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Abstract:  

This paper is committed to proving the local existence, and uniqueness 

theorem for fuzzy nabla-dynamic equations on time scales (FNDES-𝒯) under 

the Characterization theorem for fuzzy functions with the help of generalized 

∇-H (nabla Hukuhara) differentiability, which aims to convert FNDES-𝒯 into 

a system of nabla-dynamic equations on time scales (NDES-𝒯). If we take 𝒯 

as integers then the FNDES-𝒯 transform to the system of difference 

equations, or if we decide 𝒯 as Reals then the FNDES-𝒯 transform to the 

system of differential equations. Moreover, it is accompanied by appropriate 

examples that improve the suggested work. 

Keywords: Time scales; Fuzzy functions; Hukuhara difference; Generalized 
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1. Introduction 

The Theory of time scales was developed by German mathematician S. Hilger [14] in 1988, which 

combines the two equations simultaneously namely difference, and differential equations. The 

dynamic equations on 𝒯 play a fascinating role in many applications and applied sciences fields. In 

some real-world physical problems, cryptic situations may arise where impreciseness arises. To 

Specify these kinds of arguments, a vague set is an eminent technique for dealing with such dynamic 

models. The very first attempt to study the calculus of fuzzy in 𝒯 was made by Fard and Bidgoli [11]. 

Moreover, integration on 𝒯 was introduced in [13]. Further, Vasavi et al.[23], Leela et. al.[16, 17, 18, 

19, 20] studied the theory for fuzzy delta and nabla DETs. Deng et. al.[10], studied conformable 

fractional ∇-H derivatives on 𝒯. 

In 1983 Puri, Ralescu [22], investigated f-functions (fuzzy functions), and also generalized the concept 

of H-differentiability( Hukuhara differentiability) for set-valued mapping. The concept of Fuzzy 

dynamic equations (FDEs), using H-differentiability was established by Kaleva [15]. The admired 

approach to study the existence, uniqueness results is using the Seikkala differentiability or  

H-differentiability for fuzzy number-valued functions. The different strategies to investigate the 

solutions of FDEs are studied in [3, 4, 7]. In the paper [1], the author proposed solutions for FDEs 
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under the interpretation based on H-derivative and demonstrated this method with two examples. It 

shows that it is possible to transform FDEs into a system of Differential equations (DEs). In a paper 

[6], Bede proved a characterization theorem that states that under certain conditions a FIVP is the same 

as a system of DEs. Bede et.al[4], Pederson et.al.[21] stated that this characterization theorem can help 

to solve FIVPs numerically by transforming them to systems of DEs which can then be solved by any 

numerical method. So to obtain numerical solutions of FDEs under H-differentiability, it is not 

necessary to rephrase the entire literature on numerical solutions of DEs in the vague setting, but 

instead any numerical technique can be used directly. This paper discusses the solutions for FNDES-

𝒯. Firstly, we give a characterization theorem for f-functions on 𝒯. Based on this theorem we prove 

the local existence, uniqueness theorem for FNDES-𝒯. This theorem is useful to replace the FNDES-

𝒯 by NDES-𝒯 and study the solutions of FNDES-𝒯. 

In Section 2, we present a basic definition and theorem related to strongly generalized derivability for 

fuzzy number-valued functions (ℐ
ℜ
= 𝔼1). A characterization theorem for generalized nabla H-

derivable functions on 𝒯 was obtained and the sufficient conditions for local existence, and uniqueness 

of solutions for FNDES-𝒯 are studied in Section 3. Further, in Section 4, we study solutions for FNDEs 

on 𝒯 using the characterization theorem and also transform a FNDES-𝒯 to the system of differential 

equations or system of difference equations. In the end, numerical examples are given. 

2. Preliminaries 

This section deals with the strongly-generalized differentiable functions, definitions, notations and 

some other basic properties.  

Definition 2.1 [3] Let 𝒜: (𝑦, 𝑦1) → ℐ
ℜ

 and 𝑦0 ∈ (𝑦, 𝑦1). If there exists 𝒜′(𝑦0) ∈ ℐ
ℜ
∋   

• for ℎ > 0, the H-difference 𝒜(𝑦0 + ℎ)⊖𝒜(𝑦0), 𝒜(𝑦0) ⊖𝒜(𝑦0 − ℎ) and the limits exists  

 lim
ℎ→0

𝒜(𝑦0+ℎ)⊖𝒜(𝑦0)

ℎ
= lim

ℎ→0

𝒜(𝑦0)⊖𝒜(𝑦0−ℎ)

ℎ
= 𝒜′(𝑦0), 

Or 

• for ℎ > 0, the H-difference 𝒜(𝑦0) ⊖𝒜(𝑦0 + ℎ), 𝒜(𝑦0 − ℎ) ⊖𝒜(𝑦0) and the limits exists  

 lim
ℎ→0

𝒜(𝑦0)⊖𝒜(𝑦0+ℎ)

−ℎ
= lim

ℎ→0

𝒜(𝑦0−ℎ)⊖𝒜(𝑦0)

−ℎ
= 𝒜′(𝑦0), 

Or 

• for ℎ > 0, the H-difference 𝒜(𝑦0 + ℎ)⊖𝒜(𝑦0), 𝒜(𝑦0 − ℎ) ⊖𝒜(𝑦0) and the limits exists  

 lim
ℎ→0

𝒜(𝑦0+ℎ)⊖𝒜(𝑦0)

ℎ
= lim

ℎ→0

𝒜(𝑦0−ℎ)⊖𝒜(𝑦0)

−ℎ
= 𝒜′(𝑦0), 

Or 

 • for ℎ > 0, the H-difference 𝒜(𝑦0)⊖𝒜(𝑦0 + ℎ), 𝒜(𝑦0) ⊖𝒜(𝑦0 − ℎ) and the limits exists  

 lim
ℎ→0

𝒜(𝑦0)⊖𝒜(𝑦0+ℎ)

−ℎ
= lim

ℎ→0

𝒜(𝑦0)⊖𝒜(𝑦0−ℎ)

ℎ
= 𝒜′(𝑦0). 

