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Abstract:

In this article, fermatean uncertainty weighted Averaging Aggregation
operator has been studied along their several properties namely impotency,
boundedness and monotonicity. Secondly we applied this proposed
operator to deal with multiple attribute group decision making problem
under fermatean uncertainty information. Finally, we constructed an
algorithm for multiple attribute group decision making problems with
suitable example.

Introduction: Xu demonstrated several operators such as intuitionist
uncertainty weighted averaging (IFWA), intuitionist uncertainty ordered
weighted averaging (IFOWA) and intuitionist uncertainty hybrid
Averaging (IFHA) operators. Xu and Yager explored geometric addition
operators such as intuitionistic uncertainty weighted geometric (IFWG)
operator, intuitionist uncertainty hybrid geometric (IFWG) operators. They
also applied them to multiple alternate group decision making (MAGDH)
based on intuitionist fuzzy set (IFS). The advantage of the aggregation
operators in this work, we familiarize the noted of (3, 2) Uncertainty
weighted averaging aggregation of operator and also discuss some of their
basic properties.

Conclusions: The main advantage of using the proposed method and
operator is that this method provides more general, accurate and precise
results. Therefore, the suggested methodology can be used for any type of
selection problem involving any number of selection attributes. This
method plays a vital role in real world situations. We ended the paper with
an application of fermatean uncertainty decision making problem. In
future, some author may develop this gives operators in various fuzzy
Environment.

Key words: Fuzzy set, intuitionist fuzzy set, Pythagorean fuzzy set,
fermatean fuzzy set, boundaries, weighted average, Decision making,
impotency algorithm.
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1. Introduction

The concept of uncertainty set was first introduced by Zadeh in 1965 [24]. In 1986, Atanassov
[2] presented the concept of intuitionist fuzzy set (IFS), which is a general form of the
uncertainty set [2]. Bustince and Burillo [9] Chen and Tan [10] discussed multi criteria paper
fuzzy decision making based on Vague set. Xu [21] demonstrated several operators such as
intuitionist uncertainty weighted averaging (IFWA), intuitionist uncertainty ordered weighted
averaging (IFOWA) and intuitionist uncertainty hybrid Averaging (IFHA) operators. Xu and
Yager [22] explored geometric addition operators such as intuitionistic uncertainty weighted
geometric (IFWG) operator, intuitionist uncertainty hybrid geometric (IFWG) operators. They
also applied them to multiple alternate group decision making (MAGDH) based on intuitionist
fuzzy set (IFS). Xu [21] was developed technique for order of preference by simultaneously to
ideal solution (TOPSIS) method for multiple attribute group decision making. The advantage
of the aggregation operators in this work, we familiarize the noted of (3, 2) Uncertainty
weighted averaging aggregation of operator and also discuss some of their basic properties.
The idea of (3,2)-uncertainty set proposed by [13]. Pythagorean uncertainty subsets was
discussed by [23].

To illustrate the importance of Pythagorean uncertainty collection to extend the grade of
membership and non-membership degrees, assume that a, (x) = 0.9 and Bp(x) = 0.8 for X =
{x}. We obtain 0.9 +0.8=17>1, (0.9)2+(0.8)2=1.45>1 and (0.9)% + (0.8)3 =
1.241 > 1, which means that D = (0.9,0.8) neither following the condition of Fermatean
uncertainty set nor follows the condition of fermatean uncertainty set.

2. Preliminaries

Definition 2.1: (Fuzzy set) Let U be a non-empty set. Then by a fuzzy set on U is meant a
function A : U - [0,1] .Ais called the membership function, A(X) is called the membership
grade of x in A. We also write A= {(x, A(x)): xeU}.

Example 2.2: Consider U = { a, b, ¢ ,d } and A : U — [0,1] defined by A(a)=0, A(b)=0.7,
A(c)=0.4, A(d)=1.

