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1. Introduction:

In 1920, Humbert [1] has defined seven confluent forms of the Four Appell functions and denoted them
by v, , W, ¥3,6,:$,, Xis X, SOme of them are given below:
(a)f+g (ﬂ)f a-f bg

Gl Biyiriab)= f;OW'ﬂ'E W

c (a)f+ ' bg
2 [a;ﬁiﬂa,b]= fgom%a (2)
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Horn’s (see [2]-[4]) defined the following terms:

H,(a,B,7.r;s;a,b) = fio(a)”g (fs))f (7)g(r)g e;_f b_| (j+1)k=1 (3)
e prab)= 3 T)uff) T E‘”:(k—l)z @

. . _ (a)2f+g a' b
H7(a,ﬁ,y,a,b)—f§0(ﬁ) o) Tl 4lal <1 (5)

where the positive quantities j and k are the associated radii of absolute convergence of the concerned

double power series Y B, ;a’.h? such that |a| < j,|b| <k .

f,g=0

The parabolic cylindrical function D, (c) (see [5]; P. 117 (4) or (also see [6]), defined as the linear

combination of confluent hypergeometric function 171 is

o el S Gj o f.1.¢
D, (c)=2 exp( 4} (1_1:).11( 2,2,2j+

where f is not an integer. Sometimes it is also known as Weber functions.

1
22

| (l=f.c.c
(_mj'l 1(7’2’ 2} ©)

In 1893, Lauricella [7] defined the following terms in the following way

Fp(\g) (ayﬂl’---aﬂg;}/]_;yz,--.,r ;ai’aZ""lag):

(7)

Fég)(al,-.-lag’ﬂl""’ﬂg;}/;ai"”’ag):

-~ (8)

®) (a,ﬂ;yl,...,yg;ai,...,ag ) =

& (@, (P, b a7 ©)
i, fp s Ty =0 (71)f1'"(79)fg frof!
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and

PN, B By 7002, ) =

— (10)
fl"§_o (7)f1+...+fg fll fg !
Let X (a, x) be two variable functions having a formal power series expansion in x such that
X(a,x)=>w,(a)x (11)
g=0

where each member of the coefficient set {1//9 (a)}w is independent of a and x . Then the expansion

(7) of X (a,x) is said to have generated the set {1/19 (a)} and X (a,x) is known as generating

function of the set {t//g (a)} .

The extended form of linear generating function is
Xy (a,x) =2 75w, (3)X° (12)
g=0

where y, is a function of § that may contain the parameters of the set {l//g (a)} .

Generalized Rice and related polynomial:
The generalized Rice (see [8]) polynomial Héeﬂl) (#,i,a) are defined as follows:
HI"% (2,i,a) = (1;—6!)93 - 2{_9’ 91136’1 +il’ f;; a} (13)
Re(e)>-1 Re(g)>-1
if e=6, =0, the equation (8) whose study was initiated by Khandekar, would reduce to ordinary Rice

polynomial (see [8]);

(14)

g, g+ 4;
Hg(é,i,a):3F2{ 9 975 fa}

1L 1 ;

Jacobi Polynomials:

. 1-a
Put £=1and a= T in equation (13) then it becomes Jacobi Polynomial L(gg'gl) (a) (see [9], p. 254]

https://internationalpubls.com 163



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 27 No. 1 (2024)

(1+€) -0, 1+ e+6,+90;
$2°1

(&) _ _ 15
" (8) = e o2 (15)
2
-0,-6,—-0;
(1+e) a+1)° 9.-4
T g Q(Tj 21 1e; 272 1o
' " a+l

where in each of the above equations Re(e)>—1, Re(4,)>—1 and g being a non-negative integer.
An equivalent form of equation (16), given in Rainville (see [9], p. 255 [8])

—9,—€-0,

1+9) a-1 9
L% (g =(¥[_j 21 a+1 a7
(@) g! 2 1+6,; —

which is obtained by expanding the equation (16) in finite series form and then reversing the order of
summation.

Legendre Polynomials:

Put €= 6, =0 in equation (15), we get Legendre polynomial L, (a) given in Reinville [see [9]; p. 166
(2)] by

Ly (a)= 2F1[—g, g+L % 1_76‘) (18)
where
ﬁ (2a)°
_\2), ZFl(—g —g+1.—g.i]
- ] ] ] 2
g! 2 2 2 a
a-1\° a+1
L ={=|—=1 271 - - — 19
. (3) (2) (gga_lj (19)
=ang1 _g _g +11 az_l
2 1= az

The Legendre polynomial L (a) of order § is generated by means of relation;
© 1
> L, (a)x® =(1-2ax+a*) 2 (20)
g=0

and has its series representation as follows:
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[ﬂ 2g 2t)1as®

=2 gt (g 2t)!
where
g, if g is even
m: 2
2 97‘1 if g is odd

Some works on linear and bilinear generating functions for hypergeometric polynomials have been done
[10, 23]. In this note we obtain some generating functions for hypergeometric polynomials using some
special techniques. It is the generalization of the results of author [19; pp. 133-134] for Hermite

polynomial.