 Then, 𝒜 is strongly-generalized derivable at 𝑦0.  

 Using the concept of fuzzy interval definition, we have [𝑎]𝛼 is the compact interval for any 𝛼 in [0,1]. 

Denote 𝛼 −level set of 𝑎 as [𝑎]𝛼 = [𝑎−
𝛼 , 𝑎+

𝛼], where 𝑎+: [0,1] → ℜ and 𝑎−: [0,1] → ℜ are crisp 

functions and 𝑎−(𝛼) = 𝑎−
𝛼 , 𝑎+(𝛼) = 𝑏+

𝛼 are the end-point functions of 𝑎.  
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Theorem 2.1 [12] A fuzzy set 𝐴 is determined completely as 𝐴 = [𝑎−, 𝑎+] of functions 

𝑎−, 𝑎+: [0,1] → ℜ, defining the end points of the 𝛼-level sets, satisfying the following   

• 𝑎−: 𝛼 → 𝑎−
𝛼 ∈ ℜ is R-continuous at 𝛼 = 0 and L-continuous, bounded nondecreasing function 

∀    𝛼 ∈ (0,1];  

• 𝑎+: 𝛼 → 𝑎+
𝛼 ∈ ℜ is R-continuous at 𝛼 = 0 and L-continuous, bounded nonincreasing function 

∀    𝛼 ∈ (0,1];  

• 𝑎−
1 ≤ 𝑎+

1  at 𝛼 = 1.  

 From all of the above, 𝑎−
𝛼 ≤ 𝑎+

𝛼, for 𝛼 ∈ [0,1].  

Define 𝐷𝐻:ℐℜ
× ℐ

ℜ
→ [0,∞) as 𝐷𝐻(𝑚, 𝑛) = sup

0≤𝛼≤1

max{|𝑚−
𝛼 − 𝑛−

𝛼|, |𝑚+
𝛼 − 𝑛+

𝛼|}, is the Hausdorff 

distance between fuzzy intervals and denote [𝑚]𝛼 = [𝑚−
𝛼, 𝑚+

𝛼], [𝑛]𝛼 = [𝑛−
𝛼, 𝑛+

𝛼]. 

3  Characterization Theorem of Generalized 𝛁-H-Differentiability 

The below theorem characterizes the generalized fuzzy ∇-derivative of a f-function in ℐ
ℜ

 as the ∇-

derivatives of its endpoint functions.  

Theorem 3.1  Let 𝒜:𝒯[𝑎,𝑏] → ℐ
ℜ

. Then the following holds:   

 • If 𝒜 is ∇𝑔 derivable function and 𝑦 is L-dense point in 𝒯, then one of the following holds  

 • 𝑎𝛼, 𝑏𝛼  are ∇-derivable at 𝑦, uniformly in 𝛼 ∈ [0,1] and either  

 [𝒜∇𝑔(𝑦)]𝛼 = [𝑎𝛼
∇(𝑦), 𝑏𝛼

∇(𝑦)] (1) 

or 

 [𝒜∇𝑔(𝑦)]𝛼 = [𝑏𝛼
∇(𝑦), 𝑎𝛼

∇(𝑦)]. (2) 

  • If (𝑎−
𝛼)∇(𝑦), (𝑎+

𝛼)∇(𝑦) and (𝑏−
𝛼)∇(𝑦), (𝑏+

𝛼)∇(𝑦) exists, uniformly in 0 ≤ 𝛼 ≤ 1, satisfies (𝑎−
𝛼)∇ =

(𝑏+
𝛼)∇ and (𝑎+

𝛼)∇ = (𝑏−
𝛼)∇ with either  

 [𝒜∇𝑔(𝑦)]𝛼 = [(𝑎+
𝛼)∇(𝑦), (𝑏+

𝛼)∇(𝑦)] = [(𝑏−
𝛼)∇(𝑦), (𝑎−

𝛼)∇(𝑦)], ∀    0 ≤ 𝛼 ≤ 1 

or 

 [𝒜∇𝑔(𝑦)]𝛼 = [(𝑏+
𝛼)∇(𝑦), (𝑎+

𝛼)∇(𝑦)] = [(𝑎−
𝛼)∇(𝑦), (𝑏−

𝛼)∇(𝑦)], ∀    0 ≤ 𝛼 ≤ 1. 