Definition 2.3: (Pythagorean Fuzzy Set (PFS)) A Pythagorean uncertainty set D on a set X
is defined by D = {(x, (ap(x),Bp(x))/x € X}, whereap:X - [0,1] is the degree of
membership and Bp: X — [0,1] is the degree of non —membership of x € X, respectively which
fulfill the condition 0 < ap2(x) + Bp(x) < 1, for all x € X. The degree of indeterminacy

mp(x) = Y1 — (ap(0))? — (Bp(x))2.
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Definition 2.4: (Fermatean fuzzy set) [Senapati and Yager, 2019a] [18] Let ‘X’ be a
universe of discourse A. Fermatean uncertainty set “F” in X is an object having the form
F = {x, mr(x), nr(x)/x € X}, where mr(x) : X — 0,1 and nr(x) : X — 0,1 including the
condition 0 <mr(x3) + nr(x®) < 1, for all x € X. The numbers mz(x) signifies the level (degree)
of membership and nr(x) indicate the non-membership of the element ‘x” in the set F.

Definition 2.5 : Let X be a universal set. Then the fermatean uncertainty set (briefly, fermatean
uncertainty is defined by the following; D = {{x, a,(x),Bp(x))/x € X}, wherea,: X — [0,1]
is the degree of membership and Bp: X — [0,1] is the degree of non—membership of x € X to
D, with the condition

0< (aD(x))3 + (,BD(x))3 <1

the degree of indeterminacy of x € X to D is defined by

1500 = 1= (@) + (B)']
Itis clear that, (ap (1))’ + (8o ()’ + (mp ()" = 1 and m (x) = 0

Whenever (a; (x))3 + (B (x))3 = 1. In the case of simplicity, we shall mention the
symbol D = (ayp, , Bp) for the fermatean uncertainty set D = {(x, (ap (x), Bp(x))/x € X}.

Here, ap3(x) = (aD(x))3 and Bp>(x) = (ﬁD(x))s, for all x € X.

Example 2.6: Let D be fermatean fuzzy set and x € X such that B,(x) = 0.82 and
p(x) = 0. Then,

lap(x)| = i/l(,BD(x) - 1D(Bp(x) + 1)
= {/1(-0.18)(1.82)|
= /0.3276

In 2013, Yager defined fermatean uncertainty subset (PUS) as a generalization of intuitionistic
uncertainty set (1US).

Definition 2.7: Let o = (a4, Bs), 01 = (a6, Ps,): 02 = (g, Bs,), are three fermatean
uncertainty numbers and y > 0. Then
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(i) 0¢=(Bs,a5)

(i)o, Do, = \[aaf +ao; — ao3, Bs,, Bo,

(i) 01 ® 0, = (aoy, aUz'\/(ﬁUf +.3023 _.Bafﬁaz“?’)

) v = J(1— (1— a3, )

v) ab=JA-0-p3)

Definition 2.8: Let o= (a,, ,) be a fermatean uncertainty value. Then we can find the score
of ‘o’ as the following,

S(o)=a3 —p3 where S (0) € [-1, 1] — (D

Definition 2.9: Let o= (as, Bs) be a fermatean uncertainty number. Then the accuracy degree
‘s’ can be defined as follows:

H((c)=a3 + p3 where H (c)e [0, 1] — (2)

Definition 2.10: Let 61 = (0s1, Bor) and 62 = (as2, Ps2) be the two fermatean uncertainty
numbers. Then

S(o)=a3, —Bs, S(o)=ag, +ps,
H(o1)=ai + B3  H(c2)=a3, + B3, arethe score and accuracy of 61and o2
respectively. The following are the holds:
(1) If S (02) > S (o1), then 62 1s greater than o1 represented by 61 < o1
(ii) If S (1) = S (o2), then,
() If H (o1) = H (02), then o1 and 62 have the same information
(ie). a5, = a5, and B, = B, represented by 61= G2.
(iii) If H (o1) < H (02), then a,is greater than o1.
3. Fermatean uncertainty Weighed averaging aggregation operators

Fermatean fuzzy sets is introduced by [23] but in this paper, we familiarize uncertainty
weighted averaging operator with their properties.

