph
polynomials have also been of interest since 1912 when Birkhofffirst defined the chromatic
polynomial [15] in an attempt to prove the Four Colour Conjecture. Although domination and
graph polynomials have been areas of interest for quite some time, the domination
polynomial was only introduced by Arocha and Llano in their 2000 paper [14]. In fact no
other papers were published until 2008 when a seemingly independent work [8] was
published by Alikhani and Peng. Results that have been of interest for the domination
polynomial include computing the domination polynomial for families and products of
graphs, finding recurrence relations, locating the roots, and finding the domination
equivalence classes of families of graphs. The reader is directed to Alikhani’s 2009 Ph.D.
thesis [4] which is the culmination of six fundamental papers [2], [5], [8],[10],[12] covering
each area of domination polynomials studied.

3. Methods

In this paper we will compute the domination reliability and domination polynomial. of Iraqi
400Kkv grid. By divided it in .to two parts, as .follows:

FIGURE 1 Iraqi 400 KV super grid

https://internationalpubls.com 503



Advances in Nonlinear Variational Inequalities

ISSN: 1092-910X
Vol 28 No. 5s (2025)

we have converted the electrical network into a graph to make it easier to study, then divided
it into six regions to calculate the shortest path for each region, then calculated the
polynomial for each path, then calculated the polynomial dominance for each path, then

calculated the polynomial dominance reliability for each path and its overall reliability.

FIGURE 2 graph of analysisof the Iragi 400 KV super grid
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Let's denote the domination reliability polynomial of a path graph with n vertices as
DRP(P,,x,y ), where x and y are variables For a path graph P,, the domination reliability
polynomial can be defined as

DRP(Py,x,y) =x+y
DRP( Py, x,y) = x% + 2xy + y?
DRP(P3,x,y) = x3+3x*y?2+ y3+xy
DRP(P,x,y) =(x+y)*DRP(Pyp_1,%,y) —y * DRP(Py_3,x,y)

Using this recursive formula, you can compute the domination reliability polynomial for any
path graph by substituting the appropriate values of n For example, if you want to compute
the domination reliability polynomial for a path graph with 4 vertices P,, you can use the
formula as follows :

DRP( Py, x,y)
=(x+y)*DRP(P;,x,y) —y*DRP(Py,x,y)(x +y)
* ((x +y) * DRP(Py,x,y) —y * DRP(Py,x,y)) —y

The domination reliability polynomial for a path graph B, is given by the following
formula :

DR(B,p)=p+(m—-1A-p)p
Where:

P is the probability that avertex is included in the dominating sets .
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The step — by - step explanation.

1-In a path graph P, , the only way to form a dominating set is to either include the first
vertex, or include every other vertex starting from the second vertex.

2-The probability of including the first vertex is simply p .

3-The probability of including every other vertex starting from the second vertex is
(1 —p)p, and there are n-1 such vertices.

4- Therefore, the domination reliability polynomial is the sum of these 2 terms: p +
(n -1 -pp.
" Iraq North Region ™

P1=Y2Ys1 = D(Ppy) = y*+2y , D2 = YaYaz = D(Pp,y) = y* +2y. b3 =
Y3¥13¥a1 = D(P3,y) = y° +3y* +y

Ps = Y1Y11Ya0 = D(P3,¥) = y° +3y* +,

Ps = Y2Y12Ya0 = D(P3,y) = y> +3y* +, Pe = Y3 Y13V12Ya0 = D(Puy) = y* +
4y3 + 3y?% +y.

Irag South Region "p; =ygyse = D(Ppy) = ¥y +2y . P2 = Y10V19 Va0 =
D(P3,y) = y* +3y*+y. p3 = Y9 Y18V10Ya0 = D(Po,y) =y* +4y> +3y* +y . py =
Y10Yas = D(P2,y) = y* + 2y.

Ds = YoY1sYae = D(P3,y) = y> +3y* +y . ps = Yoya7s = D(Pp,y) = y* + 2y.

" Baghdad South Region "p; = ¥; ¥20¥37Y36 Ys6 - P2 = Y7 Y29Y38Ys6: D3 =
Y7 Y29Y37Y57- P4 = Y7V29YV58 - Ps = Vg V22YV32Y37 Y36Ys6- Pe = Y8 Y22Y32Y38 Vse
b7 = Y8 Y22Y32Y37 V57 - Ps = Yg Y22Y32Yss8

P9 = V8 ¥21Y33Y37 Y36 Ys6 - P10 = V8 V21Y33Y38 Vs6: P11 = Y8 Y21YV33Y37 Vse - P12 =
V8 Y21Y33 Vss

