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1. Introduction

Emad-Falih integral transform, which was derived from the Fourier integral and has all of the
fundamental properties of the Fourier integral with a deeper connection to Elzaki, Laplace,
Mohand and Aboodh transforms, was introduced to make solving ordinary and partial
differential equations in the time domain easier. Despite being developed from well-Known
techniques, the Emad- Falih integral transform has an advantage over other approaches for
solving differential equations since it tends to be easy and simple[1].

Futagawa Michiji introduced the idea of holomorphic functions of a Bi-complex variable in
numerous papers between 1928and 1932 [2, 3]. Price [4] and Ro'hn [5] established the Bi-
complex algebra and function theory, while Dragoni [6] provided some fundamental
contributions in the study of Bi-complex holomorphic functions in 1934.

In recent years, authors have expanded the following: the Tauberian theorem of Laplace-
Stieltjes transform [7], the inverse Laplace transform and its convolution theorem [8], the
polygamma function [9], the Stieltjes transform [10], and the Bochner Theorem of Fourier
transform. Regarding the Stieltjes Integral transform [11] , the Mellin integral transform and
its using [12], Bicomplex variable is not the same as its complex equivalent. Bicomplex
number’s idempotent representation is crucial to their operation.

2- Basic concept
Definition 2.1[13][15]

If z,,2, € x,, then z; + i,z, is denoted by Bi-complex number and is said to be £. The set
of all Bi-complex numbers IS denoted by C,, we have
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C, = {£:£ =z, +i,2,|2,, 2z, € C,}.Equivalently

C, ={E:£=x,+ i1x; + iyxy + jxs3|x,,%1,%5,x3 € C,} Where i;andi, are imaginary
numbers such thati,? = i,% = —1, iyi, = iyi; = j,j? = 1.

Definition 2.2[13][15]

There is a unique way to express each Bi-complex number as a complex combination of
€1,628S, £ =2 + iz, = (21 —iy25)e, + (21 + i52,)e,

Where e, = %,ez = %,el +e,=1ee,=e,e;,=0 . This terms is idempotent
representation of a Bi-complex number. The values (z; —i,z,) and (z; + i,z,) are said to
be idempotent elements of the Bi-complex number £ =z, +i,z, and {e,,e,} is called
idempotent basis.

Definition 2.3 [14][15]

If f(t) be a continuous piecewise function in t>0m; <@ <myand |f(t)] <
Ke™ /It if te(—1)7X[0,0), then the Emad- Falih integral transform of f(¢t), t =0 is
defined by

1(® 2

BPUF @) =T(p) == | e s (o)t &
0

3- Bi-complex Emad — Falih transform

Let f(t) be Bi-complex valued continuous piecewise function of exponential order K.
Then Bi-complex Laplace transform of f(¢t) is

LF@,8) = [ e tf(0de = K(E), £€D
0

Where D = {£ € C,: Re(£) > K + |Im(£)|}

Now, If f(t)be Bi-complex — valued continuous piecewise function of exponential order K,

then the Bi-complex Emad- Falih transform of f(t) is defined as

1 _
EF{F(0), ) = ¢ f e-EtF(D)dt = F(E), E€r
0
Where
7= {£ € C;:Re(£?) > K + |Im;(£?)|and ££0,} (2)
and 0, = {z; + iz, € C,:z? + z2 = 0} (3)

In Table 1,we review the Bi-complex Emad- Falih transform for some elementary functions.

