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1. Introduction

Consider a molecular graph G = (V, E), such a graph with vertex set VV(G) indicates the
atoms and edges set E(G) indicates chemical bonds. A degree is represented by {dy, 6 €
V(G)} which is defined as the number of edges incident with 8.[For unspecified
terminologies and more details, see [1]).

Graph theory is the field of study of mathematics, and it has been applied in almost every
academic discipline. Recently, topological indices have garnered significant attention in
Quantitative Structure-Property Relationship (QSPR) and Quantitative Structure-Activity
Relationship (QSAR) studies. Graph Theory is used to assess the linkage among several
topological indices of certain graphs such as cycle-path connected graph, star-path connected
graph, wheel-path connected graph, etc.,

Topological indices numerically describe a graph molecule's topology, characterizing its
structural properties[2]. Graph Theory assesses relationships among indices in various
graphs, such as Cycle-path-connected graphs, Star-path-connected graphs, and wheel-path-
connected graphs. Topological indices in chemistry were first established by Harold Wiener
in 1947 with the Wiener Index. Initially, it predicted the physical properties of paraffins[3].
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The symmetric division degree index (SD) of connected graph (G)[4] is defined as follows:

dg?+d;?
dgds

SD(G) = Ygrepc) 5 = (1) Where, d, and d, are the degrees of vertex o and 7 in G.

The sum-connectivity index [5] is defined as follows: SC(G) =

Randic connectivity index is widely used in mathematical chemistry, due to its wide
applications in both mathematics and chemistry. It is defined[6] in the following equation:

The First-Zagreb index[7] is defined as: M;(G) = Y.5rep(6)(ds + dy) - 4)
The Second-Zagreb index[7] is defined as: M, (G) = Y grer6)(dedy) ----=(5)

Zhong introduced the harmonic index in 2012 which is defined [8] as follows:
2
H(G) = ZO'TEE(G)M """ (6)
For more wide-ranging and comprehensive details, we offer the readers to follow the
following articles. [9-13,17-40].

Definition:1.1 A path connected graph P(G, B,,, k) of G is obtained by taking k copies of G,
say G,,G,, ..., Gy, G; is connected with G;,; by a path B,, (calling it as, binding path), such
that left and right end vertices of P, is joined by an edge to a vertex of G; and G4, 1 < i <
k — 1, respectively.Moreover, the distance between two consecutive binding paths must be
three.

Definition:1.2 A cycle-path connected graph P(C,, P, k),s = 3,t = 1,k =2 of C;,s = 3 is
obtained by taking k copies of Cs, say C;, C,, ..., C, C; is connected with C;,.; by a path P,
(calling it as, binding path), such that left and right end vertices of P; is joined by an edge to a
vertex of C; and C;44 1 < i < k — 1, respectively.Moreover, the distance between two
consecutive binding paths must be three.

Example:1.1

first copy of c5 second copy of c5 third copy of c;

i j Binding path p, f ‘j share vertices

Figure:1.1 P(Cs, P3,3)

Note:1.1 Two cycles, say C, and C,," are said to be distinct if they don’t share a vertex in
common. A vertex u of C,, in G is called a share vertex if N(u) has a member outside C,,.
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Example: 1.2
Ej(c“' pﬂ'3) M
Figure:1.2 P(Cyy,Ps, 3)
2. Results

Observation:2.1 General Form: P(C,,P;, k),s = 3,t = 1,k = 2.

EQR22)=k(s—=3)+(t—-1(k—-1)+2.
E333)=k-2.

E(2,3) = 4k — 2.

No of vertices = ks + t(k — 1).

Noof Edges = ks + (t + 1)(k — 1)

Totally k(s + t — 2) — t + 2 vertices having degree two.
2k — 2 vertices having degree three.

No abk~owDdRE

Theorem:2.2 Let P(C,, P, k),s = 3,t = 1,k = 2 be the cycle-path connected graph. Then,
(i)SD[P(Cs, P, k)] = 2(k(s = 3) + ((t — 1)k —1) +2) + 2(k — 2) + —(2k —-1).

