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1. Introduction

Huang and Zhang [2] generalized the concept of a metric space by incorporating vectorvalued metrics
in an ordered real Banach space. Fixed point theory is a fundamental tool in nonlinear analysis, with
numerous applications. In 2012, Azam [8] introduced the concept of coincidence points for mappings
and obtained relevant results under a contractive condition in metric spaces. Moreover, Huang and
Zhang [2] introduced cone-metric spaces, in which interior points were investigated using partial
orders and normality conditions. In the present work, we exclude the assumption of normality
conditions in parametric spaces, as introduced by V. Subash and M. Angayarkanni [11], and apply the
resulting framework to the study of coincidence points.

2. Prelinimaries

Definition 2.1. [4] A neighborhood V of e is symmetric if V. — 1 = V. If W is any neighborhood V
ofesuchthatV *V c H

Definition 2.2. [2] Let (X, d) be a cone metric space and P be a cone with non empty interior. Suppose
f,g: X = Xare such that the range of g contains the range of f and f(X) or g(X) is a complete
subspace of X. The pair (f, g) is AJ’s pair.

Definition 2.3. [8] Let E be a Banach Space with norm ||. || and A be a subset of E. The Ais said to
be a cone if it satisfies

* A is closed, non empty and A # 6, where 0 is a zero vector in A .
«IfL,p > 0andpq € Athenp+ pq € A.
*Ifp,—p € Athenp = 6.
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3. Main Result

Proposition 3.1.

Ifc €intP, 0 <a, anda, — 0 then there exists a number such that for all n > n, we havea, <<
C.

Proof:

Given 0 << c¢, choose a symmetric neighbourhood V such thatc +V < P. Asa, — 0, there isan,
suchthata, eV = =V forn > ny =c+a, cc+VcP,n >n, =2a, << c

Proposition 3.2.

Let0 << c¢. If 0 <d(a,,at) <b, and b, — 0 then eventually d(a,,a,t) << ¢, where a,,a are
sequence and given point in X, parametric cone metric space.

Proof:

Let 0 << c. By Proposition 3.1, we have b, << c¢. Butd(a,,a,t) <b, << ¢ = d(a,,at) << c.
Proposition 3.3.

If E is a real Banach space with cone P and ifa < pawherea e Pand0 < p < 1thena = 0.
Proof:

Wehavea <paThenpa-a €P =2(u —1)a€P = —(1 —pla €P = (1 —p)a € —P. Also
a€Pandl—p > O0then(l—p)a € P.Thus(1—pla €P N—=P = {0}.~a =0

Theorem 3.1.

Suppose that (f, g) is AJ’s pair and that for some constant u € (0,1] and for everya,b € X, a PCMS,
there exists

u=u(ab,c) € {d(ga, gb,t),d(fa, ga,t),d(fb, gb,t), d(fa'gb't);d(fb'ga't)} ...(3.1)

such that
d(fa,fb,t) < pu i (3.2)
Then (f, g) have unique coincidence point in X .

Proof: Choose aj,a; € X , satisfying thatga;, = fa, = b,. By thisa,, a,,; € X such thatga,,, =
fa, = b,. We claim that,

d(b, by, t) < pd(b,_;,b,0n =1 ... (3.3)
By Equation 3.2, d(b,,b,.;,t) = d(fa,,fa,,,t)
<w (3.4)

where

d(fa,, gay1,t) +d(fa,, g, gay, t)}

ue€ {d(gan, ga,,1,t),d(fa,, ga,, t),d(fa,,;, ga 41, 1), >
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u € {d(by,byoy, ), d(byyy, by, ), 0ozt (3.5)
Now consider,
Case (i): Ifu = d(b,_;,b,, t) thend(b,, b,s1,t) < pd(b,_;, by, t) holds.
Case (ii): Ifu = d(b,, by;,t) then
d(b,, by, t) < d(by, byyr, ), p € (0,1]
= d(b,, b,41,t) = 0; By Proposition (3.3)
and so Equation (3.3) holds.
Case (iii): Ifu = d(b,_;,b,41,t) then
d(by, bpyp,t) < g d(by—1, bpsr, 1)

<% [d(byo1, by O + d(by, by, O]
H -1
< 5 (1 - H‘Z) d(bn—llbnlt)
< Md(bn—pbn; t)
and so Equation (3.3) holds.

