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1. Introduction

As we know a very famous theorem in the theory of free groups states that every group G is a homomorphic
image of some free group. This means that for every group G, exists a surjective homomorphism o: F — G of a
of free group F onto G. This homomorphism 7 is called a presentation of the groupG. Let R := ker(o) be the
kernel of o. Then R is a normal subgroup of F and F/R = G. The elements in R are called the relators of the
presentation. Now suppose that Y is a set of free generators for F and S € R with the property that the normal
closure of S equals R. Then X: = o(Y) is obviously a set of generators of the group G. Let F,, be the free group
on n = 2 elements and Aut(F,) its group of automorphisms. Nielsen in [17] and [18] has proved that Aut(F,)
is a finitely presented group. A well-known representation of Aut(FE,) is given by

& Aut(Fn) — Aut(F, / F,) = GL(n,z),

Where E, is the commutator subgroup of E, and &, (¢) is the automorphism of the abelian group E, / F, induced
by ¢ € Aut(F,). Siegmund in [19] has constructed a presentation for GL(n,z) the automorphism groups of free
abelian group.In Section 2, we present the definitions of free group, automorphism of groups and presentation of
group with some facts and examples. In Section 3, we give a description for the presentation of Aut(F,), the
automorphism group of the free group of rank n following McCool and Newman work see [13] and [16]. We
give also a description for the presentation of GL(n,Z), the automorphism group of the free abelian group Z"
following Siegmund's work see [19]. A presentation for SL(n, Z), is given in Milnor's work see [14]. In Section
4, develop an algorithm and written GAP functions that provides a finite presentation for the automorphism
group Aut(Fn) of the free group of rank n, and a finite presentation for the automorphism group GL(n, Z) of
the free abelian group of rank n.

2. Background

In this section we will give the definitions of Free group, presentation of group, automorphism of groups and
their properties with some examples, further details may be found in [1], [3], [6], [7], [8], [®], [10], [11], [12]
and [20].
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Definition 2.1 Assuming that A is a set with a related non-negative (n) which is consider as an integer number.
The sequence of a form a, ... ,a,, where a; € A is called a word with specific length n. The empty word can be
obtained whenn =0. Let = qa,,...,a,, and b = b, ..., b, might construct a new word which will be ab =
ai, . ,qm, by, ..., b,. The new word will be called as the concatenation of a and b. In fact, the concatenation
is a binary operation on the words which is belong to a specific set.

Let X be a set with define a set X! = {x~':x € X}, disjoint from X. A word over X U X~ is reduced if it
contains no subsequence x,x~* or x~1,x, where x € X. For notational convenience we write words over X U
X1 inthe form x,€1 - x,¢n, where x; € X,¢; = +1 and x™* denotes the element x of X.

Example 2.2 LetA ={a,c,s,t}.

1. c¢,a,tands,a,t are words; so is stattc cat and sat have concatenation cat sat.

2. At ={a1,ct,s71,t71} then aca™? is reduced while saa™'t is not, neither is ss™' or
ass™'t.

3. sf1afts=s"tatlif = e3=—1,¢,=+1.

Theorem 2.3 Let X be a set, let G be a group and let f:X — G be a map. Then there exists a unique
homomorphism @: f (X) — G extending f: that is, such that @(x) = f(x), for all x € X.

Theorem 2.4 Let X; and X, be sets. Then F(X;) = F(X,) ifand only if |X;| = | X;].

Definition 2.5 Let X be a set and let G be a group isomorphic to F(X). Then we say that G is a free group of
rank |X|

Definition 2.6 Let G be a group and R a subset of G. The normal closure N(R) of R is the intersection of all
normal subgroup of G which contact R.

Lemma 2.7

1. N(R) is the smallest normal subgroup of G containing R and it is generated by the set of element g~1rg,
wherer e Rand g € G.

Example 2.8 Let G = S; and R = {(1,2,3)}.
Conjugates of (123): (123) and (123) = N(R) = (R") = ((123), (132))
={e(1,2,3),(1,3,2)}.