(i) SC[P(Cs, P, k)] = = (k(s -+t -Dk-1)+2)+—= (k -2)+—= (4k - 2).

(k(s=3)+(t-1)(k—-1)+2)
2

(4k=2)
Ve

(iii)RC[P(C,, Py, k)] = += (k 2) +—=

(iv) M,[P(C,, P, k)] = 4ks + 4tk — 4t + 10k — 10.
(v) My(P(Cs, P, k)) = 4ks + 4tk + 17k — 4t — 18.
(vi) HIP(Cs, P, k)] = 5 (k(s = 3) + (¢ = 1)(k = 1) +2) + 3 (k — 2) +§(4k -2).

Proof.The cycle — path connected graph has 2k — 2 vertices of degree3 and k(s +t — 2) —
t + 2 vertices of degree 2.In P(C,, P;, k), we get edges of type E(2,2),E(3,3),E(2,3). The
number of edges of these types are given in Table 2.1.

Table:2.1 Edge Division

E(d, dy) E(2,2) E(3,3) E(2,3)

Number of Edges k(s=3)+(t—-1)(k—-1) k—2 4k — 2
+2

By using Table 2.1 and the Equation [1] we get the desired results, i.e.,

dg?+d.?

())SD (P(Cs»Pt» k)) = ZGTEE(F(CS,PDR)) dod, =E(2,2) ZGTEE(P(CS,Pt

dg?+d.? dgl+d.?

E(3’3) ZGTEE(P(CS,Pt k)) d d + E(Z 3) ZO’TEE(P(CS Pt k)) da'dr *

dg+d.?
1) " a,d,

+
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= (k(s—3) + (- Dk - D +2) (22) 4 (k- 2) (22)

=(k(s=3)+ (t—1)9% —1)+2)2 + (k — 2)2 + (4k — 2)(%).
= 2(k(s —3) + (t = Dk — 1) +2) + 2(k — 2) + = (2k — 1).

(i)SC(G) = Yorer(p(copok)) ﬁ = E(2,2) Xorerp(c, Puk)) \/ﬁ +

E(3,3) Xorer(p(csre, k))ﬁ + E(2»3) Yo TEE (P(CsPok)) \/ﬁ = (k(s—3) +
(t—l)(k—1)+2) +(k—2) + (4k —(k(s—3)+(t—1)(k—
1) +2) +ﬁ(k -2) +ﬁ(4k— 2).

—2) ===

v 1
(”l) RC(P(CS) Pt' k)) = ZO‘TEE(P(CS,Pt,k))ﬁ =

1 1 1
E22) ZGTEE(P(CS'Pt'k)) Jasdr +E(3,3) z:UTEE(P(CS,Pt,k)) Jdods +E(2,3) ZU‘EEE(P(CS,Pt,k)) Jdods

1 1 1
=(k(s—3)+(t—1)(k—1)+2)m+(k—2)\/m+(4k—2)\/m

_ (k(s—3)+(t—1)(k—1)+2)+(k—2)+(4k—2)'
2 3 Ve

(lv) MI(P(CS) Ptl k)) = ZUTEE(P(CS,Pt,k))(dU + d‘L')
=FE(2,2) ZO‘TEE(P(CS,Pt,k))(dO' + dr) +E(3,3) ZUTEE(P(CS,Pt,k))(dcr + dr) +
E(2,3) ZO‘TEE(P(CS,Pt,k))(dG + d‘r)

=(k(G-3)+t-1Dk-1)+2)4)+6(k—2)+5(4k—2) =4ks + 4tk — 4t +
10k — 10.

