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Abstract:

This article provides an in-depth introduction to the fundamental concepts of
neutrosophic nano ag'# y -open and closed functions within the context of
neutrosophic nano topological spaces. These concepts play a significant role in
understanding the intricate relationships and behaviors in this specialized field of
topology. In addition to presenting these definitions, the article also delves into a
broaderdiscussion, exploring the various properties and implications associated with
these functions. This extended examination aimsto offer readers a comprehensive
view of the subject, highlighting potential applicationsand theoretical advancements
thatarise from studying these unique functionswithin neutrosophic nano topological
spaces

Keywords: Neutrosopic topology, neutrosophic nano ag™# w-open function;
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1 Introduction

Rough set theory was extended to add Nano topology, which was introduced by Lellis
Thivagar[6] in 2013. Additionally, he proposed Nano topological spaces, which were defined by
an equivalency relation on a subset of the universe. The terms N-open set and N-closed sets refer
to the constituents of a Nano topological space and their complements, respectively. Nano refers
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to an extremely small scale. The study of extremely small surfaces is thus literally defined as nano
topology. The concepts of indiscernibility relation and approximations are the cornerstones of nano
topology. Following that, in 2018 Lellis Thivagar[7] investigated a novel idea of neutrosophic
nano topological space (NNTS). The topics he covered in that work were neut. nano closure and

interior.  Neutosophic ag*i-closed sets were presented and some basic characteristics were
investigated by Vigneshwaran etal. in 2019. They expanded this idea to include neutrosophic nano
topological spaces and neutrosophic nano ag®y-closed sets. (NNTSs). Here, we define and
establish some basic features of neut. nano ag®y-open and neutrosophic nano ag*i-closed
functions within neut. nano topological spaces (NNTSs). The initial definitions are mentioned in
1,7,9,10 and 12.

2 Neutrosophic Nano ag*p-open function

Definition 2.1 A func T:(X,n) = (Y,v) is neut. nano ag#zp-open(NN_ag#w-OF) if image of
every neut. nano open set(VV' —0OS) of (P,y) is neut. nano ag*yp-open set(V,,_, g*-09) in
(Y,v).

Theorem 2.2 Each neut. nano open func(V V' —OF) is & Ny 44#,,-OF.

Proof: Assume 7:(X,n) = (Y,v) is NN —OF, thus and so J is a NN —0S in (X,n).
Since T is a NV —OF, T(J) is NNV-OS in (Y,v). We know NN —OS is Ny _,#,,-0S.

Therefore, T(J) is a Njr_yq#,-0Sin (Y,v). Hence, T isa Nj._,4#,,-OF.
The below example shows N _, ;#,,-OF need not be a NV —OF .
Example 2.3 Let U, = {a, 5,1} and the equivalence relation is U, /R, = {{a, A}, {1}}. Let
A, = {{a,(4/10,4/10,3/10)),({B,(3/10,4/10,2/10)),{4, (4/10,3/10,4/10))}
be neut. nano subset of U,. Then
N(A,) = {{a,(3/10,4/10,3/10)),{B, (3/10,4/10,3/10)),{4, (4/10,3/10,4/10))}
N(A,) = {{a,(4/10,4/10,2/10)),{B, (4/10,4/10,2/10)),(A, (4/10,3/10,4/10))}
B(A,) = {{a,(2/10,4/10,4/10)),{B, (2/10,4/10,4/10)),(A, (4/10,3/10,4/10))}
Then t1,, = {ON,ﬂ(cﬂl),W(cAl),B(cﬂl),1N} be neut. nano topology on (X,7n) and
let U, = {a, B, A} and the equivalence relation is U, /R, = {{a, 1}, {A}}.
Let
A, ={{a,(5/10,4/10,3/10)),{B,(3/10,5/10,2/10)),(4A, (4/10,3/10,4/10))}

be neut. nano subset of U,. Then
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N(A,) = {{a, (3/10,4/10,3/10)),(B, (3/10,4/10,3/10)),{2, (4/10,3/10,4/10))}

W(cﬂz) = {{a, (4/10,4/10,2/10)),{B, (4/10,4/10,2/10)),{A,(4/10,3/10,4/10))}
B(A,) = {{a,(2/10,4/10,4/10)),{B,(2/10,4/10,4/10)),{4, (4/10,3/10,4/10))}
Then 12, = {ON,E(AZ),W(CAZ),B(CAZ),1N} be neut. nano topology on (Y, v)
Define T: (X, 1) - (Y,v) by T(a)=a, T(B)=B, T(X)=A.
Ny —aghy-0S of (Y,v) = (a,(3/10,4/10,3/10)),(B,(3/10,4/10,3/10)),(A, (4/10,3/10,4/
10))}.
Here T(Ny ) is Ny _qgty,-OPEN.