By iteration, d(b,, by, t) < p? d(b,_s, by, t)
< M3 d(bn —3»bn—2ft)

< wu'd(bgy, by, 1)

Now we assert that {b,} is Cauchy sequence. Forn > m we have,
d(by by, ) < d(by, brory t) + d(by_y, by, )

< d(b,, b,_;,t) + d(b,_;,b,_»,t) + -+ d(by41, by, t)

< [wh + pt? 4 p™ Jd(be, by, 0

1
umm d(bg,b;,t) > Oasn - o

= d(b,, b, t) << c.
Thus {b,} is Cauchy in P C M - metric space.
Since f(X') <€ g(X ) and g(X) is complete, there exists aq € g(X ) such that g(a,) - gqasn —

0,

Tofind:p € X suchthatgp = q = fpwehavegp = qwherep € X .
Now, d(fp,q,t) < d(fp, fa,,t) + d(fa,, q,t)

< pu+ d(fa,,a,t)
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whereu € {d(gan, gp,t), d(fa,, ga,, t), d(fp, gp, t, d(fay gp 't):d(fp 'ga“'t)}

Let0 << c, for infinitely many n,

Case (i): Ifu = d(ga,, gp,t) then,
d(gp,q.t) < pd(ga, gp,t) + d(fay, q, 1)
< pd(ga,, q,t) + d(fa,, q,0)

<< © +C
Fon T2

d(fp,qt) << ¢
Case (ii): Ifu = d(fa,, ga,, t) then
d(fp,q, ) < pd(fay, ga,, t) + d(fa,, q,0)
< (p + Dd(fa, g, t) + pd(q, ga,, )
<< c
Case (iii): If u = d(fp, gp, t) then
d(fp,q,) < pd(fp, gp,t) + d(fa,, q,0)

1
<
<T- . d(fa,, q, t)

<< c

Case (iv): Ifu = 2Ensp ’t);d(fp £ then

d(fp’ q’ t) S u {d(fanlgplt);d(fplganlt)} + d(fan, q, t)

24+

{ﬂ} d(fa,, q,t)

IA

<< c
~d(fp,qt) = 0= fp = q
Hence f and g have a coincidence point p € X and a point of coincidence q € X withfp = gp = q.

Uniqueness: Let q, be another point of coincidence then there is p, € X with q, = fp, = gp,.

Now, d(q,q,,t) = d(fp,fp,,t)

< uu

Where u € {d(gp, gpl't)'d(fp' ap,b), d(fpl'gpl' 0, d(fp.gpl.t)z-l-d(fpl.gp,t)}

u € {0,d(q,q,,1)}

=+ d(g,q,,t) < pd(q.q,.t)
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= q = q
Thus q is the unique point of coincidence for fand g.
Theorem 3.2.

Suppose that (f,g) is AJ’s pair and for some constant u € (0,1]; for every a,b € X there exists u =

u(a' b, t) c { d(ga, gb, t), d(fa,ga,t);—d(fb,gb,t) ' d(fa,gb,t)+d(fb,ga,t)

a unique coincidence point in X .

Proof:

Let ag,a; € X . Thenga, = fa, = b,.

In general, if a,,; € X then we can have ga,,, = fa, = b,.
To Prove: d(b,,b,4;,t) < d(b,_;,b,,t),n = 1

Now d(by, byt1, 1) = d(fa, fag 1, ) < pu

t) d(fan:gan:t) +d(fan+ 1,Zan+1 :t) d(fan:gan+ 1 't) +d(fan+ 1 'gan't)}
)]

Whereu € {d(gamgaHH, 5 ) 5

> u € {d(bn_l,bn, t)'d(bn,bn—1,t)+d(bn+1,bn,t) ,d(bnﬂ,bn_l’t)}
2 2
Case(i): Ifu = d(b,_;,b,, t) then, d(b,,b,.;,t) < pd(b,_;,b,,t) holds.

d(bn,bn_ 1 't) +d(bn+ 1 'bn't)
2

Case(ii): Ifu = then

d(bn'bn— 1 't) +d(bn +1 'bn't)
2

d(bnrbn+1)t) < U

u
(12 4o, by01,0 < a0y, by0

d(by, bas1,0) < (ZE

u) d(b,,b._,, 1)

< nd(b,, b,_;,t) holds

d(bn+lébn—lrt) then d(bn, bn+1, t) S M d(bn+l.bn—l't)

Case(iii): Ifu = S

B u
(1 - 5) d(bn' bn+1:t) < 5 d(bn: bn—l:t)

< ud(b,, b,_;,t) holds.
By theorem (3.1), {b,} is a Cauchy sequence.