(WM, (G) = Yorerp(c, por))(dedr) =

E(2,2) Ygrer(p(copoi)(dode) + E(3,3) Xorerp(cop iy (dods) +
E(2,3) Lorer(p(cope i) (dode)-

— (k(s —3) + (t— Dk — 1) + 2)(4) + (k — 2)(9) + (4k — 2)(6)
= 4ks + 4tk + 17k — 4t — 18

. 2
(Ul)H(G) = ZUTEE(G) (dg+dy)

2 2 2
= E(2,2) Yorek(o) T E(3,3) Xorer(a) syt E(2,3) Xorer(6) iy

= (k(s =3) + (t =Dk — 1) +2)2+ (k- 2) 2+ (4k — 2)=

https://internationalpubls.com 621



Advances in Nonlinear Variational Inequalities

ISSN: 1092-910X
Vol 28 No. 4s (2025)

1
T2

3. Comparison

In this section, we provide the comparison of the above-computed topological indices

=~ (k(s =3) + (t = Dk — 1) +2) + 7 (k — 2) + = (4k — 2).

numerically and the graphically. The numerical comparison of P(C,, P;, k),s = 3,t = 1,k >
2 wheres = 3,4,5and t = 1,2,3 are presented in Table 3.1,Table 3.2 and Table 3.3 and the
graphical comparison is displayed in the Figure 1 and Figure 2.

Table: 3.1 Numerical Result of P(Cs, Py, k), k = 2.

k| sD | sc | Rc | M, | M, | H
2 |17 368 [3.45 [38 [44 [34
3 | 2767 [588 |541 |64 |77 [5.33
4 383 [808 [7.39 [90 [110]7.27
5 |49 10.28 | 9.35 | 116143 9.2
6 |59.67 |12.47]11.31]142[176|11.13
7 17033 |14.67]13.29] 168 | 209 | 13.07
8 |81 16.05 | 15.25 | 194 | 242 | 15
9 [91.67 [19.07|17.21]220 | 275 |16.93
10 | 102.33 [ 21.26 | 19.18 | 246 | 308 | 18.87

Table: 3.2 Numerical Result of P(C3, P,, k), k = 2.

k | SD SC RC | M, | M, | H
2 |19 418 (395 |42 |48 |39

3 |3167 |688 (642 |72 |8 |6.33
4 4433 |958 [8.88 |102 |122 |8.77
5 |57 12.27 | 11.35 | 132 | 159 | 11.2
6 |69.67 |14.97 |13.82 |162 |196 |13.63
7 18233 |17.67 |16.28 | 192 | 233 | 16.07
8 |95 20.36 | 18.75 | 222 | 270 |18.5
9 |107.67 | 23.06 |21.21 | 252 |307 |20.93
10 | 120.33 | 25.76 | 23.68 | 282 | 344 |23.37
Table: 3.3 Numerical Result of P(C5, P3, k), k = 2.

k | SD SC RC | My | M, | H
2 |21 468 (445 |46 |52 |44
3 |3567 |788 |[742 |80 |93 |7.33
4 |50.33 |11.08 |10.38 | 114 | 134 | 10.27
5 |65 14.28 | 13.35 | 148 | 175 | 13.2
6 |79.67 |17.47 |16.32 |182 |216 |16.13
7 19433 |20.67 |19.28 | 216 | 257 |19.07
8 | 109 23.87 | 22.25 | 250 | 298 |22
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9 |123.67 | 27.06 |25.21 | 284 | 339 |24.93
10 | 138.33 | 30.26 | 28.18 | 318 | 380 |27.87

Figure-1 Figure-2

4, Conclusion

Topological indices help to understand the information about biological activity, chemical
reactivity, and physical characteristics of chemical compounds. We derived the general
formulas of some of the topological indices based on the degree of vertex . i.e., sum
connectivity index(SC), Randic connectivity index(RC),symmetric division degree index
(SD),Harmonic index(H),the first Zagreb index(M;) and the second Zagreb index(M,) of
cycle path connected graph P(Cs, P, k),s = 3,t = 1,k = 2. These outcomes can be
employed to further understand the topological characteristics of graphs. The comparison of
expressed graphically and numerically.
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