We consider the generating function for hypergeometric polynomials see [9; p. 244 (Ex. 7), p. 252 (17)]

geg ——e *0f1 . (@) 071
2
where gg (a) = ZQIM

=0 (t!)z.(g —t)!

and L, (a) is the Legendre polynomials defined by the given equation (18).

Without loss of generating, we may assume that

o0

iB )=>_B(29) Z (2g+1)

g=0 9=0

and using result of author [20; p. 591 (1)]
gFi{al’az’""af;a}:
B Bosees B
o a, +1 a, a,+1 a, a,+1,
2 2 2 2 2 2

ﬁﬂ+1&ﬂ2+1 B
22 27 2 27 2

207 2i +1
1
2’

o+l a+2 a,+1 a,+2 a,+1 a,+2

4 g2 | 4

a,.0,..0, 2£|: 2i+1 2 2 2 2 2 2

By-fo-- P,

A+l B, +2 p,+1 B, +2 B +1 ﬁi+2_4

3
2" 2 2 2 2 2
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for generalized function in (21), replacing x by i X, separating real and imaginary parts and changing
1

again x by ix?, we obtain the generating functions for even and odd hypergeometric polynomials
0,,(a) and 6, (a) in the form

- 1 > —1)?
> 6,,(a) X’ =cosh(xzj 073]1 1 1_@

o (29)! 550 64

+

) H ’ x(a—l)2
h| x2 1)073
sin [x ) (a+ ) 1,1,1; o
2 2
. © x(a+1)’ P " x(a-1)
031§§ ” +(a 1)031,§,§; "
12 2 2 2 2
%3 ’ x(a+1)2 25
11, 6 =
12 2
and
( 1]
cosh| x? ,
* X9 i x(a—l)
o = 1-a)0™3
gZ:(:) 29+l( ) (29+1)| 2 ( a) 1,§,§, 64
2 2
[ ; x(a+1)2_ g x(a—l)2
03 —2 (1 073 e
11— W08, =
12 2 i 2 2
1
i . ] sinh| x?2
’ x(a+1)2 ] ’ x(a—l)2
03 03
133,76 [T 2 111 e
L 2 2 i X 2 2
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* x(a+1) | x(a®-1) > x(a-1)’
073 F
1l e [FTa CYL2s Ty
12 2 J 2 22
’ 1)
%3 (a+
122 e =
L 22 i

replace x by xk, multiplying both sides by e* k' and integrating with respect to k from O to o
in equation (18), we obtain new generating function

e g —-X(a-1) —x(a+1
(@), 0, (a)- = =(1-x) " & @it (a-) —x(a+]) 27)
= ) g 2(1-x)  2(1-x)
where £, is Humbert’s function, given by equation (2).
Let us write the polynomial P, (a), given by see [9; p. 237 (26)]
-g —g+1 .
= d+a —
P (axB)=(2a)’31 2" 2 e —21 (28)
a
1+b;
A generating function for P, (a, X, ﬂ) [see [9]; p. 239 (40)] is in the form
S'P (axf).5 a*1F1F+a; xz} (29)
= b 1+

Using the result (24) for exponential term in equation (29) and proceeding on the some lines as in the
proofs of (25) and (26), we get

ing a,x, B). =071 1 ’ xa’ 1F1F+a; —x} (30)
g=0 ( g)' E; 1+'B;
and
SR (ax Bt = 2a 071 3 xa’ m{lm; —x} (31)
= (29 +1)! E; 1+ B;

respectively.

With the help of the equations (30) and (31), we obtain four generating functions in the form
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) l+ta 2+a
3 X4 Ca'X e, 202 X
P, (a X B). =073 —=1273 = |-
2P (2.1, 5) (49)! 1137 1148 2+p 4
’ 24’4 Pl ;
2 2 2
2+a 3+a.
2 ] 4 T~
2.xa (1+a)0F3 A P 2 2 X
1+ E’_’_; 16 3 2+p5 4
4 4 > 5
(32)
iP (a,x, ) X’ =2a°0"3| 3 3 5’ xa'
4g9+2 LA -
- 49 +2)! ——,—:; 16
i (49+2) 2'4'4
[1+a 2+a
l 1+ 2+p 4 1+
2" 2 2
. * xat Ll T x
07311 3 6 23§2+ﬁ3+,6’_z (33)
12474’ 12" 2 " 27
_ l+a 2+a
S x? > xa’ 2 ' 2 "X
Py (@ X, B). =2a0"3 2F3 2
2P (8% 5)- 37y 135796 | %1148 2484
2'4"4 >y g
2+a 3+ [
4xa’(1 - xa® ’ :
Ha(lra) +0[)0F3 357 22 |23 22 X (34)
3(1+ ) =, =,—: 16 32+p 3+5.4
2'4" 4 > g
and
1+ 2+a )
2 N 4a° " a*x 2 ' 2 "X
P..(ax/.). = 073 221273 Z |-
2P (X ) g = =3 0813 5 7.7 11+4 2454
244 i ot '
2 2 2
2+a 3+a .
2a(1 - 4 o
(L) g 135 22 |23 2 2 2 (35)
(1+ ) -, == 16 32+p 3+8 4
2 4 4 E) 2 ’ 2 ’
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Using the Leplace transform technique as in the proof of (27), we obtain two more generating functions
from (30) and (31) in the form