Then T is N _gq4#,-OF. However, it is not a NV —OF because T'(Ny ) is not NV-OS in
(Y,v.

Theorem 2.4 Afunc T: (X, 1) = (Y,v) is Ny _qg4%y-0pen iff for each NNS C of (X, n),
T(H* (A1) € Nggty (H (T (Ay))-

Proof: Let T be a Ny _,4t,-OF and A, is @ NNV —0S in (X,n). Now, H*(A,;) € A,
which implies that T(H°(A;)) € T(A,) . Since T is a Ny_,4#y -OF, T(H*(A,)) is
Ny _agty “OS In (Y,v) thus and so T(H°(A)) S T(A,) therefore T(H°(A,)) <
Nagty (HT(A).

Suppose A, isan NN —0Sof (X,n). Then T(A,) = T(H"(A;)) S Nty (HT(A,)). But
neut. nano ag*yY(H°(T(A,))) € T(A,). Consequently T(A,) = N gty (H(A4)) which
implies that T(A;) is @ Ny_gg#,,-0S 0f (Y,v). Hence T is a Ny_, 4#y, -OpEN,

Theorem 25 If T: (X, n) = (Y,v) is a Ny_,,#,-OF then H*(T7'(G)) <

T (W g gty (H®(G)) for every NNS G of (Y,v).

Proof: Let G is a NNS of (Y,v). Then H*(T™)(G) is a NN —0S in (X,n). Since T is
Ny —agty-o0en T(H(T(G))) is Ny _y4ty-0pen in (Y,v) and hence T(H*(T7(G))) €
Nagty(H T (T T(G))) € N gty (H*(G)). Thus H*(T7(G)) S T (I g gty (H*())).
Theorem 2.6 A func T: (X, 1) = (Y,v) is Ny _qg4%y-0pen iff for each NNS F of (Y,v) and
for each NV'-OF A, of (X,n) containing T ~'(F) thereis a Ny —agtyp-CS B of (Y,v) thus
andso F € B and 7~ /(B) € A,.

Proof: Suppose T is @ V- _,4#,,-OF. Let F be the NV-OF of (Y,v) and A, isa NN -OF
of (X,n) thus and so T~'(F) € A,. Then B = (T'(AF)) is Ny_44%,-CS of (Y,v) thus
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and so T7/(B) € A,.

Suppose G is a NN —0S of (X,n). Then T7I((T(§))¢ € G and G is NN -OF in (X,n).
By hypothesis Ny_, 4, -CS B of (Y,v) thus and so (T7(G))°<B and T~/(B) € G°.
Therefore G € (T7/(B))°. Hence B¢ € T(G) € T((T1(B))¢) € B¢ then T(G) = B¢. Since
A IS Nyr_ggty-OS of (Y,v). Hence T(G) is Ny_y4ty-0pen in (Y,v) and thus T is
NN—ag#l,l)_OF'

Theorem 2.7 If T: (X,n) = (Y,v) and S: (Y,v) = (Z,w) be two neut. nano funcs and S o
T:(X,m) — (Z,w) is Ny_ggty-0pen. If §: (Y,v) = (Z,w) is Ny_,q#y-irresolute then
T:(X,m) = (Y,v) is Ny_ygtqy-OF.

Proof: Let 3 be an WV —0OS of NNTS (X,n). Then (S T)(H) is Ny _g4#y -OS of
(Z,w) because S o T is Ny-_ gty -OF. Now since S: (Y, v) - (Z,w) is Nj,_, gty -iresolute
and (S o T)(H) is Nyr_yqty,-OS of (Z,w) therefore STHS T (H)) =T(H) is Ny _aghp-
OSinNNTS (Y, v). Hence T is Ny _,4#,,-OF.

Theorem 2.8 If 7: (X, n) —» (Y,v) is NNV-OSand §: (Y,v) = (Z,w) is Nj_g4#y-OFs then
SoT:(X,n) — (Z,w) Is Ny _g4#y-0peN.