Definition 2.9 Let X be a set and let R be a subset of F(X). The quotient group G equal to F(X)/ N(R), is said
have presentation (X|R).

Example 2.10

1. 6= (xy|yx=xy? xy=yx?).
i.e. (x,y|yxy2xl, xyx~2y~1),

InG:yx = xy? = (xy)y = (yx?)y = () (xy)
Syx=yx(xy)>1=xy 2 y=x"1 (%)
— a2 () -2} — ,-1 _1(, _
Hence, yx = xy i l=x(x2?)=x1>=>x =1 :y—l.
Thus, G = {1}.
Theorem 2.11 [12] Every group has a presentation.

Definition 2.12 The isomorphism of a group G to itself is called an automorphism.

Example 2.13 If G be an abelian group and f: G — G be such that f(x) = x~1.
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Then as f(xy) = (xy) =y Ix 1 =x"1y 1 = f(x)f(y), so f is a homomorphism. Now, f(x) = f(y)
implies that x=* = y~1 implies that x = y.

So, f isone to one. f is clearly onto. Thus, f is an automorphism.

Let G be a group and let Aut(G) denote the set of all automorphisms of G. Then Aut(G) is a group under the
composition of functions, for the proof you can see [7], or [11]. It is called automorphism of groups.

3. Presentations for Aut(F,,) and GL(n,Z)

The GAP system utilized to find finite presentations for the automorphism groups of Aut(F, ) and GL(n, Z).
In order to do this work a description for the presentation of Aut(F, ) will be given, the automorphism groups
of the free group of rank n following McCool and Newman work see [13] and [16]. We give also a description
for the presentation of GL(n,Z), as given in [19]. A presentation for SL(n, Z), is given in Milnor's work see [14].

3.1 Presentation of Aut(F,,)

We give a description for Aut(F, ) by description of the generating sets of Aut(F,) according to McCool work
in [13] and Newman work in [16].

If [x4, x5+, x,] are the free generators of the group aut(F,) then the automorphim will maps the free
generators [ x;, x5, -+, x,,] of group to:

0 : [xl_lf er"'rxn]; (Tl 2 1)
P [x2' xli x3""'xn]! (n = 2)
U : [xl x2' x2' X3,"‘,Xn], (n = 2)
e X3_1,"';xn_1: x,71, n=1
T : [xZI xl_lf x3 I.”!xn]! (nzz)
Q : [xZI x3r'”rxn )xl]! (nZ 2)
R : [x,7Y xq, X3, X4yttt ) Xy XXpe1 5 Xpoy 2, (m=2)

3.2 Presentation of GL(n,Z)
First, we will give some matrices in SL(n,Z) and GL(n,Z) forn > 2and1<i,j >n

Which are as follows:

e Suppose that E;; € SL(n,Z) is (n xn) — identity matrix with an additional 1 in the (i,j) —
thposition (i # j),

[ 1

«i—throw

1 < j—throw

* Suppose that E;;(a) € SL(n,Z) is (n Xn) — identity matrix with an additional a €Z in the
(i,j) — thposition (i # j),
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[ 1

«i—throw
Eij(a) = | |

1 « j—throw

14

e Suppose that P;; € SL(n,Z) is the following permutation matrix (i # j),

[ 1
I I
1
- 0 1 - 1 - —i—throw
Py = | |
1
— 1 — 0 —
1 « j—throw
I I
14
e Suppose that 0; € GL(n,Z) be the following diagonal matrix with -1 in the (i, i) — th,
[ 1
I
1
0; = - (=1 - —i—throw
1
I
1
e Suppose that 0,; € SL(n,Z) be the following diagonal matrix with -1 in the (1,1) —th
and in the (i,i) — th position (i # j),
—1 |
1
I
0y = 1

«i—throw

Now, suppose that E;; € SL(n,Z) is (n xn) — identity matrix with an additional 1 in the (i,j) —
thposition (i # j) and O; := diag(1, ... ,1,—1, 1,...,1) be the diagonal matrix with a —1 at the (i,i) —th
position.