Definition 3.1: Let g; = (agj,ﬁai) (j = 1,2, ...n) be fermatean uncertainty variables and let

fermatean uncertainty weighed average is a mapping from A™ — A. Then the fermatean
uncertainty weighed averaging aggregation operator can be defined as,

fermatean FWA (01,02,... 6n) =110 @ 10, D ... ... D r,0,

Where r = (ry, 13,13 ....1;,) is the weighted vector of oj with condition, rj € [0,1] and

n

j=am = 1.
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11 1
Ifr=,2 2
n n n

which is defined as,

.%) , then the fermatean FWA is converted to fermatean uncertainty average

fermatean FA (S1,S2...Sn) = %(016902 @ ... Don) — (3)

Example: 3.2: Let o1 = (0.4, 0.3), 2 = (0.6, 0.4), 63 = (0.7, 0.5), 64 = (0.8, 0.4) and r =
(0.1,0.2,0.3, 0.4)", be the weighted vector of 61 (j=1,2.....n).

Then fermatean FWAr (o1, 62, 03, 64)

- \[1 — I (1 - agl)rj M= (ﬁaj)r]

- (W)rl’(ﬁal " +<\/T_a,g2)r2, (IBJZ)TZ + (m)@’
()" + (- -az,) (5"

= (0.5247, 0.4275)

Theorem 3.3: Let 6j = (0oj, Bsj) (=1, 2....n) be fermatean uncertainty variables,
Then their aggregated value by applying fermatean uncertainty weighted average operator is
also a fermatean uncertainty value Pythagorean

Ti T
FWA (01,02, 6n) :\/1 — I3, (1 — a?;]) - Y (,6'3}.) ” and also the weighted vector of

oj (=1, 2....n) is rn = (11, r2.....rn) " With some conditions r; € [0,1]and ¥7_, 7; = 1.
Proof: By mathematical induction, we can prove that equation (3) holds for all n.

First we can show that equation (3) holds for n = 2, Since,

= (( /1 -(1- a?;l)rl ) (ﬁgz)r1>
7,0, = ( /1 -(1- a?}Z)rZ,(ﬁgz)rz

Sor,oy P nryo,

:(( 1-a- a31>r1 . (/33)“) ® (( h-a- aéz)rz , (532)“>

=(1-1-a2)"+(1-(1-a2)" - (1-(1-a3)" (1-(1-a2,)%(8)
(8,)"

(o (- ) )’

Thus equation (3) is true for n=2. Let us suppose that equation (3) is true for n=k. Then we
have fermatean FWA, (04, 05, 03 .... 0,,)

1
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-(f1-meG- ) ne )

Now we show that equation (3) is true for n = k+1.

fermatean FWA,.(04, 05, 03 ... Oy 41)

= <\/1 - i'(=1(1 — a31)rj 1, ,330jrj) @ (\/1 (-, )k+1)

= (J -1 (1-a3,)” ,nf:f(maj)”)

Hence equation (3) holds for n = k+1. Thus equation (3) holds for all n.

Theorem 3.4: Let o0; = (aai,ﬁaj)(j = 1,2,...n) be the fermatean uncertainty variables and
the weight vector of o;(j = 1,23 ...n) is 7 = (1,7,,73,...7,) With some conditions
rp € [0,1] and ¥7_, 75 = 1. If 0;(j = 1,2,3....n) are mathematically equal, then fermatean
uncertainty FWA,.(04, 05, ...0,) = 0 )

Proof: As we know that, fermatean FW A,.(04, 03, ...0,,) = 1,01 @ 1,0, @ ... D 1,,0,,.