As f, g is a AJ’s pair, there existsaq € g(X )p € X suchthatg(x,) = qasn - wandgp =

Toprove:fp = gp = q
Now consider d(fp,q,t) < d(fp,fa,,t) + d(fa,, q,t)
< pu+d(fa,qt)
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where u € { d(eay, p, t)'d(fan,gan,t)2+d(fp,gp,t) ' d(fan.gp.t);d(fp.gan.t)}
Letc >> 0 for infinitely many n, we have

Case (i): Ifu = d(ga,, gp,t) then d(fp,q,t) < nd(ga,, gp,t) + d(fa,, q,t) << p

Case (ii); If u = e +dterd oo
d(fa,, ga,, t) + d(fp, gp, t)
d(fp,q,t) < u( 7 + d(fa,, q,t)

= p ((Fe02R0) 4 G(fa,, q. 1)
= (% +1)d(fa,, 0.0 +% d(fp,q.0

= d(fp,q, O[1 = p2] ( )d(famq,t)
= d(tp.g,0 < (3) d(fanq.9
« (55) (55)e

= d(fp,qt) << c.

Case (iii): If u = oD lPeEnD) then

d(fp, q’ t) S }«l (d(fanﬂgp't);"d(fp'gan't)) + d(fan, q, t)

u u
=7 d(fa,, gp,t) + 5 d(fp, ga,, t) + d(fa,, g, t)

< Q2+
2
d(fp,q,t) << ¢

n n

~ d(fp,q,t) << cforeveryc € intP

. fp —
Thus q is the point of coincidence.

Uniqueness: Let q, be another point of coincidence with fp, = gp, = q;.
To prove: = q, .

Consider d(q,q,,t) < pu = d(fp,fp,,t) < pu

t) d(fp,gp,t)+d(fp1,gp1,t) d(fp,gpl,t)+d(fp1,gp,t)}

where u € {d(gp, gp,, : , >

d(q,q.t) +d(q,q,,t) d(q.q,t)+d(q,q1)
c {d( ,ql,) . v/ 1 - 1 }
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u € {0,d(q,q,,0)}

Ifu = 0,thend(q,q,,t) < 0 (absurd)

Ifu = d(q.q,t) thend(q,q,,t) < pd(q,q,,t)
(1-wd(qql,) <0
1 — p < 0 (Impossible)
d(q,q;,t) = 0.
v q=q

Corollary 3.1. Suppose that (f, g) is AJ’s pair and for some constant p € (0,1] and for every x,y €
X ,d(fa, fb,t) < ud(ga,gb,t) then f, g have a unique coincidence point.

Proof: Choosea, € X . Thenga,,; = fa, = b,.

Now d(b,, b,41,t) = d(fay, fa,, 1, 1) < pd(ga,, gag, ) = pd(b,_;, by, b).
From theorem (3.1), {b,} is a Cauchy and has a unique coincidence point.
By the theorem (3.2) the following corollaries get true.

Corollary 3.2. Suppose that (f, g) is AJ’s pair and for some constant p € (0,1] and for every a,b €

X ;d(fa,fbt) < p [d<fa'ga't>;d<fb,gb,o

] then £, g have unique coincidence point.

Corollary 3.3. Suppose that (f, g) is AJ’s pair and for some constant p € (0,1] and for every a,b €

X ;d(fa fb,t) < pn I:d(fa,gb,t);-d(ﬂ),ga‘t)

] then £, g have unique coincidence point.

Corollary 3.4. Suppose that (f, g) is AJ’s pair and for some constant p € (0,1] and for every,b € X
; there existsu = u(a,b,t) € {d(ga, gb,t),d(fa, ga, t),d(fb, gb, t)} such that d(fa, fb,t) < puthenf,g
have unique coincidence point.

Corollary 3.5. Suppose that (f, g) is AJ’s pair and for some constant u € (0,1] and for every a,b €
X ; there exists u= u(a,b,t) € {d(fa, ga,t),d(fb,gb,t)} such that d(fa,fb,t) < u then f,g have
unique coincidence point

Theorem 3.3. Suppose that (f,g) is AJ’s pair and there exists non-negative constants ai satisfying
¥ ,a; < 1such that for eacha,b € X;

d(fa, fb,t) < a;d(ga, gb,t) + a,d(ga, fa,t) + a;d(gb,fb,t) + a,d(ga, fb,t) + asd(gb,fa,t). Then
f, g have a unique coincidence point in X .

Proof: Choose a;,a; € X such that ga; = fa, = by.Then a_(n+ 1) € X for a, € X such that
gany1 = fan = bn'