Proposition 3.2.1 (Presentation for SL (n, Z)) according to Milnor's work in [14].

i) SL(n,7Z) =1.
(ii) SL(n,Z) has a finite presentation with the two generators Ei, and E,q
subject to the following relations

E E21_1 Ei; Eoq E12_1E21 =1,

(Eiz E21_1 Ep )4 =1
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(iii) Forn = 3, the group SL(n,Z)) has a finite presentation with n(n—1) generators
E;; (i # j) subject to the following relations
[Ej Bl =1if j#k i+l
[Eij,Ejk] = E; if i,], k are pairwise distinct, (Eyy Euy Y E )t =
1.

Proof: (i) is clear and (iii) can be found in [14]. The proof of (ii) can be found in [19].

The target now is to find a finite presentation of GL(n,Z) in terms of the matrices E;; and 0;. In order to do that,
we use the following exact sequence ( see [5], [15] and [19])

det
1-SL(n,Z) — {-1,1} > 1.

More general, let G be an extension of H by N, say

15NS63H-1.
Assume further that N has the following finite presentation
N=(ng,...;n. | Ry (g, ., ), oo, R (Mg, o0, M)
And that H has the finite presentation
H= (hy,.,;hy | W, (hy, e, ), oo, Wi (hy, ooy B)).
We wish to find a finite presentation of G.

Since 7 is surjective, there are g4, ..., gs € G with m(g;) = h; for 1 <i <s. By identifying N with the kernel
of r and G, it is easy to see that G is generated by g, ..., g; and n,, ..., n,.. Thus, we have found generators for
G. We start collecting relations in terms of g4, ..., g; and ny, ..., n,.

e Therelations R, (ny, ...,n;.), ..., R (n4, ..., n,.) i N are, of course, also relations in G.
e LetW;(gy,..,9s) be the word obtained from W;(h,, ..., h,) by replacing each h; by g;. We have

(W (g, 95)) = Wi(m(go), .., m(gs)) = Wi(hy, ..., hy).
Hence W;(g4, ..., gs) € ker(m),i.e. W;(g4,...,9s) € N. This means that we can write W;(g4, ..., gs)
as a product of the n;, say

Wi(g1, -, g5) = W(ny, .., np).
This gives us more relations in G.

e Finally, we mention that, since N is a normal subgroup in G. Each conjugate gjnjgi‘l and g;* n; g; is
in N. Thus, we get relations

gingit = Vi(ny, ..., ny) gitgim = Uy, . my).
The next proposition tells us that the above relations are sufficient for a presentation of G.

Proposition 3.2.2 (P. Hall) see [11]. Let G be an extension of H by N

i T
1-N -G ->H -1
If N has the finite presentation
N = (ny,..,n.| R, (ng,...,n,), ..., R, (ny, ..., n,.))

And H has the finite presentation
H = (hy, .., hg| W, (hy, ..., hg), .., Wi (hy, ..., ho)).

Then G has the following finite presentation
G= (g, ., N G1,r9s | R (Mg, e, ), o, Ri(g, o, ),
gmigit = Vij(ny, .., n,)
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gi_lgjnj = Uij(nli '--'nr);
VVi(gli ---;gs) = W:(nl, ...,nr))_
Where V;;, (n, ..., n,), Uyj, (ny, ..., n,) and W (ny, ..., n,) are as above.

By using Proposition 3.2.2 and the Presentation of SL(n,Z) given in Proposition 3.2.1 can compute a finite
presentation for GL(n, Z). To make this define 0, := diag (-1, 1, ..., 1) to be the diagonal matrix with an entry
—1 at the first position.

Now we will give a presentation for GL(n,Z) according to Siegmund's work in [19] as follows: for more
information about GL(n, Z) see [4], [5] and [15].