  • If 𝒜 is ∇𝑔 derivable at L-scattered point 𝑦 ∈ 𝒯𝑘
[𝑎,𝑏]

, then 𝑎𝛼 and 𝑏𝛼 are ∇-derivable and any one of 

the following holds:  

 [𝒜∇𝑔(𝑦)]𝛼 = [𝑎𝛼
∇(𝑦), 𝑏𝛼

∇(𝑦)],∀    0 ≤ 𝛼 ≤ 1 (3) 

or 

 [𝒜∇𝑔(𝑦)]𝛼 = [𝑏𝛼
∇(𝑦), 𝑎𝛼

∇(𝑦)],∀    0 ≤ 𝛼 ≤ 1. (4) 

Proof: 

• If 𝑦 is leftdense-point, 𝒜 is ∇𝑔 derivable, then the proof is same to the proof of Theorem 3 in [9]  

• If 𝑦 is L-scattered then 𝒜 is either 𝐺𝐻3 or 𝐺𝐻4 ∇-derivable and for any 0 ≤ 𝛼 ≤ 1, then  

 [𝒜(𝑦) ⊖ℎ𝒜(𝜌(𝑦))]
𝛼 = [𝑎𝛼(𝑦) − 𝑎𝛼(𝜌(𝑦)), 𝑏

𝛼(𝑦) − 𝑏𝛼(𝜌(𝑦))] (5) 
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or 

 [𝒜(𝜌(𝑦)) ⊖ℎ𝒜(𝑦)]
𝛼 = [𝑎𝛼(𝜌(𝑦)) − 𝑎𝛼(𝑦), 𝑏

𝛼(𝜌(𝑦)) − 𝑏𝛼(𝑦)] (6) 

 on multiplying the equations  (5) by 
1

𝜐(𝑦)
 and  (6) by 

−1

𝜐(𝑦)
, we get  

 
1

𝜐(𝑦)
⊙ [𝒜(𝑦) ⊖ℎ𝒜(𝜌(𝑦))]

𝛼 =
1

𝜐(𝑦)
⊙ [𝑎𝛼(𝑦) − 𝑎𝛼(𝜌(𝑦)), 𝑏

𝛼(𝑦) − 𝑏𝛼(𝜌(𝑦))] 

     = [
𝑎𝛼(𝑦)−𝑎𝛼(𝜌(𝑦))

𝜐(𝑦)
,
𝑏𝛼(𝑦)−𝑏𝛼(𝜌(𝑦))

𝜐(𝑦)
] 

     = [𝑎𝛼
∇(𝑦), 𝑏𝛼

∇(𝑦)] 

or 

 
−1

𝜐(𝑦)
⊙ [𝒜(𝜌(𝑦)) ⊖ℎ 𝒜(𝑦)]

𝛼 =
−1

𝜐(𝑦)
⊙ [𝑎𝛼(𝜌(𝑦)) − 𝑎𝛼(𝑦), 𝑏𝛼(𝜌(𝑦)) − 𝑏𝛼(𝑦)] 

     = [
𝑏𝛼(𝜌(𝑦))−𝑏𝛼(𝑦)

−𝜐(𝑦)
,
𝑎𝛼(𝜌(𝑦))−𝑎𝛼(𝑦)

−𝜐(𝑦)
] 

     = [
𝑏𝛼(𝑦)−𝑏𝛼(𝜌(𝑦))

𝜐(𝑦)
,
𝑎𝛼(𝑦)−𝑎𝛼(𝜌(𝑦))

𝜐(𝑦)
] 

     = [𝑏𝛼
∇(𝑦), 𝑎𝛼

∇(𝑦)]  

Example 3.1 Let 𝒜:𝒯[𝑎,𝑏] → ℱℜ be a f-function defined by 𝒜(𝑦) = (2,4,6) ⊙ 𝑦, where the level-

sets are  

 [𝒜(𝑦)]𝛼 = [2+ 2𝛼, 6− 2𝛼] ⊙ 𝑦, 𝑓𝑜𝑟  𝑎𝑙𝑙     𝛼 ∈ [0,1]. 

 [𝒜(𝑦)]𝛼 = {
(6− 2𝛼)𝑦, 𝑖𝑓𝑦 < 0

(1+ 2𝛼)𝑦, 𝑖𝑓𝑦 ≥ 0,
 

and 

 [𝑏(𝑦)]𝛼 = {
(1+ 2𝛼)𝑦, 𝑖𝑓𝑦 < 0

(6− 2𝛼)𝑦, 𝑖𝑓𝑦 ≥ 0.
 

If 𝒯[𝑎,𝑏] = ℜ, then [𝑎(𝑦)]𝛼, [𝑏(𝑦)]𝛼 are ∇-derivable at 𝑦 = 0, In fact, ∇𝑎−
𝛼(0) = ∇ℎ+

𝛼(0) and 

∇𝑎+
𝛼(0) = ∇ℎ−

𝛼(0), but  

lim
ℎ→0

+
𝑎𝛼(𝑦) ≠ lim

ℎ→0
+
𝑏𝛼(𝑦). Now, it is necessary to show that at leftdense-point 𝑠  

 [𝑎∇(0)]+
𝛼 = lim

𝑏→0
+

[𝑎(ℎ+0)⊖ℎ𝑎(0)]
𝛼

ℎ
 

     = lim
ℎ→0

+

1

ℎ
[min{(1+ 2𝛼)ℎ, (6− 2𝛼)ℎ},max{(1+ 2𝛼)ℎ, (6− 2𝛼)ℎ}] 

     = [1+ 2𝛼, 6− 2𝛼] 

and 

 [𝑎∇(0)]−
𝛼 = lim

ℎ→0
+

[𝑎(0−ℎ)⊖ℎ𝑎(0)]
𝛼

−ℎ
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 = lim
ℎ→0

+

−1

ℎ
[min{(6− 2𝛼), (1+ 2𝛼)},max{(6− 2𝛼), (1+ 2𝛼)}](−ℎ) 

 = [1+ 2𝛼, 6− 2𝛼] 

 Therefore, 𝒜 is ∇𝑔 derivable, but the end-point functions are not ∇-derivable and 𝒜 satisfies the 

condition of Theorem  3.1(1(b)) and [𝒜∇(𝑦)]𝛼 = [1+ 2𝛼, 6− 2𝛼]. 