P13 = Y10 V19Y22 Y32 Y37 Y36 Ys6- P14 = Y10 V19Y22Y32 Y37 Y57 -P15 =
Y10 Y19Y22 Y32 Y37 Ys7-

P16 = Y10 Y19Y22 Y32 Yss8 . P17 = Y10 Y19Y21 Y33 Y37 Y36 Y56 -P1g =
Y10 Y19Y21 Y33 Y38 Ys6- P19 = Y10 Y19Y21 Y33 V37 YV57- P20 = Y10 Y19Y21Y33 Y58 P21 =
Y9 Y20Y33 Y37 V36 Vs6- P22 = Y9 Y20Y33 Y38 YVse-

P23 = Y9Y20Y33Y37 Y57 - P24 = Y9 Y20Y33 Yss-

" Baghdad South Region "p; > D(Ps,y) = y°+5y*+4y3+3y2+y |, p,—>
D(Py,y) = y*+4y> +3y* +y. ps = D(P,y) = y*+4y* +3y* +y. Da =
D(P3,y)=y3+3y*+y . ps—>D(Ps,y) =y°+6y°+5y*+4y3+3y*+y. ps—
D(Ps,y) = y>+5y* +4y3 +3y2 +y.

p; = D(Ps,y) = y° +5y* +4y> +3y* + y.pg > D(Pn,y) = y* +4y> +3y* +y

Po = D(Pg,y) =y°+6y° +5y* +4y3 +3y* +y P10 > D(Ps,y) = y° +5y* +
4y3 + 3y?% +y.
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P11 = D(Ps,y) = y° +5y* +4y* +3y* +y.

P12 = D(Puy) = y*+4y* +3y* +y

p1z = D(P,y) =y’ +7y°+6y°> +5y* +4y3 +3y* +y

p1a = D(Ps,y) =y°+6y° +5y* +4y> +3y* +y

P1s = D(Ps,y) =y°+6y° +5y* +4y> +3y* +y

P1s = D(Ps,y) = y°> +5y* +4y3 +3y% +y

p17 = D(P,y) =y” +7y°+6y°> +5y* +4y3 +3y* +y

p1g = D(Ps,y) =y®+6y>+5y* +4y3 +3y* +y

P10 = D(Ps,y) =y +6y° +5y* +4y3 +3y* +y

P20 = D(Ps,y) = y° +5y* +4y3 +3y% +y

P21 = D(Ps,y) =y°+6y° +5y* +4y3 +3y% +y

Doz = D(Ps,y) = y° +5y* +4y3 +3y? +y

P2z = D(Ps,y) = y° +5y* +4y3 +3y% +y

D2a = D(PLy) = y*+4y* +3y* +y

" Baghdad North Region "p; = y,V11Vs0 = D(P3,y) = y3+3y%2+y, p,=
V2Y12Ya0 = D(Ps,y) = y* +3y*+y |, D3 = Y3Y13V12Ya0 = D(Po,y) = y* +4y° +
3y +y

Pa = Y2Va1 = D(Po,y) = ¥ +2y |, ps= y3¥13Ya1 2> D(Ps,y) = y* +3y* +y, pe =
YaYar ™ D(Pz’}’) = 3’2 + 2y .

" Dyala - Anbar Region **

p1 = Vs¥as = D(Py,y) = y2 + 2y

" Iraq North Region "', DR(P;,p) =P+ (2 —-1)(1—-P)P = 2P — p? | DR(P,,p) =P +

2-1)(Q—-P)P=2P— P2 | DR(P;,p)=P+(B—-1)(1—P)P =P +2P—2P? =
3P — 2Pp2
DR(P,,p) =P+ (3—1)(1—P)P = P + 2P — 2P? = 3P — 2P2 , DR(Ps,p) =P+

3-1)(1—-P)P=P+2P—2P2=3P—2P% DR(Ps,p)=P+ (4 —-1)(1-P)P=P+
3(1—P)P =3P —2P2 DR(P,p)= 2P— P?2+3P—2P2+ 3P —2P2+3P—2P%2=
12P — 8P2.

" lrag South Region " , DR(P,p) =P+ (2—-1)(1 —P)P = 2P — P2., DR(P,,p) =
3P — 2P?.
DR(P5;,p) = 4P — 3P2. | DR(P,,p) = 2P — p?. DR(Ps,p) = 3P — 2P? DR(Pg,p) =
2P — P?.
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DR(P,p)=  2P— P2 +3P —2P2+4P —3P2+2P — P2 +3P —2P2 + 2P — P2 =
16P — 10 P2
" Baghdad South Region " , DR(P,p) =5P —4P%> , DR(P,p) = 4P —3P% ,

DR(Ps,p) = 4P — 3P?

DR(P,,p) = 3P — 2P? |, DR(Ps,p) = 6P — 5P%? |, DR(P,,p) = 5P — 4P%? |, DR(P,,p) =
5P — 4Pp?