Proposition 3.2.3 (Presentation of GL(n, Z)).

a) GL(1,Z) =(0,| 012:1) =Cs.
b) GL(2,7Z) has a finite presentation with the three generators E; ,, E,; and O,
subject to the following relations
E12E2_11E12E21E1_21E21 =1,
(11—3'12]52_11E12)4 =1,

(01E12)2 =1,
(01E21)2 =1,
0% =1.

¢) For n =3, the group GL(n,Z) has a finite presentation with n(n — 1) = 1 generators E;; and O,
subject to the following relations
[EjEq]l =1if j#ki=+l
[EijEji] = Ey ifi, j, k are pairwish distinct,
(EE7 Er)* =1,
0:E;;jO,E;" = 1if i,j,j # 1,
(0,E;)* =1ifj #1,
(0E) P =1ifi+#1,
0 =1.

Proof: The proof can be found in [19].
4. An algorithm for Aut(F,,) and GL(n, Z) using GAP system

We have developed and written an algorithm using GAP system to produce finite presentation for Aut(F, ) the
automorphism groups of the free group of rank n, which are described in Section 3.1. Also, we have developed
an algorithm using GAP to compute a finite presentation for GL(n,Z) the automorphism groups of the free
abelian group of rank n, according to the presentation in Proposition 3.2.3. For more information about GAP
presentations see [1] and [2].

4.1 Function pautfreegroup: = function(n)

We have developed pautfreegroup: = function(n) (Finite Presentation of automorphism Groups of Free
group of Rank n). A function using GAP system for computation of a finite presentation for Aut(F,). The
input of the function pautfreegroup: = function(n) is an integer n that provides a finite presentation for
Aut(F, ) the automorphism groups of the free group of rank n according to the presentation in Section 3.1. The
output of this function is consists of three sets FF, gens and rels, where FF is fp group on the generators of the
free group of rank n, gens is the list of the generators of the Aut(F,) and rels is the list of relators subject to
the generators gens. Appropriate GAP package is “gap> LoadPackage( "fga" );”

pautfreegroup:=function(n)
local F,FF,A,iso,gens,rels;
F:=FreeGroup(n);
A:=AutomorphismGroup(F);
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iso:=IsomorphismFpGroup(A);

FF:=Range(iso);

gens:=GeneratorsOfGroup(FF),
rels:=RelatorsOfFpGroup(FF);
return[FF,gens,rels];

end;

For example:

gap> pautfreegroup(2);
[ <fp group on the generators[O, P, U 1>, [O, P, U ], [P"2, O"2, (O*P)M4, (UN-1*ON-1)"2*(U*O)"2,
(P*O*P*U)"2, (U*P*O)"3]]

R

gap> pautfreegroup(3);

[ <fp group on the generators [S, T, U]>,[S, T, U],

[ (SAB*TA-1)N2, TA-1*S*TA2*SABHFTA-1*S*TA2*SN-4,(SA3*(S*TA-1)M2)M2,  TAA,UN-1*SA-1%(SN-1*T)N2*SA-
2*¥U*S*(S*TA-1)/2*SM2,  (UN-1*THSA-LXTHSA)N2*(U*SA-2*¥TA-1*XSHTA-1)A2, UN-1*SA- 2% TA-1*S*T*S*TA-
1RUN-L*FTHSA-T*FTA- DX SA- DX THSA2*X U SA-2F TA- T S*THS*TA- L X U*T*SA- 1A TA-1*SA-15T*SM2, (UN-1*TA-
2*SA_1*T)/\2*(U*T/\_1*S*

TA2N2, SA-2*TA-1*S*TA2*SA2*¥U*SNA2*TA-1*¥S*TA2*SA*U*SN-2*%U*

SA*UN-1*SN-2%UA-1, (SA-2*TA-1*S*T*UY2,(U*T)N3 ]