If 𝒯 = 𝒵, then 𝜌(𝑦) = 𝑦 − 1 and 𝜐(𝑦) = 1, also ∇𝒜(𝑦) = 𝒜(𝑦) −𝒜(𝑦 − 1). For 𝑦 = 0 the end-

point functions are ∇-derivable, then [𝑎∇(0)]𝛼 = [1+ 2𝛼, 6− 2𝛼], [𝑏∇(0)]𝛼 = [6− 2𝛼, 1+ 2𝛼] are 

∇-derivable. At L-scattered point 𝑠, we have  

 [𝒜∇(0)]𝛼 =
𝒜𝛼(𝜌(0))⊖𝒜𝛼(0)

−𝜐(0)
 

 =
𝒜𝛼(−1)⊖𝒜𝛼(0)

−1
 

 =
−1

1
⊙ [1+ 2𝛼, 6− 2𝛼](−1) ⊖ℎ [0,0] 

 = [1+ 2𝛼, 6− 2𝛼]. 

 Therefore, 𝒜 is 𝐺𝐻3 ∇-derivable at L-scattered point 𝑦 = 0. 

Now, consider 𝒯 = [−2, −1] ∪ 1, i.e., 𝒯 is left-scattered at 𝑦 = 1, and 𝜌(𝑦) = −1; 𝜐(𝑦) = 2. Thus,  

 [𝑎∇(1)] =
[𝑎𝛼(1)−𝑎𝛼(−1)

2
 

 =
1+2𝛼−(6−2𝛼)(−1)

2
=

7+0𝛼

2
=

7

2
 

and 

 [𝑏∇(1)] =
[𝑏𝛼(1)−𝑏𝛼(−1)

2
 

 =
6−2𝛼−(1+2𝛼)(−1)

2
=

7+0𝛼

2
=

7

2
 

 For L-scattered at 𝑦 = 1, we have  

 [𝒜∇(1)]𝛼 =
[𝒜(1)⊖ℎ𝒜(𝜌(1))

𝜐(1)
=

𝒜⊖ℎ𝒜(−1)

2
 

 =
1

2
[1+ 2𝛼, 6− 2𝛼] − [6− 2𝛼(−1),1+ 2𝛼(−1) =

7+0𝛼

2
=

7

2
. 

4  Local Existence-uniqueness and Characterization Theorems  

This section aims to prove the local existence, uniqueness of the FNDEs on 𝒯. Using this theorem, we 

establish a characterization theorem, which converts FNDEs to system of NDEs on 𝒯.  

Definition 4.1  A function 𝒜:𝒯 × ℐ
ℜ
→ ℐ

ℜ
 is  leftdense-continuous, if ℬ defined by ℬ(𝑦) =

𝒜(𝑦, 𝑣(𝑦)) is leftdense-continuous where 𝑣: 𝒯 → ℐ
ℜ

 is a continuous function 

 • bounded on 𝑆 ⊂ 𝒯 × ℐ
ℜ

, if ∃ a constant 𝑀 > 0 ∋  

 𝐷𝐻(𝒜(𝑦, 𝑣), 0̂) ≤ 𝑀, 𝑓𝑜𝑟  𝑎𝑙𝑙     (𝑦, 𝑣) ∈ 𝑆. 
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  • Lipschitz-continuous on a set 𝑆 ⊂ 𝒯 × ℐ
ℜ

, if ∃ a constant 𝐿 > 0 such that  

 𝐷𝐻(𝒜(𝑦, 𝑣1),𝒜(𝑦, 𝑣2)) ≤ 𝐿𝐷𝐻(𝑣1, 𝑣2), 𝑓𝑜𝑟  𝑎𝑙𝑙     (𝑦, 𝑣1), (𝑦, 𝑣2) ∈ 𝑆. 

Theorem 4.1  Let 𝑦0 ∈ 𝒯, 𝑡0 ∈ ℐ
ℜ

 and 𝑙, 𝑛 > 0 with 𝑖𝑛𝑓(𝒯) ≤ 𝑦0 − 𝑙 and 𝑠𝑢𝑝(𝒯) ≥ 𝑦0 + 𝑙. Denote 

𝒯𝑙 = 𝒯
[𝑦0−𝑙,𝑦0+𝑙] and 𝐵𝑞 = {𝐷𝐻(𝑣, 𝑣0) ≤ 𝑛,     𝑓𝑜𝑟  𝑎𝑙𝑙     𝑣 ∈ ℐ

ℜ
}.  

