Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 4s (2025)

Time-Dependent Analysis of a Single-Server Queueing System with
Disasters and Unreliable Repairs: A Probabilistic Approach to System
Resilience

B. Janani!, S. Jegan?
!Department of Mathematics, Rajalakshmi Institute of Technology, Chennai, Tamil Nadu, India.
Email: jananisrini2009@gmail.com
2Department of Mathematics, Sri Sai Ram Engineering College, Chennai, Tamil Nadu, India.
Email: jegancontacts@gmail.com

Article History: Abstract:

Received: 12-10-2024 A single server Markovian queueing paradigm is studied. The server is prone to disaster

Revised: 20-11-2024 when .dglivering service'or during idle periods. When the server encountergd proplems,
all waiting customers will be flushed away and the repair procedure began immediately.

Accepted: 01-12-2024 Avrrivals are allowed to join the queue during the repair time. The likelihood of restoring
the server is p(p<1) after an exponential repair time. All waiting users leave the system if
the server cannot be fixed. The time-dependent likelihood for a single server queue with
disaster and an unreliable repairer is explicitly estimated for the first time. To demonstrate
the significance of parameter values, performance measures and numerical figures were
also supplied.

Keywords: Disaster; Unreliable Repairer; Time dependent Probabilities; Idle Period;
Abandon

1.1 Introduction:

Queueing systems with server failures have extensively examined catastrophic events, a failure type
that results in the immediate clearance of the entire system. Catastrophes, such as a complete machine
breakdown, cause all queued tasks to be lost at once. For instance, a malfunction in an ATM or public
telephone forces all waiting users to abandon their positions, while in computer systems, malware can
initiate a wipe, erasing all stored data.

In early studies, Towsley and Tripathi (1991) explored a single-server model where all customers are
removed from the system during a catastrophic event. Later, Artalejo (2000) conducted a detailed
survey on queueing models involving such catastrophic scenarios.

Following this, Yang, Kim, and Chae (2002) examined M/G/1 queueing systems affected by disasters,
describing system size and wait time distributions. Di Crescenzo et al. (2003, 2012) modeled queueing
systems experiencing catastrophes using a Wiener process with random jumps. Baumann and
Sandmann (2012) provided steady-state analysis for M/M/c queues in a random environment with
catastrophes and rates dependent on system state, applying matrix-analytic techniques. Kalidass et al.
(2012) analyzed an M/M/1/N queue with catastrophic events, deriving time-dependent and steady-
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state probabilities, along with performance measures. Ammar (2014) studied transient behavior in a
two-processor heterogeneous system with catastrophes, calculating time-dependent probabilities and
statistical measures such as mean and variance. Giorno, Nobile, and Spina (2014) examined queueing
systems with time-varying catastrophic events modeled by a non-homogeneous Poisson process,
determining transition probabilities and the time density function for reaching the zero state. Jiang,
Liu, and Li (2015) investigated M/G/1 queues in a multi-phase random environment with catastrophes,
detailing queue length and wait time distributions. Mytalas and Zazanis (2015) explored a batch arrival
queue with catastrophic events under a multi-vacation policy, providing queue length and wait time
distributions and calculating the fraction of customers who complete service.

Recent research has greatly enriched our understanding of queueing systems with disaster events. For
example, Jain, Singh, and Meena (2022) derived time-dependent probabilities for an M/M/1 queue
under disaster failure, with provisions for multiple working vacations. Janani (2022) performed a
transient-state analysis on a model with differentiated breakdowns, obtaining both transient-state
probabilities and steady-state probabilities through the Laplace transform’s final value theorem.
Seenivasan, Chakravarthy, and Abinaya (2022) analyzed a Markovian queueing model that includes
server breakdowns, single working vacations, and catastrophes, deriving steady-state probabilities with
the matrix geometric method.

In another study, Sudhesh, Shapique, and Dharmaraja (2022) investigated an M/M/1 dual-stage
vacation queueing system, where the server alternates between two types of vacation stages (stage-I
and stage-Il). Disasters can occur at any point, with immediate repairs considered afterward. They
provided explicit formulas for both transient and steady-state probabilities. Karthick, Suvitha, and
Sudhesh (2024) examined a two-server heterogeneous queue model incorporating differentiated
vacation periods and potential disaster events during busy or vacation periods, immediately followed
by repair. Their work includes explicit analytical expressions for time-dependent probabilities.
Jeyakumar and Logapriya (2024) focused on production control in manufacturing environments with
compulsory server vacations, modeling disasters and repair processes to derive probability-generating
functions for queue size and related performance metrics using the supplementary variable technique.

Despite these advancements, there remains a lack of research on explicit time-dependent probabilities
for single-server queues facing disasters and unreliable repairs. Understanding these transient
probabilities is essential for capturing the dynamic behavior of such systems, supporting real-time
decision-making, evaluating risks, assessing system recovery processes, enhancing performance,
validating model accuracy, managing customer satisfaction, meeting SLAs, and studying emergent
system behavior. While most studies have focused on steady-state conditions, gaining insights into
transient dynamics is crucial for a full appreciation of system behavior under varying conditions.