Let 0;,(j = 1,2,...n) = o then (3,2) uncertainty FWA, (0,,0,,...0,) = 110, @ 1,0, © ... D

— n —
TnOn= O Xi-11;=0

Theorem 3.5: Let be fermatean uncertainty variable and let the weighted vector of o; be
r = (ry, 1y, ...1,)" such that r; € [0,1]and =1

o= (rrljin(aﬂj),mflx(ﬁaj))
ot = (mjax(aaj),mjin(ﬁaj))

Then o~ < fermatean FW A, (6,, 05, ...0,) < ™. — (5)
Proof: we know that

rnjin(aaj) < agj < m}ax(aaj) —  (6)
min(fo;) < foj < max(Ba)) - (D

From equation (6), we have

© \/(1 - maX(cwj)g)rj < J(l —a?) < \/(1 ~ min(aa?))”

= J(—l + min(aaf)) < J— e, (1- a3aj)rj < J(—l + min(aaf))
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< min(ag)) < \/1 2, (1 —a3q)” < m]ax(cmj)
J

Now from equation (7), we have

n

< min (,83aj.rj)rj < lir(ﬁrjaj)rj = mj?"X(,BSUJ')Tj
] A

j=1

n
= min(p20) 7" < [ [ (807 < max(°0) ™"
] 1
j=1

= min(8%0) < [M}-1(8%0))” < max(B;)
] ]
Let fermatean FW A,.(0,,05,03,..0,,) , then S(o) = a3 — B3

< m]ax(aa)3 - rnjin(,[f(,)3 =5S(c")

Thus, S(o) < S(a™).
Again, S(o) = a2 — B3

> mjin(cw)3 —max(Bo)3 = S(o7).

Thus, S(g) = S(o7).

If S(o) < S(6*) and S(o) > S(a™).Then
o~ < (33)FWG,(0y,05,03,..0,) <ot

If S(o) = S(o™") , then

© ad— B3 = max (agj)s — mjin(,[i’aj)3
S al= mjax(aaj)3 , B2 = r‘njin(,B’aj)3
= a, =max(a) , f, = min(8e)
Since, H(o) = a2 + B3
= mjax(cwj)3 + mjin(,B’crj)3 =H(o")
Thus, Pythagorean FW G, (04, 0,,03,..0,,) = o™
S ad—- pE= mjin (ﬁaj)g — mjin(aaj)3
= aZ = min(Bo;)” , 7 = min(ac;)’

S a, = mjin(ﬁa,-) B = mJaX(aff,-)
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Since, H(o) = a2 + B3 = mjin(,Baj)3 + mjin(cmj)3 =H(c")

Thus, fermatean FW G, (04, 05,03,..0,) = 0~ — (11)
Thus, from the equation (10) to (11), we have

o~ < fermatean FWA, (0,,0,,03,..0,) < o*.

Hence the proof.

Theorem 3.6: Let 0;(j = 1,2,...n) and aj*(j = 1,2, ...n) be the two collection of fermatean
uncertainty variables. If ao; < ao;" and fo; = Bo;. Then

Pythagorean FW A,.(04, 03, 03,..0,) < fermatean FWA, (a;,0;,03,..0,)

Proof: Since aoj < aaj*

Then = aa; < a30]*

= 1—0(30]* < J1—a3q;

= ’(1 —a30]*)rj < ’ 1 —a3aj)rj

=>J(1— " (1-adg)’ < J(1— " (1—ada))” — (12
Now fao; = Bof

T .
,33 Jo-j > BSBr]O.j*

S | .Bgrjo'j > 1=y '337‘1'0.]_* — (13)
Let, fermatean FWA,,(04,0,,03,..0,) =0 —  (14)
fermatean nFWA,, (o7, 05,03,..0;) = ¢* — (15)

Then form equation (14) and (15), we have

S(o) < S(a™), then

fermatean FWA,,(0,, 05, 03,..0,) < fermatean FWA,,(o;,0;,03,..0,) — (16)
S(0) = S(o™)