Assume that 𝒜:𝒯𝑙 × 𝐵𝑛 → ℐ
ℜ

 is leftdense-continuous, bounded, and Lipschitz continuous. Then the 

FNIVP  

 𝑣∇ = 𝒜(𝑦, 𝑣), 𝑣(𝑦0) = 𝑣0 (7) 

 has exactly one 𝐺𝐻1 or 𝐺𝐻4 ∇-differentiable solution on 𝒯𝜂 = 𝒯
[𝑦0−𝜂,𝑦0+𝜂], where 𝜂 = min{𝑙,

𝑛

𝑀
, 𝜉}, 

with 𝜉 <
1

𝐿
. Moreover, if there exists 𝛽 > 0 such that 𝑦 ∈ 𝒯𝛼, the Hukuhara-difference of 

𝑣0 ⊖ℎ (−1) ⊙ ∫
𝑦

𝑦0
𝒜(𝜉, 𝑣(𝜉))∇𝜉 exists, then the FNIVP  (7) has exactly one 𝐺𝐻2 or 𝐺𝐻3 ∇-

differentiable solution on 𝒯[𝑦0−𝜂,𝑦0+𝜂], where 𝜂 = min{𝑙,
𝑛

𝑀
, 𝜉, 𝛽}. If 𝑦0 is Left-scattered and 𝜂 <

𝜐(𝑦0), then the solution of FNIVP  (7) exists on 𝒯[𝜌(𝑦0),𝑦0+𝜂].  

Proof. Let the space 𝒞(𝑆, 𝐼) be all continuous functions 𝒜: 𝑆 → 𝑇. Put 𝑄1 = 𝒬(ℐ𝑙
,ℐ

ℜ
) and define an 

operator 𝐼1: 𝑄1 → 𝑄1 by  

 𝐼1(𝑣(𝑦)) = 𝑣𝑜 ⊕∫
𝑦

𝑦0
𝒜(𝜉, 𝑣(𝜉))∇𝜉,    𝐼1(𝑣)(𝑦0) = 𝑣0, 

where 𝑣 ∈ 𝒬(ℐ
𝑙
,ℐ

ℜ
). Consider 𝑟0 = min(𝛼, 𝑙), and  

𝑄2 = 𝒬(ℐ𝑟0
,ℐ

ℜ
) and define an operator 𝐼2: 𝐶2 → 𝐶2 by  

 𝐼2(𝑣(𝑦)) = 𝑣0 ⊖ℎ (−1) ⊙ ∫
𝑦

𝑦0
𝒜(𝜉, 𝑣(𝜉))∇𝜉,    𝐼2(𝑣)(𝑦0) = 𝑣0, 

where 𝑣 ∈ 𝒬(ℐ
𝑟0
,ℐ

ℜ
).  

 𝐷𝐻(𝐼1(𝑣(𝑦)), 𝑣0) = 𝐷𝐻 (∫
𝑠

𝑦0
𝒜(𝜉, 𝑣(𝜉))∇𝜉, 0̂) 

                               ≤ ∫
𝑠

𝑦0
𝐷𝐻(𝒜(𝜉, 𝑣(𝜉))∇𝜉, 0̂) 

                                   ≤ |𝑠 − 𝑦0|𝑀, 𝑓𝑜𝑟  𝑎𝑙𝑙     𝑠 ∈ 𝒯𝑙. 

 Similarly,  

 𝐷𝐻(𝐼2(𝑣(𝑦)), 𝑣0) ≤ |𝑠 − 𝑦0|𝑀, ∀∈ 𝒯𝑦0
, 

where  

 𝑀 = sup
(𝑣,𝑠)∈𝒯𝑙×𝐵𝑛

𝐷𝐻(𝒜(𝑠, 𝑣(𝑦), 0̂). 

Let 𝑄̃1 = 𝑄(𝒯𝑙1 , 𝐵𝑛),    𝑙1 = min{𝑙,
𝑛

𝑀
}, and letting 𝐼1: 𝑄̃1 → 𝑄(𝒯𝑙1 ,ℐℜ

), then we have 

𝐷𝐻(𝐼1(𝑣(𝑦)), 𝑣𝑜) ≤ 𝑛, 𝑦 ∈ 𝒯𝑙1. 
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Again, 𝑄̃2 = 𝐶(𝒯𝑙2 , 𝐵𝑛), take 𝑙2 = min{𝑙,
𝑛

𝑀
, 𝛽}, and letting 𝐼2: 𝑄̃2 → 𝑄(𝒯𝑙2 ,ℐℜ

), then we have 

𝐷𝐻(𝐼2(𝑣(𝑦), 𝑣𝑜) ≤ 𝑛, 𝑦 ∈ 𝒯𝑙2 . Thus, for 𝑣 ∈ 𝑄̃1 and 𝑣 ∈ 𝑄̃2, we have 𝐼1(𝑣) ∈ 𝑄̃1 ,𝐼2(𝑣) ∈ 𝑄̃2. We 

observe that both 𝑄̃1, 𝑄̃2 are having uniform distance and are omplete metric spaces. 

Now, we prove that 𝐼1, 𝐼2 are contraction mappings. For 𝑣1, 𝑣2 ∈ 𝑄̃1,  

Consider  

 𝐷𝐻[𝐼1(𝑣1(𝑦)), 𝐼1(𝑣2(𝑦))] = 𝐷𝐻 (∫
𝑦

𝑦0
𝒜(𝜉, 𝑣1(𝜉))∇𝜉, ∫

𝑦

𝑦0
𝒜(𝜉, 𝑣2(𝜉))∇𝜉, ) 

                                            ≤ 𝐿|𝑦 − 𝑦0|𝐷𝐻(𝑣1, 𝑣2), ∀    𝑦 ∈ 𝒯𝑙1 . 

 Similarly, for 𝑣1𝑣2 ∈ 𝑄̃2, we have  

 𝐷𝐻[𝐼1(𝑣1(𝑦)), 𝐼1(𝑣2(𝑦))] = 𝐷𝐻 [∫
𝑦

𝑦0
𝒜(𝜉, 𝑣1(𝜉))∇𝜉, ∫

𝑦

𝑦0
𝒜(𝜉, 𝑣2(𝜉))∇𝜉, ] 

 ≤ 𝐿|𝑦 − 𝑦0|𝐷𝐻(𝑣1, 𝑣2), ∀    𝑠 ∈ 𝒯𝑙2 . 