1.2 Importance of the considered model:

o Novel Contribution: The paper presents the first explicit estimation of time-dependent
probabilities for a single server queue with disasters and an unreliable repairer. This addresses a
significant gap in the literature, as previous studies have primarily focused on steady-state analyses.
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o Relevance: The study is highly relevant to various real-world systems where server reliability
is a critical concern. For instance, public telephones, ATMs, and computer systems are all susceptible
to catastrophic failures that can disrupt service.

o Enhanced Understanding: By examining time-dependent probabilities, the research provides
a deeper understanding of the dynamic behavior of queueing systems. This is essential for making real-
time decisions, optimizing system performance, and ensuring effective recovery strategies.

o Model Validation: The explicit estimation of transient probabilities allows for better validation
of queueing models, ensuring that they accurately reflect the behavior of real-world systems under
different conditions.

o Risk Assessment: The insights gained from this study can be used to assess the risks associated
with server failures and to develop strategies to mitigate these risks, thereby enhancing system
resilience and reliability.

o Performance Measures: The paper provides numerical figures and performance measures that
highlight the significance of different parameter values. This aids in the practical application of the
model to various scenarios, allowing for tailored solutions to specific problems.

o 1.3 Application:

This research paper has broad applicability, especially in service-oriented areas like banking, IT, and
telecommunications, where the ability of systems to withstand disruptions effectively is critical to
preserving client happiness. The results offer a disaster recovery planning framework that makes it
possible to analyze and improve recovery plans in the event of server failures. The study's time-
dependent probability are essential for making decisions in real time and enabling prompt action to
lessen the effects of failures. These insights can be used by engineers and system designers to optimize
queueing system designs for robustness and efficiency. Furthermore, by providing a better knowledge
of the transitory behavior of queueing systems, the research helps manage customer expectations and
enhance service level offered risk assessment capabilities, organizations can improve their risk
management methods. Furthermore, by examining transient dynamics, the work makes it easier to
analyze emergent behaviors in queueing systems and advances our understanding of how the system
functions in a variety of scenarios.

Table 1. Importance of the queueing model under study

Factor Without This Study | With This Study Importance
System Failure | Failure likelihood is | Time-dependent Accurate failure prediction
Prediction based on  rough | probabilities give | enables  proactive  risk
estimations or past | precise predictions for | mitigation, preventing
events. failures based on server | critical service outages and
load and repair | minimizing financial losses
mechanisms. for cloud providers.
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Recovery Recovery time is| Optimal recovery | Quicker recovery minimizes
Speed unpredictable and | strategies can be | downtime, improving user
often delayed. evaluated, reducing | experience and  reducing
recovery times. penalties from unmet SLAs.
Infrastructure Investment decisions | Providers can invest Dat_a—glriven deci_sions Ieac_i to
Investment are based on general based on time-sensitive optlm_lzed capacity planning,
trends or steady-state performance data and reducing _unnecc_assary CO-StS
assumptions. disaster probabilities. and_ ensurlng_rellable service
during peak times.
Service Unpredictable service | Continuity plans can be | Cloud providers can ensure
Continuity disruptions can lead to | tailored to mitigate the | near-continuous service,
customer effects of predicted | Maintaining customer trust
dissatisfaction. downtimes. and meeting SLAS
consistently.
Operational No clear | The impact of arrival | This clarity allows providers
Efficiency understanding of how | rates, service rates, and | to fine-tune their operations
various  parameters | repair  success on | for maximum efficiency,
affect downtime. downtime is clearly | balancing cost and
quantified. performance.
Customer Prolonged downtimes | Reduced downtime Enhancing recovery speed
Satisfaction negatively impact | ensures a smoother and predicting failures help
customer trust and | customer experience. maintain high customer
engagement. satisfaction, crucial for long-
term retention in competitive
markets.

2.0verview of the Model:

The queueing model of a single server is considered. Arrivals join the queue at a Poisson distributed
rate A, and service occurs at an exponentially distributed rate p. The server is subjected to disaster. The
disaster can occur at any time either while providing service or even the server is idle. The disaster
occurs at the rate n which is exponentially distributed. Once the server met with disaster it will send
to repair immediately. The repairer will start the repair process immediately. During repair process
arrivals are allowed to join the queue with parameter A which is Poissonally distributed. Here the
repairer is unreliable. The repair will set back the server with parameter py or sometimes the repairer
unable to set back the server then all waiting customers in the queue will be move away and system
become empty.

Let's use the notation X (t) for the number of customers in the service line and J(t) for the system's
current state. Any value between 0 and 1 may be used for the status. If it is taken to be zero, the system
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is thought to be in need of repair. If assumption 1 is true, the system is said to be in a functional state.
Consequently, the process {X (t),/(t)} is a continuous time Markov chain with the transition diagram
shown below.