Tablel: The Bi-complex Emad- Falih transform of some functions

S.No f@® EF{f(t),£}
1 K K
£3
2 tk k!
FokT3
3 et 1
£(£2 —a)
4 sin (at) a
£(E* + a?)
5 cos (at) £
(£* + a?)
6 sinh (at) a
£(£* — a?)
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7 cosh (at) £
(E* —a?)
8 !
f(® fi) +E2F(E)
9 f@®)

1 _
7 [E°f(£) — f'(0) — £2£(0)]

[—f7D(0) — £2£ (=2 (0) — £2f =2 (0)
+ £7EF{f 3(t); £}

10 fme)

h| =

4- Properties of Bi-complex Emad- Falih Transform
Theorem4.1
Let f(t)and g(t) are two functions whose Bi-complex Emad —Falih transform exist for
|£] < k and let n be a constant, then
1- EF[f(t) + g(t); £] = EF[f(0),£] + EF[g(t), £]
2- EF[nf(t),£] = nEF[f(¢t), £]
Proof

EFIF@ + (@8] = ¢ [ 0 + g0 Elae
0

= %j:oe‘fzt[f(t); £]dt + %fo e Ft[g(t); £ldt

= EF[f(t),£] + EF[g(0), £]
Now, we prove the second part of theorem by use definition as
EF [n f(t), £] = g J, e F[nf(£); £]dt =n [g J, e EE[f(0); £ldt]
= nEF[f(t),£]
Theorem 4.2
Let f(£) = EF[f(t); £] be the Bi-complex Emad- Falih transform of Bi-complex — valued
functionf (t), then

i) EFLf'(£);£] = Z[£*f(£) — £ (0)]

EF(f"(0);£] = g [£F(6) — f(0) = £27(0)]

iEF[f™(0);£] = 2[-f®D(0) — £2f=2(0) — £4f ™= (0) + £7EF{f "3 (¢); £},
where £ € 7.

Proof

i) By applying the definition of Bi-complex Emad — Falih transform, we get
EFIf (D€ = 1y e &t/ @de = (), e f{(dt ) ey + (f e (D dDe,
Using mtegratlng by parts, we get

1 _ 1 _
EF[f'(t);£] = 5_1 [_fl (0) + 513f1(51)]el + g [_fz (0) + 523f2(52)]ez

1 r —
T [s:3fi(sD)ex + 553 fo(s2)e;, — f1(0)er — f,(0)ey]
1 ~ —
T sie; + 556, [—£1(0)e; — f,(0)e,] + (s1e1 + s2€5)?[fi(s1)er + fo(s2)e;]
= f( ) —— +Ef(£)
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1 _
= [£7® - £ 0] (4)
ii- If we replacef’(t) = h(t), Using (4 ) then
EF[f"'(£); £] = EF[I'(t); £] = 2[£3R(E) — h(0)] = 2 [£3F(£) — £/(0) — £2£(0)]

iii)
=D (o
EF[f(n)(t);E] — _fT()
1
= 2 [=f@D(0) — £2£2(0) — £*f (7 (0) + £7EF{f ") (£); £}
Theorem4.3 (Duality)
Let K(£) be Bi-complex Laplace transform off(t), then the Bi-complex Emad- Falih
transformf (£) of £(t) is giving by
F© =gelr (3)e]

Proof

+ £2EF{f "=V (¢); £}

_ 11 2

f@ =3[ e r@ar
0

Lett = % then we have

f_(£)=%f

0

o

du 1 u
—£ _ —£ _
o ()& > e
1
Theorem4.4 (Convolution)
Let f(£) = EF[f(t);£] and g(£) = EF[g(t);£] be the Bi-complex of Emad- Falih

transforms of the Bi-complex valued function f(t)and g(t) of exponential orders S; and S,
respectively, then

EF[(f = g)(¢);E] = £f(E)g(E)
Proof

o o) t
EF[(f * g)(t);£] = %j; e EL(f x g)(t)dt = %fo e‘fztfof(u)g(t —w)du dt
By putting t —u = z, we get

EFI(f * g)(D);£] = f Fdu f e~Eg(t —w)dt

e [ g

£
= £f(£)g(£)
5- Inverse Bi- complex Emad- Falih transform
In this section, we denoted the inverse for Bi-complex Emad — Falih as follows:
Theorem 5.1
Let £(£) be Bi-complex Emad- Falih transform of Bi-complex —valued function f(t) of

exponential order S, analytic int, then
f(&) = — [, e¥£ f(E)dE = X Res[eZ£f(£)],
Tl

where G=(G,,G,) is continuous piecewise function differential closed contour in Bi-
complex space and
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r={£ € C;:Re(£?) > K + |Im;(£?)|and ££0,}
0, = {z; + iyz, € Cy: 22 + zZ = 0}
Proof
Since Bi-complex Laplace transform [14] of Bi-complex —valued function f(t) is

LIF(D); £2] = K(£?) = f et F(0)dt,
0
TKE) = ¢ f RO dt = F(E)

K(£2) = £f(£) o . (5)

Using (5), inverse Bi-complex Laplace transform [14] of (5)is

f() =

Hence the result (5) holds.