 Choose 𝑚1 = min{𝑙1, 𝜖} and 𝑚2 = min{𝑙2, 𝜖}, with 𝜖 <
1

𝐿
 and 𝐼1:𝑀1 → 𝑀1 and 𝐼2:𝑀2 → 𝑀2, with 

𝑀1 = 𝑄(𝒯𝑚1
, 𝐵𝑞), 𝑀2 = 𝑄(𝒯𝑚2

, 𝐵𝑛). Thus, 𝐼1, 𝐼2 are contraction mapping on 𝑀1 and 𝑀2 respectively.  

From Banach’s fixed point theorem, there exists exactly one fixed point 𝑣1 ∈ 𝑀1 for the contraction 𝐼1 

and 𝑣2 ∈ 𝑚2 for the contraction 𝐼2, then for 𝐼1(𝑣1) = 𝑣1 and 𝐼2(𝑣2) = 𝑣2.  

Therefore, 𝑣1 has exactly one 𝐺𝐻1 or 𝐺𝐻4 ∇-differentiable solution to the corresponding integral form 

equation 𝑣1(𝑦) = 𝑣0 ⊕∫
𝑦

𝑦0
𝒜(𝜉, 𝑣(𝜉))∇𝜉and 𝑣2 has exactly one 𝐺𝐻2 or 𝐺𝐻3 ∇-differentiable solution 

to the corresponding integral form equation  

 𝑣2(𝑦) = 𝑣0 ⊖ℎ (−1) ⊙ ∫
𝑦

𝑦0
𝒜(𝜉, 𝑣(𝜉))∇𝜉. 

If 𝑦0 is Left-scattered and 𝑢 is leftdense-continuous at 𝑦0, then from Theorem 2.1. in [16], we have 

𝑣(𝑦) ⊖ℎ 𝑣(𝜌(𝑦)) = 𝜐(𝑦) ⊙𝒜∇𝑔(𝑦) i.e., 𝑣1(𝑦) = 𝑣(𝑦) = 𝑣(𝜌(𝑦)) ⊕ 𝜐(𝑦)⊙𝒜(𝑠, 𝑣(𝑦)).  

(𝑜𝑟) 

From Theorem 3.4. in [17], we have 𝑣(𝜌(𝑦))⊖ℎ 𝑣(𝑦) = (−1)𝜐(𝑦)⊙𝒜∇𝑔(𝑦) i.e., 𝑣2(𝑦) =

𝑣(𝜌(𝑦))⊖ℎ (−1)𝜐(𝑦) ⊙𝒜(𝑠, 𝑣(𝑦)). Thus, the solutions are uniquely determined.  

Definition 4.2  The family {𝒜𝛼(𝑦, 𝑣−, 𝑣+),     𝑓𝑜𝑟  𝑎𝑙𝑙     𝛼 ∈ [0,1]}  is leftdense-equicontinuous 

function. If, for every 𝑣:𝒯 → ℐ
ℜ

 is continuous, 𝒜𝛼(𝑦, 𝑣−(𝑦), 𝑣+(𝑦)) is leftdense-continuous ∀ 0 ≤

𝛼 ≤ 1. 

The family 𝒜𝛼(𝑦, 𝑣−, 𝑣+), for all 0 ≤ 𝛼 ≤ 1 is uniformly leftdense-equicontinuous function. If, for 

every 𝑣: 𝒯 → ℐ
ℜ

 is continuous, 𝒜𝛼(𝑦, 𝑣−(𝑦), 𝑣+(𝑦)) is uniformly leftdense-continuous for all 0 ≤

𝛼 ≤ 1.   

Theorem 4.2  Let 𝑦0 ∈ 𝒯 and 𝑣0 ∈ ℐ
ℜ

, with 𝑠𝑢𝑝(𝒯) ≥ 𝑦0 + 𝑙, 𝑖𝑛𝑓(𝒯) ≤ 𝑦0 − 𝑙. For all 𝑙, 𝑛 > 0, 

denote 𝒯𝑙 = 𝒯
[𝑦0−𝑙,𝑦0+𝑙], and 𝐵𝑛 = {𝐷𝐻(𝑣, 𝑣0) ≤ 𝑛    ∀    𝑣 ∈ ℐ

ℜ
}. Suppose 𝒜:𝒯𝑙 × 𝐵𝑛 → ℐ

ℜ
 is 

bounded such that  
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 [𝒜(𝑦, 𝑣)]𝛼 = [𝑎−
𝛼(𝑦, 𝑣−

𝛼 , 𝑣+
𝛼), 𝑎+

𝛼(𝑦, 𝑣−
𝛼 , 𝑣+

𝛼)],     𝑓𝑜𝑟  𝑎𝑙𝑙     0 ≤ 𝛼 ≤ 1. 