Figure 1. Transition of the Queueing Model Under Study

Following is the model's system of governing equations.

P(;,](t) = yp Ppy(t)- (A + )Py, (t) + uP;;(t), 2.1)
P/ = yp Popg(®) = (A+ p + )Py () + AP py 1 (8) + 1P i1y (D),
n=123, .. 2.2)
Pyo®) == +yp)Po(t) + 1T Pui(t) +vq X, Poy(t), (2.3)
and
Py = —(A+yp +vqQPny(t) + APpo(t) , n=123,.. . 2.4)

with the initial condition P, ;(0) = 1.
3 Transient Analysis:

Apply Laplace transform on equation (2.1) we get,

S g P 5
PO’I(S)_s+/1+;7+s+/1+77P1’1(S)+s+A+;7P0'0(S)' 3.1
Taking inverse Laplace transform for equation (3.1) we get,
Py (t) = ™0t 4 ye= Nt « Py 1 (8) + ype~ DL« Py (1) . (3.2)
Apply Laplace transform on both sides of equation (2.3) we get,
5+ A+ VDIPu(s) = 1) Pas(8) 470 ) Pog(s) (33)
n=0 n=1/
Apply Laplace transform on both sides of equation (2.4) we get,
n
pn,O(S) = (m) pO,O(S)' n= ],2,3, (34)
Taking inverse Laplace transform for the equation (3.4) we get,
Antn—l
IOE oD e~ MMtup (1), n=123. . (3.5)
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Apply Laplace transform on both sides of equation (2.2) we get,
(s+ 2+ p +mP, () = ypPry(s) + APy 1 (8) + UP i1y, (S, (3.6)

Taking summation n varies from 1 to c on both sides of the equation (3.6) we get,
(4 Ak s +1) D Pay(s) = 7P ) Pug)+ 1) Paupyi(8) + 1) Prasr (5),
n=/ n=/ n=/ n=]J
which can be simplified as,
(1) D Pas(s) = 1P ) Pug(s) + 2y (5) = Py (5). (3.7)
n=1 n=I
Substituting the equation (3.1) in the equation (3.7) we get,

- ~ yp iA A u ~
EP =Y p - p

. 1 (5) s+;7n 4 ”’O(S)+(s+;7)(s+l+17) s+A+y 11(5)
n= =

N Ayp
s+ns+Ar+n)

Pyy(s). 3.9

Let us define,

Q(zt) = Z Py 2™
n=]J

Then,
00 <
ot

n=1/

P, (D) z™ (3.9)

Substituting the equation (2.2) in the equation (3.9) we get,

00(z,t)
ot

- (—(/1+u+;7) + Az + g)Q(z,t)
= ¥p ) Pag(©)2" = 1Py (0 + 22y, (0. (3.10)
n=I

Integrating the equation (3.10) we get,

t 0
A =yp f (Z F ”,O(Y)Z”) e~ (rurn)(t-y) o(Az+ 5)(E=9) g,
0 ~
t U
— ,uf P],I (y) e_(l+li+i7)(t—y)e(/12+ E)(t_y)dy
0

t
Y f Py (y) z e~ Gtutn (=)o (24 L) e g (3.11)
0
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We know that if o = 2,/Ax and B = \/%then,

e(Az+h)e _ z Bz (ab),

n=-—ow
where I, (at) is a modified Bessel’s function of the first kind.

Therefore equation (3.11) gives,

> Pz = (Z Py zm) e~ ( > Brhala(t - y)]zn) dy
n=I 0 \m=1

n=-—o

—u fO P (y)eruam(t=y) ( Z B, [a(t — y)]Z") dy

n=-—oo
0

+ k.f() Py, ) e~ Atutn (t-y) ( Z P, [a(t — y)]z"'”) dy. (3.12)

Nn=-—oo

Comparing the coefficients of z™ of equation (3.12) on both sides we get,
t o]
P, (8) = fo z Ping) B "y la(t — y)]e~AHHtn =D gy
0 m=1

t
— it [ PGBt - le-Crne-ay
0
t
+ [ o) BTl fate - yYle Gt ay  (a3)
0
Comparing the coefficient of z~™ of equation (3.12) on both sides we get,

t 0
0= fo Z Pm,O(y) .B_n_mln+m [a(t - Y)]e_(/l-l-‘u-l-ﬂ)(t_y)dy
0 m=1

t
— [ PGB Lilat - ye-Gnenay
0
t
+ kf Po (DB Ly yla(t — y)]e~Aa+nt=igy  (3.14)
0
Multiply by B°™ on both sides of equation (3.14) we get,

t o0
0= 10 [ Y Pus) B halatt — y)le@ueneay
0 m=]/

t
- #f P (B L [a(t — y)]e~Atutnt=y) gy
0

t

+ A f Py () B Ly [a(t — y)]e~AFrtnE=0 gy, (3.1%)
0
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Subtracting equation (3.15) from equation (3.13) we get,
t e 0]
P, () = yp j Z P ) B ™Iy [a(t = )] = Lyym[a(t — y)]}e~AHetnE=2)gy
0 m=]