1 , 1
£2t K(£2)dE =
2m‘f€ (£5) o

1

: jefzf £f (£)dE
G 1G

Theorem 5.2
If f(£) = EF[f(t);£] be Bi-complex Emad- Falih transform of Bi-complex — valued
functionf (t), then

EFILF();£] = 55 o= () + £ (E)
Where zis denoted in (2).

Proof

Since —f(£) =L [(Ple-Etf(D)dt

0 £

d © 1 2 d * 1 2
= | — —p—S17t _ St
(dsl,l; 5 e fi (t)dt> e; + <d52_]; 5 e f (t)dt> e,

By use Leibniz law for integration of complex functions, we get

f(f) = ( a__le—S1th (t)dt> e; + < __e_SZthZ(t)dt> €2

ds, s,

_ (foo—ze_51 ttf, (£)dt — J‘wize_sl tfl(t)dt> e, + (J. —2e752"tf, (¢)dt
0 S1 0

0

“1
- | Sethmdne,
0

= (—ZleF[tfl(t); s — SilEF[ﬁ(t)iSﬂ) e1 + (—2s,EF[tf,(t); s,] — éEF[fz(t);sz])e2
= —2(s1e1 + 528,)EF[t(fi(t)es + fr(t)ey); s1eq + s3]

1
— m(EF[(fl(t)el + f2(t)ey); s1eq + sye;]

= —2£EF[tf(t); £] —%EF[f(t):E]
Therefore,

EF[tf(¢);£] = f F(E) + £f (£)

2£ dE

Theorem 5.3

https://internationalpubls.com 531



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 4s (2025)

If F(£) = EF[f(t);£] be Bi-complex Emad- Falih transform of Bi-complex — valued
functionf (t), then

1 _
=£—2f(£)

EF U fw)du; £
0

Where 7is defined in (2)
Proof
From definition of Bi-complex Emad- Falih transform , we have

t 1 (o] 5 t
EF U fwdu; El = Ef et tj fuw)du dt
0 0 0
By changing the order of integration, we get
t 10 ., 1,1
. — —£°t — —£ u —
EF I ]0 fwdu; El -2 fo fwdu fu ettt = jo e P (u)du = 5 f(E)

Theorem 5.4
Let f(t) be Bi-complex —valued function of periodT > 0, then

f e Etf(H)dt
£
EF[f(t);£] = A=een

Proof From the def. of Bi- complex Emad- Falih transform,we have

EF[f(6);£] =2 [ et f(t)dt = 235, [ (DT £ £ (1)t (6)

Taket = 1+ nT in the n*"integral (6) becomes
Ff(¢t); £] EZ £ "TJ- e & f(1+nT)d:
= %Z,‘fzoe‘fz’” fOTe “if(Dde [because f(t+nT) = f(t)]

1 L

ET

6- Application
In this section, we solved an example about an ordinary differential equations with initial
conditions by using Bi-complex Emad —Falih transform.

Examplel
Solve the differential equation using Bi-complex Emad —Falih transform
dy
ty=et y(0)=0 ™)
Solution
Taking the Bi-complex Emad — Falih transform of equation (7), we get
£2y(£) —y(0)  _ 1
yE) =5——=
£ £(£2—-1)
25 5 —
1
2 vV =
E+DYE = cm e
y(£) = EE D
Taking inverse of Bi-complex Emad-Falih transform and using Theorem4 (Convolution)
y(t) = sinht
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