Proof: Let H be WN —OS of NNTS (X,n). Then T(H) is a NN —0OS of (Y,v) because
T isa NN —OF. Nowsince §:(Y,v) — (Z,w) is Ny_,4#y—0pen, S(T(H)) = (S T)(H)
IS NV _qgty-OS Of (Z,w). Hence § o T is Ny_g gty -OF.

3 N y_qgty-closed function

Definition 3.1 A func 7: (X, n) - (Y,v) is Ny_q 4y -Closed if image of each NNV -OF of
(X,m) IS Ny _ggt-CSiin (Y, ).
Theorem 3.2 Each neut. nano closed func(VV' —CF) is a NV _, 4#4,-OF.

Proof: Assume that 7: (X,n) = (Y,v) is NN -OF, thus and so H is NN -OF in (X,n).
Since T is a NV -OF, T(#) is NNV -CS in (Y,v). But every NNV -OF is a N, _, #y,-CS.
Therefore, T (H) isa Ny _g4#,-CSin (Y,v). Hence, T isan Ny _, g#,,-OF.

The below example shows N, _, s#,,-OF need not be NV -OF.

Example 3.3 Let U; = {a;,p4,,; and the equivalence relation is U, /R, = {{a;,4:},{1,}}-
Let
A, = {{a;,(4/10,4/10,3/10)),{B,,(3/10,4/10,2/10)),{1,, (4/10,3/10,4/10))}

be neut. nano subset of U,. Then
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N(A,) ={{ay,(3/10,4/10,3/10)),{B,,(3/10,4/10,3/10)),{A,,(4/10,3/10,4/10))}
N (A, = {{ay, (4/10,4/10,2/10)),(B,, (4/10,4/10,2/10)),(1,,(4/10,3/10,4/10))}
B(A,) = {{ay,(2/10,4/10,4/10)),{B,,(2/10,4/10,4/10)),{1,,(4/10,3/10,4/10))}
Then t1,, = {ON,E(UQl),W(cﬂl),B(cﬂl),1N} be neut. nano topology on (X,7n) and
let U, = {a,,B,,4,} and the equivalence relation is U,/R, = {{a;,4,},{A,}}.
Let
A, = {{ay,(5/10,4/10,3/10)),{B,,(3/10,5/10,2/10)),{1,,(4/10,3/10,4/10))}
be neut. nano subset of U,. Then
N(A,) = {{a,,(3/10,4/10,3/10)),{B,,(3/10,4/10,3/10)),{1,,(4/10,3/10,4/10))}

N (A,) = {{ay,(4/10,4/10,2/10)),{B,,(4/10,4/10,2/10)),(A,,(4/10,3/10,4/10))}
B(A,) = {{a,,(2/10,4/10,4/10)),(B,,(2/10,4/10,4/10)),{1,,(4/10,3/10,4/10))}
Then 12, = {ON,Q(JZZ),W(AZ),B(AZ),1N} be neut. nano topology on (Y, v)
Define T: (X, 1) - (Y,v) by T(a)=a,;, T(B)=B1, T (1)=1,.
N —agty -CS of (Y,v) = {{a;,(3/10,4/10,3/10)),(B;,(3/10,4/10,3/10)),(1,,(4/10,3/
10,4/10))}.
Here T(Ng ) is Ny_gg#y-closed in (Y, v).

Therefore T is N _q 4%y, -OF. However, NV is not OF because T'(Ny ) is not NV -CS in
(Y, v).

Theorem 3.4 A func T: (X, 1) = (Y,v) is Ny _qg4%y-Closed iff for each (NNS) § of (Y, v)
and for each ¥V —0S U of (X,n) containing 7~/(S) there is a Ny _agty-OS A, of
(Y,v) thusandso § € A, and T7/(A,) € U.