+ Xj Py ) B I, la(t — y)] — Iy la(t — y)JeAHutnt=y)gy,
0

(3.16)
Using the equation (3.5) in the equation (3.16) we get,
t @ /'lmtm—l
_ A4t
P, (6) ijo (,Z,(W— Ik
~(A+p+n)(t-y)
. (Po.o<t>>)ﬂ“ " Upomlalt = D] = hymlat-e oy

}"f PO,] (y)’gn—l {(In—[[a(t - Y)]) - In+1[a(t — _’y)]} e_(’1+#+’7)(t—3/)dy_
0

(3.17)
Putn = 1 in the equation (3.16) we get,

P, (0 = fo Z P @) B la(t — )] — Lo la(t — y)[Je~ AHunE= gy

+kf Py, () {Upla(t — Y] — Lla(t — )]} e~ =ngy,
(3.18)

Using I_,(t) = I,,(t) in the equation (3.18) we get,

P, (t) = fo Z Pro@) B i [a(t = Y)] = Iy [a(t — y)Je~HHH+DEN gy

_|_Xf Py ) {pla(t =)D — Lla(t — ]} e Aruint=2gy,
(3.19)

which on further simplification gives,

AN 2mi,, [t —
P ,(t) = ij; Z; Pm,o()’) ,31_7"{ ma([tafty) y)]}e—(“wn)(t—y)dy

+2 fO Py, (y) {%t__y;})]} e~ ArHI(t=Y) gy, (3.20)

Applying Laplace transform on both sides of the equation (3.20) we get,
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_ U i
Pis) = 20 ) Prg(s) B | @™ m
m=1 (p+Vr7 =)
" 1
+27\,P0’](S)ﬁm , (32])
where p=s+ A1+ u+n.
Using the equation (3.4) in the equation (3.21) we get,
N A™ 1 a\™ B\ .
PLi)=2vp ) : #(3) ()P
m=1(5+ﬂ+)/) (p+ /pz_az) B a
" 1
+ 27\,P0’[(S) m, (3.22)
which on further simplification gives,
o0 m
- Yp I ) (A)m p—+p’—a?\ .
= — _— J— S e — P
P(s) =" Z (G797 (3 a 10()
m=
2h[(p—+p?P—a?\ .
+7<—a PO,I(S)' (323)
Taking inverse Laplace transform of the equation (3.23) we get,
, () ~ E i (i)m e~ (A+y)tpm—1 . mlm(at)e—(l+,u+17)t . p (t) N BI,(at)e‘(’“/””)t
1) = (m—1)! t " t

Using the equation (3.23) in the equation (3.1) we get,

© m o a2\
p‘)"(S):s+/]1+;7 s+/1+nmzl<(s+/1+y)m> (%) <¥> Poo(s)

U 2k<p— p’—a

Yp
s+A+y

p . (3.25
st+A+ya a ho(s) . (3.25)

)po,l(s) +

The above equation can be rewritten as,

n Yp
Ss+A+n s+A+y

' ﬁnzl <%> ((s + /1]+ )/)m> <P - ZZ - “2> Po(s)

pO,I(S) = 130,0(5)

Vi [(p—+p?—a?)
. 2
s+/1+;7< po Py, (s) (3.26)
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The equation (3.26) can be simplified as,

~ = . 1 yp ~

— j
Py, (s) EO(F(S)) {s+/1+;7+s+l+77 Pyy(s)
]:

© m

2 ) ) (FEEE) he] e

m=]

where

F(s) = \/E (P— Pz—az).

s+A+y a

Taking inverse Laplace transform of equation (3.27) we get,

o]

P =) (F(©))”

j=0

o]

NMe-AtNtym=1 o1 (a)e~Atutnt
x| e=(AFDE  ype-(A+nt Z (_) * ulG * Py (1)

— \f (m— D) t
+ype~ At P, (1) |, (3.28)
where
—(A+pu+n)t
F(t) = £ e-@rnt Li{at)e
2 t
To find Py (t):
By using the Normalization condition we get,
Pag® + ) Pug(®) + Py 0+ ) Py(®) =1 . (3.29
n=1 n=I
Taking Laplace transform for the equation (3.29) we get,
_ U _ U i
Pyy(s) + z Pny(s) + Py,(s) + Z P, (s) = S (3.30)
n=1 n=1/

Using the equations (3.4),(3.8) & (3.27) in (3.30) we get,
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~ 1
Po,o<s)+m2(ﬂs)) L PM(s)Z(F(s))

j=0

oo oMt p—Jrr—a?\ . < j
+m2<ﬁ) (S+A+)/)m< a ) PO'O(S);(F(S))

o0

- . YD ( A )"A A
P
+Z(s+/1+ ) P”'O(S)+s+;7n_] s+A+y 0'0(5)+(s+;7)(s+/1+;7)

n=]J
Ayp

U
s+A+7 (s+m+i+n)

p],](s) +

= ! 331
= < (3:31)

po,o(S)