3

3 _ Bo3 = aod — Bod
Then < aoi — fo; aoi — Bo;

3 — 3% 3 3 4%
< aoj = a%oj,foj = fo;

< agj = aoj, foj = foj
Since, H(0) = aad? + fo}

— 3% 3 %
= a‘o) + B0
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=H(o")

Thus, fermatean FW A, (04,05, 05,..0,) = (3,3)FWA, (o1, 05,03,..0,) — (17)
Thus from equation (16) and (17),
we have FWA,.(04, 05, 03,..0,) < fermatean FW A, (o7,05,03,..05)
Example 3.7: o, = (0.4,0.6), 0, = (0.4,0.7)

a3 = (0.5,0.7), g, = (0.6,0.6)
and o; = (0.7,0.6), g, = (0.8,0.6), a5 = (0.9,0.6), o, = (0.8,0.3)
Where r = (0.1,0.2,0.3,0.4).

Now using the fermatean FIW A,. operator, we get the following results

4 3 )7 4 3 )/
fermatean FWA, (0,,0,,03,..0,) =| [1— j=1(1_ao']) ) jzl(ﬁ aj)

= (0.527,0.5210)

. T
Again fermatean FWA, (a{,05,03,..07) = <\[1 -2, (1 —a3aj*)r] A1, (B3Gf) ]>
J
=(0.7267, 0.1297)
Theorem 3.8: (Commutative law) If o;; = (agij,ﬁgij)(j =1,2,3..) be two fermatean
uncertainty number, then
(1) 011 D 012 = 012 D oyy
(i) 011 ® 012 = 012 Q 01y
Proof: It is obvious
Theorem 3.9: (Associative law) If o;; = (agij,ﬁgij) (G =1,2,3..) be three fermatean
uncertainty numbers, then
(i) (011 B 012) @ 013 = 011 B (012 D 013)
(i) (011 ® 012) ® 015 = 011 ® (012 ® 043)
Proof: It is obvious
Theorem 3.10: Let 0 = (a,p) and o;; = (aaij,ﬁaij)(j = 1,2,3..) be three uncertainty
number and a real number A > o, we have
(D) A(o11 @ 012) = Aoy, @ Aoy
(i) (a1 @ a)* = a%1 b2 a%z
(iii) A]_O- @ /120' = (A’l + /12)0'
(iv) o't @ ogh2=ghitiz,
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Proof: Here, we prove the parts (i) and (iii) only and the proof of others are similar.
o= (1-A—ay)h A —a)* — (1 —ay; — B1)H)
and Ao, = (1— (1 —app)h (1 —ap)*— (1 —a; — B12)H)
Thus, we have
Aoy, + Ao, = (1— (1 —a; )b (1 —ag)?, (1 —agp)?
—{A-1+0-a ) - Q- D)+ A —ay - /) x (1 -1
+ (1 —a )t (= a)? = (1 -, = Bi)M})
=(1-Q-a)*U-a)h, U - )0 —ap)* = 1 —ay = p)HA -
A2 — 312)’1)
=011 D ay3).
For 1,, 1, > 0 and the fermatean uncertainty numbers ¢ = (a, 8), we have
Mo=(1-0-a(A-a)—(1—a-pM)
and Ao=(1-1-a)(A-a)2—-1-a-p)")
Mo+do=(1-1-a) (1 -a),(1-a)t (1-a)t
-~ (l-a-PhxU-—a-p%)
=(1-(1 =)l (1 —a)1*h — (1 — a — f)h+h)
=(44 + 1,)o

4. Fermatean uncertainty weighted averaging Aggregation operator to multiple
attribute group decision making

Let P = {py,p2,P3 -+ P4 --.. P} be a set of n alternatives and Q = {q,,93, ....-qm} be a
set of m alternatives and r = (ry,7, ....7,,)7 be the weighted vector of the attributes
Q;(i = 1,2...m) such that w;e[0,1]and Y72, w; = 1.