If {𝑎±
𝛼(𝑦, 𝑣−

𝛼 , 𝑣+
𝛼)} is the family of uniformly bounded, leftdense-equicontinuous for (𝑦, 𝑣) in any 

bounded set, uniformly Lipschitz with 𝑀 > 0 such that  

 |𝑎±
𝛼(𝑦, 𝑣−

𝛼 , 𝑣+
𝛼) − 𝑎±

𝛼(𝑦, 𝑤−
𝛼, 𝑤+

𝛼)| ≤ 𝑀max{|𝑣−
𝛼 − 𝑤−

𝛼|, |𝑣+
𝛼 − 𝑤+

𝛼|}, 

for all 0 ≤ 𝛼 ≤ 1 𝑎𝑛𝑑     (𝑦, 𝑣), (𝑦, 𝑤) ∈ 𝒯𝑙 × 𝐵𝑛 . Also if the end-points functions 𝑣−, 𝑣+ are ∇-

derivable, then the FNDETs  

 𝑣∇(𝑦) = 𝒜(𝑦, 𝑣(𝑦)), 𝑣(𝑦0) = 𝑣0 (8) 

 is equal to the union of the two families of system of NDEs  

 {
(𝑣−

𝛼)∇ = 𝑎−
𝛼(𝑦, 𝑣−

𝛼 , 𝑣+
𝛼),    𝑣−

𝛼(𝑦0) = (𝑣0)−
𝛼 ,

(𝑣+
𝛼)∇ = 𝑎+

𝛼(𝑦, 𝑣−
𝛼 , 𝑣+

𝛼),    𝑣+
𝛼(𝑦0) = (𝑣0)+

𝛼 ,
 (9) 

 {
(𝑣−

𝛼)∇ = 𝑎+
𝛼(𝑦, 𝑣−

𝛼 , 𝑣+
𝛼),    𝑣−

𝛼(𝑦0) = (𝑣0)−
𝛼 ,

(𝑣+
𝛼)∇ = 𝑎−

𝛼(𝑦, 𝑣−
𝛼 , 𝑣+

𝛼),    𝑣+
𝛼(𝑦0) = (𝑣0)+

𝛼 .
 (10) 

Proof. The uniformly leftdense-equicontinuity of 𝑎±
𝛼 guarantees the leftdense-continuity of 𝒜, while 

the Lipschitz property in the statement of the theorem guarantees that 𝒜 satisfies the Lipschitz property 

as follows  

 𝐷𝐻(𝒜(𝑦, 𝑣), (𝑦,𝑤)) 

 = sup
0≤𝛼≤1

max{|𝑎−
𝛼(𝑦, 𝑣−

𝛼 , 𝑣+
𝛼) − 𝑎−

𝛼(𝑦, 𝑤−
𝛼 , 𝑤+

𝛼)|, |𝑎+
𝛼(𝑦, 𝑣−

𝛼 , 𝑣+
𝛼) − 𝑎+

𝛼(𝑦,𝑤−
𝛼 , 𝑤+

𝛼)|} 

 ≤ 𝑀 sup
0≤𝛼≤1

max{|𝑣−
𝛼 − 𝑤−

𝛼|, |𝑣+
𝛼 − 𝑤+

𝛼)|} 

 = 𝑀𝐷𝐻(𝑣, 𝑤)    ∀    (𝑦, 𝑣), (𝑦, 𝑤) ∈ 𝒯𝑙 × 𝐵𝑛 . 

 Then by the leftdense-continuity, the boundedness property and from above Lipschitz condition also 

from Theorem  4.1 and guarantees that, the FNDETs  (8) has exactly one 𝐺𝐻4 or 𝐺𝐻1 ∇-differentiable 

(or) 𝐺𝐻4 or 𝐺𝐻3 ∇-differentiable solution which are 𝑣1, 𝑣2 respectively. 

Therefore, from Theorem  3.1, [𝑣−
𝛼 , 𝑣+

𝛼], and [𝑣+
𝛼 , 𝑣−

𝛼] are the corresponding level-sets of 𝑣1, 𝑣2, with 

∇-differentiable end-points. The level-sets of 𝑣1
∇𝑔  w.r.t to 𝐺𝐻1 or 𝐺𝐻4 ∇-differentiability is [∇𝑣−

𝛼 , ∇𝑣+
𝛼] 

and the level-set of 𝑣2
∇𝑔 w.r.t to 𝐺𝐻2 or 𝐺𝐻3 ∇-differentiablility is [∇𝑣+

𝛼 , ∇𝑣−
𝛼] . 

Thus, by the equality of fuzzy numbers, we guaranteed that [𝑣1]
𝛼 = [𝑣−

𝛼 , 𝑣+
𝛼] is a solution of the family 

of NDEs  (9) and [𝑣2]
𝛼 = [𝑣+

𝛼 , 𝑣−
𝛼], is a solution of family of NDEs  (10) on 𝒯, for all 0 ≤ 𝛼 ≤ 1. 

Conversely, for each 𝛼 ∈ [0,1], [𝑣−, 𝑣+] is a solution to the system of NDEs (9), and from the 

hypothesis, we have unique 𝐺𝐻1 or 𝐺𝐻4 ∇-differentiable solution. Hence, for all 0 ≤ 𝛼 ≤ 1, [𝑣̃∇
𝑔
]𝛼 =

[∇𝑣−
𝛼 , ∇𝑣+

𝛼], are the level-sets of the f-functions and their endpoints itself a solution to  (9).  

Similarly, [𝑣̃∇
𝑔
]𝛼 = [∇𝑣+

𝛼 , ∇𝑣−
𝛼], the level-set of f-functions and their endpoints is itself a solution to  

(10). Since, [𝑣̃1]
𝛼 = [𝑣−

𝛼 , 𝑣+
𝛼] is the unique solution of the system (9) and [𝑣̃2]

𝛼 = [𝑣+
𝛼 , 𝑣−

𝛼] is the 

unique solutions of the system (10).  