Using the equation (3.23) in the equation (3.31) we get,

n ] i . N i .
Poy(s) + mZ(F(s))] oy Pn® ) (F )
. Z,

o]

s+/1+nz<> (s+/1+)/)"‘ <p_ I;Z—az) ﬁo'o(s);(F(S))j

m=]

o yp 00( /_{ )n,\ A
P
+Z(s+/1+ ) O'O(S)+s+nzl s+A+y 0‘0(s)+(s+;7)(s+l+;7)
n=

n=IJ
N Ayp
(s+ns+Ar+n)

B > ) () () e

U  2x(p—+p’—a’\ . 1
TV ETY <—a Poi(s) = . (3.32)

130,0(5)

Using the equation (3.27) & substituting 2%“ = % in the equation (3.32) we get,
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~ 1
Po,o<s)+mZ(F(s)) t PM(s)Z(F(s))
&

Yp - (A 1 p—+Jp’—a ~ - i
* m Z (E) (s+1+py)m ( a ) PO'O(S)]Z:;)(F(S))

[e¢]

n

N - 144 ( A >A A
P
+z(s+/1+ ) P0'0(5)+s+;7n_1 s+A+y O'O(S)+(s+;7)(s+/1+n)

n=/

Ayp p Yp N 1 N (p-P—a?\ .
+(S+77)(s+/1+;7) PO'O(S)_5+,1+;7;j((s+g+y)m) (E) (f) Pyy(s)
a 1 p— pz—az > j
_3(s+l+17)2< a )JZ:(;(F(S))

— [2 _ 2 i .
() ey e
j=0

St 2 ) () () Yy

1

= S (3.33)
The equation (3.33) can be written as,
Poo($)R(s) = G(s), (3.34
where,
R(s)
v N p-r’ -\ < j
:1+mZ(F(S)) * +A+n2( ) (s+/1+y)m< a ) ;(F(s))

" A A
(i) 2 () e
—\s+A+y st+nial\s+A+y +ms+i+n)
n= . n= .
144 1 (/1>m p—+p’—a’
s+A+y 1(s+/1+)/)m B a
m=
ayp 1 p—p?—a i j
— F
2 (s+/1+;7)2< . )H( ()

o m _ — m+l o
- i ) () () e e

and
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0

1 1 j A
G(S)_E_s+/1+n;(F(s)) REDIEED)
a p—Vp’ -\ j
+§(s+/1+77)2< a );(F(S)) | .

Taking inverse Laplace transform for the equation (3.34) we get,

Py = (R() ™ % G(®), (3.37)

where,

o0

A)m e—(l+y)ttm—]

R(E) = 6() + ype-G+nt Z(F(t))*j + ype =t « z ([—3
m=1/

—1)!
= (m—1)
ml, (at)e~A+u+mt « . i Ane—(A+p)tgn—1
x — . « > (F©) + Z =D + ype "
j:O n=1I '
i /lne—()lﬂ/)ttn—l i 1 m e—(A+)/)ttm—I
. 4 dypett « =@t _ 3 p o=t z (_) e "t
; (n—1)! P vp L\B) -1

M (at)e~A+utmt LD e, I (at)e~G+r+nt

t 2 t
m e—(l+y)ttm—1

i} Z(F(t))*j _ :ﬁe—uw)tt * i, (%) eI

—(A+u+n) - i
(n+ 1)1m+1(tat)e ot Z(F(t))*]' (3.38)
=0

and

G(t) =1—e Gt

o0

*j 14 I (at e_(/l'l',u‘l"?)t
* Z(F(t)) 7 de Mt « e—(/1+;7)t + Et.e_(’“'”)t % I( )

t

Jj=0
D (F@)7 (3.39)
j=0

Hence Py ,(t) is found explicitly.
4 Performance Measures
To find Mean:

Now
Mean = E(N(t)) = m(t)

60
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[ee]

m(e) = Y 1 (Pug(®) + Py (6))
n=1/

o0

mi(t) = Z n (Phy(0 + Py (0) @1
n=IJ

Using the equations (2.2) and (2.4) in (4.1) we get,

m(@t) =—-(A+yp+yq) Z nP, () + AZ nPm-p,o(t) +vp z nPy, o (t)
n=1J n=J/ n=J

(At Z Py, (6) + AZ NPy (O + ”z NP sy 1 (0,
n=I n=I n=J

m©) = (= 09O + A=) =1 ) n+kf O + Py, (42)
n=1I

where

0 =) Py (),
n=0

and
20 = D (0.
n=0
Let us find f(t):
Consider

10 =) Pa(®,
n=0

£ = oy + ) Pay(®), (43)
n=1
Taking Laplace transform for the equation (4.3) we get,
o] A n
f (s) = Pyy(s) + z (m) Pyy(s),
n=1/

which on further simplification yields,

A . " A

f () = Pyy(s) + Pyy(s) (m) : (44

Taking inverse Laplace transform for the equation (4.4) we get,

F@) = Pyy() + A(Pyp(t) x e77),
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which can be rewritten as,

£ = P+ [ Poye e du
0

Let us find g(t):

Consider,

o0

20 = D nPy(® .

n=1/

Taking Laplace transform for equation (4.6) we get,

[e¢]

3 ()= ) nPyy(s).

n=1/

Substituting the equation (3.4) in equation (4.7) gives,

M8

which on simplification gives,

R _ ] _
g(s) = APy,(s) Sty + APy (s)

(s+v)?