4.1 Algorithm:
Step-1: The decision makers provide the information in the form of a matrix.

Step-2: Compute g;(j = 1,2 ...n) using fermatean fuzzy weighted averaging fermatean FWA
aggregation operator.

Step-3: Compute the score of g;(j = 1,2 ...n) .If there is no difference between two or more
than two scores, then we must have to calculate the degree of accurancy.

Step-4: Arrange the score function of all alternatives in the form of descending order and select
the alternatives, which has the highest score function value

4.2 Numerical Example: we consider an example for selecting a watch form different cell
phones. Support a customer wants to buy a cell phone from different cell phones. Let
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P1, P2, P3, P4, Ds represent the five cellphones of different companies. Let Q;, Q,, Q5 be the
criteria of these cellphones. In the process of choosing one of the cellphones; three factors are
considered.

Q;: Price of each cellphone
Q,: Model of each cellphone
Q5: Design of each cell phone

Support the weight vector of Q;(j = 1,2,3) isr = (0.3,0.4,0.5)" and the fermatean uncertainty
values of the alternative P;(j = 1,2,3,4,5) are represented by the following decision matrix.

Step-1: The decision maker gives the decision in Table

Table: fermatean uncertainty decision matrix

P, P, P, P, P,
0, (0,00 |(0.2,0.1) | (0.4,0.2) | (0.5,0.4) | (0.6,0.3)
0, (0.3,0.1) | (0.4,0.2) | (0.4,0.3) | (0.3,0.2) | (0.7, 0.5)
01 (0.6,0.4) | (0.4,0.3) | (0.5,0.2) | (0.6,0.3) | (0.4,0.2)

Step-2: Compute o;(j = 1,2,3,4,5) by applying fermatean uncertainty weighted average
operator

o, = (0.5220,0.3020)
o5 = (0.5348,0.2147)
o5 = (0.5201,0.3020)
Step-3: We can find the scores of g;(j = 1,2,3,4,5)

o, = (0.5000,0.3267)
0, = (0.7592,0.2016)

S(oy) = (0.5220)3 — (0.3020)3 = 0.1147
S(a,) = (0.5000)2 — (0.3267)% =0.0901
S(o3) = (0.5348)3 — (0.2147)3 =0.1431
S(a4) = (0.7592)% — (0.2016)% = 0.4294
S(os) = (0.5201)3 — (0.3020)3 =0.1131
and the accuracy function,

H(o;) = (0.5220)% + (0.3020)3 = 0.1698
H(o,) = (0.5000)3 + (0.3267)% =0.1599
H(o3) = (0.5348)3 + (0.2147)% =0.1629
H(o,) = (0.7592)3 + (0.2016)% = 0.4458
H(os) = (0.5201)3 + (0.3020)% =0.1682
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Step-4: Arrange the scores of the alternatives in the form of descending order and select the
alternatives, which has the highest score function. Since o, > 03 > g, > g5 > 05.

Hence P, > P; > P; > P, > P,. Thus the type of cellphone is the best option for the customer.
5. Conclusion

An aggregation operator based on fermatean fuzzy number and applied them to the
multivariable decision making problem, where a values are fermatean uncertainty numbers is
to be presented. Firstly, we have developed fermatean uncertainty weighted averaging
aggregation operator along with their properties namely impotency, boundedness and
monotonically. Finally, we have developed a method for multi criteria decision making based
on the proposed operator and the operational process have illustrated in details. The main
advantage of using the proposed method and operator is that this method provides more
general, accurate and precise results. Therefore, the suggested methodology can be used for
any type of selection problem involving any number of selection attributes. This method plays
a vital role in real world situations. We ended the paper with an application of fermatean
uncertainty decision making problem

6. Future Work

In future, some author may develop this gives operators in various fuzzy Environment.
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