Now we assert that, d(b,, b,;1,t) < pd(b,, by, t);n € (0,1],n < 1.
Consider,

d(bn! bn+1tt) = d(fan' fa-n+1't) < ald(gan' gan+1't) + aZd(ganJ fan: t)
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+asd(gany, fany 1, t) + agd(gay, fan 1, ) + asd(ganyy, fay, )
= a;d(by_1, by, t) + ayd(by_y, by, t) + a3d(by, byyy, t)
+a4d(by—1, bys1, 1) + asd(by, by, t)
= (a; + a)d(by—1, by, 1) +azd(by, bpyr, ) + a4d(by1,bpyp, ) . (3.6)
d(by41, by, t) = d(fay,, fa,, )
< a;d(gans1, gan, ) + a2d(gans, fag, 1) + a3d(gay, fa,, )
+a,d(ga, +1, fan, ) + asd(ga,, fa,. 1, 1)
= a;d(by,, by_1,t) +a,d(by,, by, t) +azd(b,_y, by, 1)
+a,4d(by, by, t) + asd(by—;, byyr, 1)
= (a; +a3)d(by, by, 1) +ayd(by, by, ) +asd(bypy, byyy, ) (3.7)
From Equations (3.6) and (3.7),
2d(b,, by, t) < (2a; +a, +a3)d(b,, by, t) + (a2, +a3)d(b,, byyy,t)
+ (a; + as)d(by, byyy,t)
< (2a; +a; +a3)d(by, by, ) + (2 +a3)d(by, by, t)
+ (a4 +a5)d(by_;, by, t) + d(by, by, )
= (2a; +a, +a; +a, +as)d(by,b,_1,t) + (a, +a; +ag +as)d(b,,byiy,)d(by,, byiy, D)

(2al +a2 +a3 +a4 +a5)]
= [ (2—a2 —a3 —a4 —a5) d(by, by-1,0)

< d(by,, by, 1)

= pd(by, by-y, 0

wherep = 1 € (0,1]

From theorem (3.1) {b,} is Cauchy.

Thus there exists q € g(X ) withp € X suchthatga, - qasn - andgp = q.

Now we assert that fp = q.

d(fp,q,t) < d(fp,fa,, t) + d(fa,,q,t)

< a,d(gp, gan, t) + a,d(gp, fp, t) + a;d(ga,, fa,, t) + a,d(gp, fa,, t) + asd(ga,, fp,t) + d(fa,, q, 1)

= a;d(q, ga,, t) + a,d(q, fp, t) + a3d(ga,, fa,, t) + a,d(q, fa,, t) + asd(ga,, fp, t)
+ d(fa,, q,t)(1 — a,)d(q, fp, t)

a;d(q, ga,, t) + azd(gay, fa,, t) + asd(ga,, fp,t) + (1 +a4)d(fa,, q, ) (1 — a,)d(q, fp, 1)

a,d(q, ga,, t) + a;d(ga,, q,t) + a;d(fa,,q,t) + asd(ga,, q,t) + asd(fp,q, t)
+ (1 + ay)d(fa,,q,)(1 —a, — as)d(fp,q,t)

(a; +a; +a5)d(ga, qt) + (1 +a; +ay)d(fa,,q,t)d(fp,q,t)

IA

IA

IA
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< (4 ta3 +as) (1 —a —as)d(ga, qt) + (1+a3 +a,) (1 -2 —as)d(fa,q0)

l1+a; +a5c(l1—a, —as)

Asn — oo,
a, +a; +as c(1—a, —as)
d(fp,qt) <
(pq) 1—32—35 2(31 +a3 +35)
d(fp,gt) < ¢
~fp=gq

Thus f, g have a point of coincidence q.

Uniqueness:

1—32 — as 2(1+a3 +a4) - ¢

If q, is another point of coincidence then there exists p, € X such that fp, = q, = gp,- Now

d(q.q,,t) = d(fp, p,, 1)

< ald(gp, gpl,t) + a,d(gp, fp,t) + a3d(gpl,fp],t) + a4d(gp, fpl,t) + a5d(gp],fp, t)
= ald(q,ql,t) + a,d(q,q,t) + a3d(q],q] ,t) + a4d(q,q],t) + a5d(q],fp, t)d(q, q],t)

< (a; +ay4 +a5)d(q,q],t)
I <a +a; +as

This is absurd.

“q = 4.

Hence f, g have a unique point of coincidence.

Example3.1. If X = R.E =Cy [0,1]andP = {9 € E|p > 0} the we defined : X xX x[0, 0] -
E by d(a,b,t) = tla—b|p where ¢ : [0,1] - R such that ¢(p) = eP . It can easily be verified that
(X ,d) is a parametric cone metric space. Consider the mappings f,g: X — X defined as fa =

(1+a)
0,a=0 0,a=0

Wherea > 1, € R

{ —+B,a#0, _ga:{a+(1+u)ﬁ,a¢0

a
1+a
b

a
_+ __ep
1+a B 1+a

b
d(fﬁ,fb,t) =d ( + B,i—qr7; ,t)

=t

a—b
l+a
d(ga, gb,t) = dla+ (1 + a)B,b+ (1 +a)B,t)
=tla+ (1+a)p-b— 1+ a)Ble®)

=1t |a—Db|eP

=t eP
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1

1+a

> 1+ =1

Thus d(fa,fb,) < Ad(ga, gb, t), where A =1i—a € (0,1]

Thus fand g coincide at the point 0.
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