Taking inverse Laplace transform for the equation (4.9) we get,

g(t) = APyy() x eVt + N2 (Pyy(t) x e 7t t),

which can be rewritten as,

<s+/1+ ) Pos(s)

(4.5)

(4.6)

(4.7)

(4.9

(4.9)

t t
g(®) =1 f Pyp(u) €Yty + 22 f Pyp(w) eVE0(—w)du.  (4.10)
0 0

Integrating equation (4.2) we get,

m(®) = (- yq)fg(x)dxm u)t—ntzn+uff(x) dx

t
+ uf Py (x) dx.
0

Now

wW() = B0 = ) 0 (Py(®) + Py (),

n=1/
o]

W(O) = D WPy (0+ ) 07 Py (0),
n=I

n=I/
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0

w'(t) = Z 2P, () + z n? P, ,(t). (4.12)
n=1/

n=|J

Substituting the equation (2.2) & the equation (2.4) in the equation (4.12) we get,

WO = A+ + 0 = YO + 20m@ =7 ) 72 =20 ) 0+ uf(©)
n=1 n=1/

- MPO,] (t)' (413)
where
h(t) = Z 2P, ().
n=]/
To find h(t)
Consider,
h(t) = Z n?Ppo(t) . (4.14)
n=IJ

Taking Laplace transform of the equation (4.14) we get,

A(s) = Z 2B, ,(s). (4.19)
n=I
Substituting the equation (3.4) in the equation (4.15) we get,
h(s) =Y7_,n (s+,1+y) Pyy(s), (4.16)
which on simplification yields,
SN B 21 4’ 223 ~
B(s) = Poo(s) (o + s+ ) = 3 (). (4.17)

Taking inverse Laplace transform for the equation (4.17) we get,
h(t) = Po(t) * (22e7t + 447 e Vit + A7 e7Vtt?) — g(b), (4.18)

which can be rewritten as,

t
h(t) = f Poo()[22e YW 4 422 e VW (£ — ) + A7 e VW (£ — u)?]du
0

—g(v), (4.19)
where
g = 2, Pyp(w) e VO dutd’ [ Pyp(u) eV (- u)du. (4.20)

Hence, we get from equation (4.19),
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t t
h(e) = 2 f Pyo(u) e 7V du+34° f P, (1) e~ (t — u)du
0 0

t
Pt j Pyy(w) e~E0 (¢t = u)2du
0

Integrating equation (4.13) we get,

W(t)=(/1+,u)t+(17—yq)f h(x)dx+2,1f m(x)dx—;yth
0 0

n=1

- 2ut§:n+ U f()tf(x)dx - ufotPo,,(x)dx.

n=1/

To find Var(X(t)):
var(X(®) = w(®) — (m®)’
By substituting equations (4.11) & (4.22) in equation (4.23) we get Var(X(t)).

5 Numerical llustrations

(421)

2

(4.22)

(4.23)

Let's discuss the numerical explanations for the figures in the context of their applications in service
industries such as telecommunications, banking, and IT services. Each figure highlights specific
probabilities associated with the queueing system's behavior under various conditions. The
explanations will focus on how these probabilities can be interpreted for practical applications in real-

time decision-making and system optimization.

1205, 4=05, 1202,
I p=05,4=05,05 4 o Pooll) Py

Pl 1207, 1205, 1202,
p=05,=05,1=05

Figure 2. Variation of Probabilities Py o(t)
with respect to A=0.5

Figure 3. Variation of Probabilities Pno(t) with

respect to A=0.7

T T T T T T T T T

2=0.9, 4=0.5,1=0.2, b
Poo P, 20 p=05,¢=0.5,7=0.5

Figure 4. Variation of Probabilities P o(t) with respect to A=0.9

The three figures ie., figure 2,3 and 4 illustrate the variation of probabilities P, ,(t) over time for
different arrival rates A (0.5, 0.7, and 0.9), where n denotes the number of customers and "0" represents
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the disaster state. As the arrival rate increases, the system experiences a greater likelihood of entering
a disaster state, which reflects how increasing demand stresses the system and affects its ability to
recover. In Figure 2 1 = (.5, the system exhibits moderate demand, and the probability of being in the
disaster state with zero customers P, ,(t) initially rises but eventually stabilizes. This indicates that
the system, under lower arrival rates, can recover relatively quickly, leading to fewer customers being
affected by disasters. However, as more customers join the system, probabilities like P;,(t) and
P, ,(t) begin to rise, showing that the likelihood of more customers experiencing the disaster state
grows over time. The successful repair of the system, with a probability p = 0.5, plays a crucial role
in mitigating the impact of these disasters, helping to prevent the system from remaining in a failed
state for extended periods.