N X : A 2

; P, (a,x, ). (29)!_5{r,1+a,1+ﬂ,2, X, Xa } (36)
and

N x° . 3 2

;(r)g P29+1(a’x’ﬂ)'(2g +1)|_2a§1‘:r’1+a’1+ﬂ12! X, Xa :| (37)

where ¢; is Humbert’s function, defined by the equation (1).

Again replace x by xk?, multiplying both sides by e™*.k*™, integrating with respect to k from 0
to oo and using the result of [21] (p. 146 (24)) in equation (18)

[e'e]

2 m 1
Je’“’x.x’h‘l.exp% dx = [(,)- 2" 2 .exp(n,£*).D_, [26 ;722} (38)

2
0

where Re(7,)>0, Re(7,)>0,

i(:;)gzg, 7, () D, 4 ((2x)_21j _

g=0

s e }
.exp » F, s ;11—-2x(a-1),-2x(a+1) (39)

where D, (a) is a parabolic cylindrical function, given by equation (6).

At last, in Mehler’s generating relation (see [22]; p. 83-84 (13)]

(40)

4abx—4(a2 +b2)x2
g=0 g!

ng(a)Hg(b)ﬁz(l—4x2)7 exp.{ o

Using equation (20) and equation (21), we get two generating functions for even and odd Hermite
polynomials H,, (a) and H,,, (@) in the form

2g+1

2 X9 1 7 2ab Y
H = 0F1 ( j X
gzo 2 )(29) 1—4x ; 1—4x
s (2(a? +b?
OFl 1 { ( ) J _
: 1-4x
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a0 =;\1-4
(1-4x)2 > X
— 2(a2+b2)x i
01 o\ )7 41
g;[ 1-4x )
and
H Hygu (B = 071
QZ; zg+1(a) 29+1( )(Zg+1)! (1_4)()% 3 ;(1—4.X] X
= (2(a?+07)x )
= 1-4x

4ab(a®+b%)x — 2 —(2(a?+b2)x )
fab(a+b7)x 2) oFls_[zaij 071 3 [—( )} (42)

respectively.

Special Cases:
Put f =1+ 2a in equations (30) and (31), and using Kummer’s second transform (see [9]; p. 126 (9)]

. > 2
71l “oc|=ec0F1] 1 & (43)

and using Laplace transform technique, we obtain

0 g r ) ,
(r)g Pzg(a,a,1+2a) X ':[Lj H{r; a+g,%- X 2xa } ”
=0

(29)!

g

and

© g

:o(r)g Pzg+1(a1a,1+2a)m=

«

r 2 2
Za(ij H, r;a+§,§; X 2’2ax (45)
2+X 22 4(2+x) 2+X

respectively, where H. is a limit of H,, defined by equation (5).

https://internationalpubls.com 170



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 27 No. 1 (2024)

Put S =, a special case of P (a, X, ﬂ) obtained from the equation (28) is the Hermite polynomial

expressed by the equation (12).

Again, using above condition, each of the equation from (30) to (35) gives the generating relations for

even and odd Hermite polynomials in the form

> x4 ’ _
H,. (a —e™.071| 1 ax|=e*cosh(2aVx
2
© X9 B e
H, .(a)———=2ae ™ 01 3 a’x|=-=sinh(2ax
; 2o )(29+1)! g; N (2avx)
(47)
> X9 _; X ; Xxa
Y H(a)——=0711 =031 13
- 4g)! 247122216
o (49) 2 2'2'4
3xa?0"1 3_;5 073/ 3 3 5 xa'
2. 222716
| 2 i 2 4 4
> N Ty T xat
D Hy(2) =2a° 071 1 — 0F3{3 35
- 49 +2)! =4 222 16
o= (49+2) 20 ] 1244
-0"1 ?5 031 1 3 xa
—: 4 —. =, = 16
2 2 44
= N Ty T xat
H a =2a0"1 21073
; 49+1( )(4g+1)| l’ 4 1’§’§, 16
2 2 44
axa® .| x| . * xa’
— 01 —1 073
2 2 4 4
and
e X9 43a° " * xat
H a = 0F1 Z10%3
gZ:; il )(4g+3)! 3 1.7 357. 7%
2 2 44
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2a071) 3 —|0°3

2 )

4

l’§1§; 16
2 44

(51)

N x

which are the required generating functions of author [19; pp. 133-134].
Conclusion:

In this research note we obtain very special cases of the result of the author [19] with the help of the
motivated works [1-22].
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