DR(Pg,p) = 4P —3P? , DR(Ps,p) = 6P —5P% |, DR(P;o,p) = 5P — 4P%? |, DR(P,1,p) =
5P — 4p?

DR(P;5,p) = 4P —3P% , DR(Py5,p) = 7P — 6P? , DR(Py4,p) = 6P —5P? , DR(P,5,p) =
6P — 5P?

DR(P,s,p) =5P —4P2 | DR(P,,,p) = 7P — 6P% | DR(Pyg,p) = 6P — 5P
DR(Py9,p) = 6P — 5P2

DR(P,g,p) 5P — 4P? , DR(P,1,p) = 6P —5P2, DR(P,;,p) = 5P — 4P%. |, DR(P,3,p) =
5P — 4p?

DR(P,,,p) = 4P — 3P%2 | DR(P;,p) = 95P — 76P2
" Baghdad north Region ™

DR(P;,p) =3P —2P? ,DR(P,,p) =3P —2P% , DR(P;,p) = 4P —3P? , DR(P,,p) =
2P — p?

DR(Ps,p) = 3P — 2P? , DR(Ps,p) = 2P — P>

DR(P;,p) =3P —2P? + 3P — 2P? + 4P — 3P? + 2P — P2 + 3P —2P? + 2P — P? =
17P — 11P2 .

" Dyala - Anbar Region " DR(P;,p) = 2P — P?.

Now, DR(P,,p) = 12P — 8P? + 16P — 10 P2 + 2P — P2 + 17P — 11P? + 95P —
76P% = 142P — 106P? .

Domination and graph polynomials are each areas of graph theory with extensive research. A
1991 bibliography on domination in graphs [17] by Hedetniemi and Laskar traced domination
back to the graph theory texts of K'onig (1950), Berge (1958) and Ore (1962). Graph
polynomials have also been of interest since 1912 when Birkhofffirst defined the chromatic
polynomial [15] in an attempt to prove the Four Colour Conjecture. Although domination and
graph polynomials have been areas of interest for quite some time, the domination
polynomial was only introduced by Arocha and Llano in their 2000 paper [14]. In fact no
other papers were published until 2008 when a seemingly independent work [8] was
published by Alikhani and Peng. Results that have been of interest for the domination
polynomial include computing the domination polynomial for families and products of
graphs, finding recurrence relations, locating the roots, and finding the domination
equivalence classes of families of graphs. The reader is directed to Alikhani’s 2009 Ph.D.
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thesis [4] which is the culmination of six fundamental papers [2], [5], [8],[10],[12] covering
each area of domination polynomials studied.
2. Results

The domination reliability polynomial of a graphs is a polynomial that encodes information
about the number of dominating sets in the graph and their reliability. The domination
reliability polynomial of a path graph can be computed using a recursive formula

Let's denote the domination reliability polynomial of a path graph with n vertices as
DRP(P,, x,y ), where x and y are variables For a path graph P,, the domination reliability
polynomial can be defined as

DRP(Py,x,y) =x+y
DRP( Py, x,y) = x% + 2xy + y?
DRP(P3;,x,y) = x3+3x%2y%2+ y3+xy
DRP( By, x,y) =(x+y)*DRP(Py_y,x,y) —y * DRP(Pp_3,%,y)

Using this recursive formula, you can compute the domination reliability polynomial for any
path graph by substituting the appropriate values of n For example, if you want to compute
the domination reliability polynomial for a path graph with 4 vertices P,, you can use the
formula as follows :

DRP(PAI-'ny)
=(x+y)*DRP(P;,x,y) —y*DRP(Pp,x,y)(x +y)
* ((x +y) * DRP(Py,x,y) —y x DRP( Py, x,y)) — ¥

The domination reliability polynomial for a path graph B, is given by the following
formula :

DR(P,p)=p+(n—-1DA-p)p
Where:
P is the probability that avertex is included in the dominating set.
The step-by-step explanation.

1-In a path graph P, , the only way to form a dominating set is to either include the first
vertex, or include every other vertex starting from the second vertex.

2-The probability of including the first vertex is simply p .

3-The probability of including every other vertex starting from the second vertex is
(1 —p)p, and there are n-1 such vertices.

4-Therefore, the domination reliability polynomial is the sum of these two terms: p +
(n— 11 -pp.
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Discussion

In this paper, we introduced the Iragi 400kv grid and compute dominating polynomial of
this network also, determined the dominating reliability of Iraqi super grid , the computation
of this network is NP- hard, that divides the network to find the minimal path of Iragi 400kv
grid to compute the dominating reliability and dominating polynomial.

We study this work, as domination reliability is may reveal some new insights in to system
reliability.
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