In Figure 3(4 = 0.7) ,the increased arrival rate accelerates the transition into disaster states, and
probabilities such as P; ,(t) and P,,(t) rise more rapidly compared to Figure 1. This indicates that
under higher demand, the system becomes more prone to breakdowns that affect multiple customers.
Although the repair probability p = 0.5 remains constant, the system's ability to recover is more
strained as the arrival rate increases, leading to a higher probability of multiple customers being caught
in a disaster state. In real-world systems, such as public ATMs or telecommunication networks, this
corresponds to peak usage periods when system failures become more likely due to higher user
demand.

Figure 4 (A = 0.7) further highlights the system's vulnerability under high demand, where the
probabilities of being in a disaster state with more customers (e.g., P, ,(t)) rise even more rapidly. As
the arrival rate approaches saturation, the system's ability to handle customer load is overwhelmed,
leading to frequent and prolonged periods in the disaster state. Even with a 50% chance of successful
repair, the system struggles to return to an operational state quickly enough to mitigate the growing
demand. The probability of P,,(t) for multiple customers being affected continues to increase,
showing that without a higher repair probability or more robust repair mechanisms, the system remains
vulnerable to extended downtimes. This highlights the critical role of repair efficiency in managing
disaster states. In high-demand scenarios, improving the repair probability p would significantly
enhance system resilience, reduce downtime, and minimize the number of customers affected by
failures.

Overall, the comparison of these three figures underscores the increasing likelihood of disaster states
as the arrival rate dincreases, as well as the critical impact of successful repairs in mitigating these
failures. At lower arrival rates, the system can manage occasional breakdowns, but as demand
intensifies, the effectiveness of the repair process becomes vital for preventing extended system
downtimes and reducing the number of customers affected by disasters.
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Figure 5 Variation of Probabilities Pn,1(t) with
respect to A=0.5
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Figure 6 Variation of Probabilities Pn 1(t) with
respect to A=0.7

T T T T

1209, 105,702,
p=05,0205, 1205

Figure 7 Variation of Probabilities Pn1(t) with respect to A=0.9

Comparing the three figures 5, 6 & 7, it is clear that the arrival rate A has a significant impact on the
system's ability to remain operational. At lower arrival rates (A=0.5), the system can manage customer
demand effectively, with a 50% repair probability allowing it to recover quickly from disasters. As the
arrival rate increases (A=0.7), the system begins to experience more stress, but it remains capable of
maintaining operations for a majority of the time, with the repair probability ensuring recovery.
However, at the highest arrival rate (A=0.9), the system struggles to stay operational, and despite the
repair probability p = 0.5, the likelihood of remaining in an operational state decreases significantly.

The impact of successful repair is critical across all scenarios. With a 50% repair probability, the
system is able to recover from disasters, but as the arrival rate increases, the system spends more time
under stress. This comparison highlights the importance of optimizing the repair process to maintain
system performance, particularly in high-demand scenarios where customer load is overwhelming.
Increasing the repair probability could significantly improve system resilience, allowing it to better
manage higher arrival rates and reduce the likelihood of prolonged downtimes.

1=05,4=05,1=0.2,

Pool®) P P20l p=05,g=0.5, 105

120542070202,
p=050=05,=05

Figure 8 Variation of Probabilities Pno(t) with

Figure 9 Variation of Probabilities Pno(t) with
respect to u=0.5 g no(t)

respect to u=0.7
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1205091202,
p=050=05,=05

Figure 10 Variation of Probabilities Pno(t) with respect to u=0.9

The comparison of these three figures 8,9 & 10 demonstrates the critical role of the service rate p in
determining the system’s resilience to disasters and its overall performance. As the service rate
increases from 0.5 to 0.9, the system becomes increasingly capable of handling customer demand while
reducing the probability of entering and remaining in disaster states. The repair probability p = 0.5
remains a key factor in the recovery process, but the higher service rates allow the system to rely less
on repair interventions and more on its ability to quickly serve customers and transition out of disaster
states.

At p=0.5, the system experiences slower recoveries and higher disaster probabilities, particularly as
the number of customers increases. However, with a service rate of u=0.7, the system shows marked
improvements in both recovery speed and overall resilience. Finally, at u=0.9, the system demonstrates
strong stability, with rapid recoveries and minimal time spent in disaster states, even when handling a
larger number of customers.

The comparison clearly shows that increasing the service rate significantly enhances the system’s
ability to cope with disasters and maintain operational performance. While the repair success
probability remains vital, a higher service rate reduces the system’s dependence on repairs and ensures
faster recoveries, improving overall system reliability and reducing the impact of disasters on customer
service.