4.2 Function autfreeabeliangroup: = function(n)

We have developed autfreeabeliangroup: = function(n) (Finite Presentation of automorphism Groups
of Free abelian group of Rank n). The input of the function autfreeabeliangroup: = function(n) that
provides a finite presentation for GL(n,Z) the automorpism groups of free abelian group, is an integer n. The
output of autfreeabeliangroup: = function(n) consists of three sets Aut, gens and rels where, Aut is the
automorphism group GL(n,Z), gens is the list of the generators of GL(n,Z) and rels is the list of the relators
subject to the generators gens. In addition the output of this function consists of the values of the generators Ej;

and 0, . Appropriate GAP package is “polycyclic package”.

autfreeabeliangroup:=function(n)
local
i.j,S,T,Aut,gens,rels,G,newthings,01,invEij,k,l,Ekl,invEKI,R1,R2,R3,R4,R5,R6,R7,W,N,M1,M2,M3,M4,M5,M
6,M7;
G:=AbelianPcpGroup(n);
Aut:=GL(n,Integers);
gens:=[];
rels:=[];
S:=[l;
T:=[I;
O1:=IdentityMat(n);
O1[1][1]:=-1;
Print(" ","\n");
Print("O1=");Print(01);
W:=(Concatenation(["O",String(1)]));
Print(" ","\n");
Add(gens,W);
Print(" ","\n");
if n=1 then

return([Aut, ['O1"],["O1*01"]);
fi;
foriin[l..n]do

S[:=1; T:=[0;

forjin[l.n]do

SN NEIRIDINESIE

if i<>j then
S[i1[j]:=IdentityMat(n);
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SO101M0]:=1;

T[i][j]:= Inverse(S[il[D;
N:=Concatenation(["E",String(i),String(j)]);
Add(gens,N);

Print(" ","\n");

Print(N);Print("=");Print(S[i][j]);Print(",");

Print(N);Print("A-1");Print("=");Print(T[i][j]);

Print(",");
Print(" ","\n");
fi;
od;
od;

Print(" ","\n");
if n=2 then

return(Aut, ['O1","E12","E21"],[ "E12*E21N-1*E12*E21*E12/-1*E21", "E12*E21MN-1*E12*E12*E21"-
1*E12*E12*E21N-1*E12*E12*E21N-1*E12", "O1*E12*O1*E12", "O1*E21*0O1*E21", "O1*O1"]]));
fi;

foriin[1.n] do
for j in [1..n]do
for kin [1..n] do
for l'in [1..n]do

if i<>j and i<>| and j<>k and I<>k then

Print(" ""\n");
M1:=Concatenation(["E",String(i),String(j),"*","E",String(k),String(l),"*","E",String (i), String(j),""-
1" =" "E" String(k),String(1),"”-1"7);
Add(rels,M1);
fi;

od;

od;
od;
od;

foriin[l..n] do
forjin[1..n]do
forkin[1..n] do

if i<>j and j<>k and i<>k then

Print(" ""\n");
M2:=Concatenation(["E",String(i),String(j),"*","E",String(j),String(k),"*","E",String(i),String(j), -
1" "E" String(j), String(k),"-1","*" "E",String(i),String(k),"-1"]);

Add(rels,M2);

fi;
od;
od;
od;

foriin[l..n] do
for jin[1..n]do

if i<>j and i<>1 and j<>1 then

Print(" ","\n");
I\{IIS::(Concatenation(["O",String(l),"*","E",String(i),String(j),"*","O",String(l),"*","E",String(i),String(j),""-
' ]))’,fA_dd(re|s,M3);

I
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od;
od;

forjin [2..n] do
Print(" *,"\n");

M4:=(Concatenation(["O",String(1),"*","E",String(1),String(j),"*","O",String(1),"*","E",String(1),String(j)1));
Add(rels,M4);
od;

foriin [2..n] do
Prlnt(" ","\n");

M5:=(Concatenation(["O",String(1),"*","E",String(i),String(1),"*","O",String(1),"*","E",String(i),String(1)]));
Add(rels,M5);
od;

Print(ll ll,ll\nll);
M6:=(Concatenation(["O",String(1),"*","Q",String(1)]));
Add(rels,M6);

Print(" ","\n");