Proof: Suppose T is @ V- _,4#,,-OF. Let § be the NV -OF of (Y,v) and U isa NNV —0OS

of (X,n) thus and so 77'(8) € U. Then A, =T —T~(U) is Ny _y4#,-0S of (Y,v) thus
and so T71(A,) € U.
Suppose F is a NNV -OF of (X,n). Then (T(F))¢is a NNS of (Y,v) and F€ is NN —0OS
in (X, n) thus and so T~/((T(F))¢) € F¢. By hypothesis nano ag”i-0S A, of (Y,v) thus
and so (T(F))¢ € A, and T~/ (A,) € F€. Therefore F < (T'(A;))¢. Hence AS S T(F) <
T((T(AL)) € Af which indicates T(F) = AS. Since Af is Ny_q4ty-CS of (Y,0).
Hence T'(F) is Ny _qg4ty-Closed in (Y,v) and thus T is Ny _ g, -OF.
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Theorem 3.5 If 7: (X, n) = (Y,v) is NNV-CSand §: (Y,v) - (Z,w) Is Ny _, 4#y-Closed.
Then § o T: (X, 1) — (Z,w) is Ny _q4ty-Closed.

Proof: Let ' be an NV -OF of NNTS (X, n). Then T(H) is NNV -OF of (Y,v) because T
is NN -OF. Now (S o T)(H) =8T(H)) is Ny _g4ty-CS in NNTS (Z,w) because § is
Ny _agty=OF. Thus S o T: (X, 1) — (Z,w) IS Np_ggty-OF.

Theorem 3.6 If 7: (X, 1) = (Y,v) is Ny_,,#,—OF, then neut. nano ag*y(H* (T (A,)) €
T(H*(A,)).

Proof: Let A, is any NNS of (X,n) and T:(X,n) = (Y,v) is Ny_,4ty —OF, then
T(H*(A4)) is Nyr_ggty-closed in (Y,v). Now T(A;) S T(H(A,)) implies neut. nano
ag*Pp(H* (T (A,))) S N gty (H(T(H(A,)))) . Since T(H"(A;)) IS Ny g4ty -Closed in
(Y,v) , neut. nano ag*P(H°(T(H°(A,))) =T(H°(A,)) . Hence neut. nano
ag"Py(H* (T (Ay) € T(H*(A)).

Theorem 3.7 Let T: (X, 1) = (Y,v) and S: (Y,v) » (Z,w) are Ny _,z#,,-OFs. If every
Ny —agty-CS of (Y,v) is neut. nano a-closed then, §o T:(X,n) — (Z,w) IS Nyr_ygtq-
closed.

Proof: Let 3% be NV -OF of NNTS (X, 7). Then T(3) is Np_q4*,,-CS of (Y,v) because
T is Ny _ggty -OF. By hypothesis T(3) is neutrosophic nano a-CS of (Y,v). Now
ST (H)) = (SoT)(FH) Is Nyr_qgty,-CS In NNTS (Z,w) because § is Ny _, ¢, -OF. Thus
SoT:(X,n) — (Z,w) is Ny _gg4ty-OF.

Theorem 3.8 If 7: (X, n) = (Y,v) be bijective func, then
(p) T is Ny _gqty-OF.

@) T is Ny _gyqty-OF.

(OIS Ny o g*y-CONtinuous func are equivalent.

Proof: (p)=(q): Let T is a Ny _,,#y-OF. By defn, B, is a NNV —0S in (X,n), then the
image T'(B,) is a Ny _q4ty,-OS in (Y,v). Here, B, is NNV-OF in (X,n), then § — B, is a
NN —0OS in (X,n). By assumption, we have T(S —B;) is @ Ny_g4¢y -OS in (Y, v).
Hence, T — T (S —By) isa Ny _g4#-CSin (Y,v). Therefore, T is a Ny_ gty -OF.

@)=(r): Let B, be NNV -OF in (X,n). By (q), T(By) is @ Ny _y4#y,-CS in (Y,v). Hence,
T(By) =T H(B,), so T is a Ny_g4#y,-CS in (Y,v). Hence, T77 is Ny _, gty -
continuous.
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(N=(s): Let B, be NV —0Sin (X,n).By (1), (T™)™(B,) =T (B,) isa Ny _g,#,-OF.

Conclusion:

To conclude, this article has provided a thorough exploration of neutrosophic nano ag*iy -open
and closed functions, underscoring their importance in the study of neutrosophic nano topological
spaces. By examining both foundational concepts and their broader implications, it has highlighted
how these functions contribute to a deeper understanding of relationships within this specialized
area of topology. The insights gained here not only enhance comprehension of these functions but
also open pathways for further research and applications, underscoring their potential impact on
advancements in theoretical and applied topology.
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