120542050202, E sl
p=05,005,05 ] 1205,1=0.7, 1=0.2,
o p=05,G=05, 1505

i 06t
E—\“;
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] o 510 P00 P
4 0
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Figure 11 Variation of Probabilities Py 1(t)
with respect to u=0.5

Figure 12 Variation of Probabilities Py 1(t)
with respect to u=0.7
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Figure 13 Variation of Probabilities P 1(t) with respect to u=0.9

Across the three figures 11, 12 &13, it is evident that increasing the service rate p significantly
improves the system’s performance and resilience. At the moderate service rate of u = (.5, the system
is more prone to disasters and requires the repair process to restore operations frequently. However, as
the service rate increases to u = 0.7and u = 0.9, the system becomes much more efficient at handling
customer demand, recovering from disasters, and minimizing the time spent in failure states. The repair
success probability p = 0.5 remains a key factor in ensuring recovery across all scenarios, but as the
service rate improves, the system becomes less dependent on repairs and better equipped to stay
operational without frequent breakdowns.

The overall comparison strongly emphasizes the importance of optimizing the service rate to improve
system performance. While the repair mechanism is vital for recovery, a higher service rate enables
the system to handle more customers with fewer interruptions, thereby reducing the need for repairs
and enhancing system reliability. In real-world applications such as ATMs or telecommunication
systems, increasing the service rate can significantly reduce downtime, maintain customer satisfaction,
and ensure continuous service, even in high-demand scenarios.
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Figure 14 Variation of Probabilities Py o(t) Figure 15 Variation of Probabilities P o(t)
with respect to p=0.5 with respect to p=0.7

12052050202,
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Figure 16 Variation of Probabilities Pno(t) with respect to p=0.9
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Comparing the three figures 13,15 & 16, the impact of the repair success probability p is clearly
evident. At p = 0.5, the system experiences longer periods in disaster states and struggles to recover
efficiently. However, as the repair probability increases to p = 0.7 and p = 0.9, the system’s resilience
improves drastically, allowing it to recover from disasters much faster and reducing the likelihood of
extended downtimes. The higher the repair probability, the more robust the system becomes in
handling failures, ensuring that it remains operational even when more customers are affected.

This comparison highlights the critical role that successful repair mechanisms play in maintaining
system performance. While factors like arrival and service rates are important, the ability of the system
to recover from disaster states is primarily driven by the repair success probability. In practical terms,
improving the efficiency of repairs—whether through better maintenance processes, more reliable
infrastructure, or faster recovery protocols—can significantly enhance the reliability and uptime of
systems such as ATMs, telecommunications networks, or other critical services. As shown in these
figures, optimizing repair probability is key to ensuring that systems can provide continuous service,
even in the face of unexpected failures.

T T T T T T T T T
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Figure 18 Variation of Probabilities Py 1(t)

Figure 17 Variation of Probabilities Py 1(t) with respect to p=0.7
with respect to p=0.5
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Figure 19 Variation of Probabilities Py 1(t) with respect to p=0.9

The comparison of the three figures 17,18 & 19 clearly demonstrates the critical influence of the repair
success probability p on system performance. At p=0.5, the system struggles to recover efficiently,
leading to frequent and prolonged downtimes, especially when multiple customers are present. As the
repair probability increases to p=0.7 and p=0.9, the system’s ability to recover improves significantly,
allowing it to maintain operational states for longer periods and reducing the likelihood of extended
failure periods.
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The higher the repair probability, the more resilient the system becomes. At p=0.9, the system is able
to recover from disasters almost immediately, reflecting the importance of optimizing repair
mechanisms to maintain continuous operation. This comparison underscores the fact that while the
arrival rate, service rate, and disaster rate affect system dynamics, the repair success probability is the
most decisive factor in determining the system’s long-term stability and performance. Ensuring a high
repair success rate can dramatically reduce downtime, improve customer satisfaction, and keep the
system operational even under stressful conditions.

In real-world applications, such as banking systems, telecommunications, or other critical
infrastructures, improving repair mechanisms ensures minimal disruptions and enhances overall
system reliability. The figures vividly demonstrate how optimizing this parameter can lead to a more
resilient and dependable service, ensuring that systems recover quickly and provide seamless
operations in the face of failures.

6 Conclusion

This study provides a comprehensive analysis of a single-server Markovian queueing model subject to
potential disasters during both active service and idle periods. The model addresses scenarios where
all waiting customers are removed upon a server breakdown, with the repair process beginning
immediately. The unique feature of allowing arrivals to join the queue during repair and the
probabilistic nature of the repair’s success with probability
p < 1 bring practical relevance to systems requiring resilience under uncertain repair conditions. The
time-dependent probabilities derived in this work present a novel approach to evaluating the transient
behavior of such a system, offering insights beyond traditional steady-state analyses. Through detailed
performance measures and numerical illustrations, this study highlights the impact of key parameters
on system resilience and efficiency, making the findings valuable for optimizing real-world queueing
systems prone to failures and needing effective recovery strategies.
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