M7:=Concatenation(["E",String(1),String(2),"*","E",String(2),String(1),""-
1" =" "E" String(1),String(2),"*","E",String(1),String(2),"*","E",String(2),String(1),"-
1" =" "E" String(1),String(2),"*","E",String(1),String(2),"*","E",String(2),String(1),""-
1","*" "E" String(1),String(2),"*","E",String(1),String(2),"*","E",String(2),String(1),""-
1","*" "E" String(1),String(2)]);

Add(rels,M7);

Print(" ","\n");

return[Aut,gens,rels];

end;

For example:

gap> autfreeabeliangroup(1);

O1=[[-1]]

[ GL(1,Integers), [ "O1"], [ "O1*01" 1]

S HHHHHH A T
gap> autfreeabeliangroup(2);
O1=[[-1,0],[0,11]
E12=[[1,1],[0,1]].E12™1=[[1,-11,[ 0,111,
E21=[[1,0],[1,1]].E21~1=[[2,0],[-1,11]1.

[ GL(2,Integers), ['O1", "E12", "E21"],['E12*E21"-1*E12*E21*
E127-1*E21", "E12*E21N-1*E12*E12*E21N 1 *E12*E12*E21~-1*E12*
E12*E217-1*E12", "O1*E12*O1*E12", "O1*E21*O1*E21","01*01"] ]
HHHHHHHHH A T

gap> autfreeabeliangroup(3);

01=[[-1,0,0],[0,1,0],[0,0,17]

E12=[[1,1,01,[0,1,0],[0,0, 1]],E12~-1=[[1,-1,0],[0,1,01,[0,0,1]],E13=[[1,0,11,[0, 1,07,
0,0,1]]E13~1=[[1,0,-11,[0,1,0],[0,0,1]],E21=[[1,0,0],[1,1,01,[0,0,1]],E21~-1=[[1,0,0],
[-1,1,0],[0,0,1]],E23=[[1,0,0],[0,1,11,[0,0,1]],E23*-1=[[1,0,0],[0,1,-11,[0,0,1]1,E31=[ [
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1,0,01,[0,1,0],[1,0,1]]E31~1=[[1,0,0],[0,1,0],[-1,0,1]11,E32=[[1,0,0],[0,1,0], [0, 1, 1]
1.E32A1=[[1,0,0],[0,1,01,[0, -1, 171,

[ GL(3Integers), ['O1", "E12", "E13", "E21", "E23", "E31", "E32" ][ "E12*E12*E12"-1*E12"-1",
"E12*E13*E12"-1*E13M-1", "E12*E32*E12~-1*E32~-1", "E13*E12*E13M-1*E127-1", "E13*E13*
E137-1*E13M-1""E13*E23*E13M-1*E23M-1",  "E21*E21*E21M-1*E21M-1", "E21*E23*E217M-1*E237-1",
"E21*E31*E21"-1*E317-1", "E23*

E13*E23"-1*E13M-1""E23*E21*E23N-1*E21M-1", "E23*E23*E23"-1*E23M-1", "E31*E21*E31M-1*E21M-1",
"E31*E31*E31M-1*E317-1", "E31*E32*E31"-1*E327-1","E32*E12*E32"-1*E12"-1","E32*E31*E32"-
1*E31M-1", "E32*E32*E32"-1*E327-1",  "E12*E23*E12/-1*E237-1*E137-1""E13*E32*E13/-1*E32/-
1*E127-1", "E21*E13*E21M-1*

E137-1*E237-1", "E23*E31*E23M-1*E31M-1*E21M-1", "E31*E12*
E317-1*E127-1*E327-1","E32*E21*E32M-1*E21M-1*E31M-1", "O1*E23*01*E23~-1", "O1*E32*01*E32"-1",
"O1*E12*O1*E12", "O1*

E13*O1*E13", "O1*E21*O1*E21","O1*E31*O1*E31", "O1*01", "E12*
E217-1*E12*E12*E21MN-1*E12*E12*E21N-1*E12*E12*E21M-1*E12"] ]
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