Advances in Nonlinear Variational Inequalities 

ISSN: 1092-910X 

Vol 28 No. 3s (2025) 

 

552 
https://internationalpubls.com 

Finally, we conclude that the two families of systems of NDEs  (9) and  (10) on 𝒯 are the same as the 

solutions of the FNIVP  (8) on 𝒯. 

Example 4.1  Let  

 𝑣∇(𝑦) = −3𝑣(𝑦) ⊕ (2,4,6) ⊙ 𝑠,    𝑣(𝑦0) = 𝑣0. (11) 

 be the FNDEs on 𝒯. Corresponding to 𝐺𝐻2 or 𝐺𝐻3-derivative, the Equation  (11), can be transformed 

to the following system of NDEs on 𝒯  

 {

(𝑣−
𝛼)∇(𝑦) = −3𝑣−

𝛼(𝑦)⊕ (6− 2𝛼) ⊙ 𝑦, 𝑣−
𝛼(𝑦0) = 𝑣0

𝛼

(𝑣+
𝛼)∇(𝑦) = −3𝑣+

𝛼(𝑦)⊕ (2+ 2𝛼) ⊙ 𝑦, 𝑣+
𝛼(𝑦0) = 𝑣5

𝛼

 𝑓𝑜𝑟  𝑎𝑙𝑙     0 ≤ 𝛼 ≤ 1,

𝑤ℎ𝑒𝑟𝑒[𝑣𝑜]
𝛼 = [𝑣0

𝛼 , 𝑣5
𝛼]. (12) 

 Since 1− 𝑝(𝑦)(𝜐(𝑦)) ≠ 0     ∀𝑠     ∈ 𝒯𝑘, for any time scales 𝒯 the system  (12) is regressive and from 

Remark 3.43. in [8], the solution of  (12) is of the form  

 {
𝑣−
𝛼(𝑦) = 𝑒̂−3(𝑦, 𝑦0) ⊙ [𝑣0

𝛼 ⊕∫
𝑠

𝑦0
𝑒̂−3(𝑦0, 𝜌(𝜉)) ⊙ 𝑎1

𝛼(𝜉)∇𝜉] ,

𝑣+
𝛼(𝑦) = 𝑒̂−3(𝑦, 𝑦0) ⊙ [𝑣0

𝛼 ⊕∫
𝑠

𝑦0
𝑒̂−3(𝑦0, 𝜌(𝜉)) ⊙ 𝑎2

𝛼(𝜉)∇𝜉] ,
 

where 𝑎1
𝛼(𝑦) = (6− 2𝛼)⊙ 𝑠 and 𝑎2

𝛼(𝑦) = (2𝛼 + 2)𝑠. 

If 𝒯 = ℜ and 𝑦0 = 0, then  

 {
𝑣−
𝛼(𝑦) = 𝑒̂−3𝑦⊙ [𝑣0

𝛼 ⊕∫
𝑦

𝑦0
𝑒̂−3𝑠⊙𝑎1

𝛼(𝜉)∇𝜉]

𝑣+
𝛼(𝑦) = 𝑒̂−3𝑦⊙ [𝑣0

𝛼 ⊕∫
𝑦

𝑦0
𝑒̂−3𝑠⊙𝑎2

𝛼(𝜉)∇𝜉]
 

is the solution of  (12). 

If 𝒯 = ℤ and 𝑦0 = 0, then  

 

{
 
 

 
 𝑣−

𝛼(𝑦) = (
1

4
)
𝑦

⊙ [𝑣0
𝛼 ⊕

1

4
∫
𝑦

𝑦0
𝑎1
𝛼(𝜉)∇𝜉]

𝑣+
𝛼(𝑦) = (

1

4
)
𝑦

⊙ [𝑣5
𝛼 ⊕

1

4
∫
𝑦

𝑦0
𝑎2
𝛼(𝜉)∇𝜉]

 

is the solution of  (12). 

By similar reasoning as above we get the solution for the NDEs  (13) on 𝒯 and is of the form Again, 

corresponding to 𝐺𝐻1 or 𝐺𝐻4 derivative, the FNDEs  (11) on 𝒯 can be converted to the following 

system of NDEs on𝒯  

 {

(𝑣−
𝛼)∇(𝑦) = −3𝑣+

𝛼(𝑦)⊕ (2+ 2𝛼) ⊙ 𝑠, 𝑣−
𝛼(𝑦0) = 𝑣0

𝛼

(𝑣+
𝛼)∇(𝑦) = −3𝑣−

𝛼(𝑦)⊕ (6− 2𝛼) ⊙ 𝑠, 𝑣+
𝛼(𝑦0) = 𝑣5

𝛼

 𝑓𝑜𝑟  𝑎𝑙𝑙     0 ≤ 𝛼 ≤ 1,

𝑤ℎ𝑒𝑟𝑒[𝑣𝑜]
𝛼 = [𝑣0

𝛼 , 𝑣5
𝛼]. (13) 

 By comparative thinking as above, we get the solution for the NDEs  (13) on 𝒯 and is of the form  
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 {
𝑣−
𝛼(𝑦) = 𝑒̂−3(𝑦, 𝑦0) ⊙ [𝑣0

𝛼 ⊕∫
𝑠

𝑦0
𝑒̂−3(𝑦0, 𝜌(𝜉)) ⊙ 𝑎1

𝛼(𝜉)∇𝜉] ,

𝑣+
𝛼(𝑦) = 𝑒̂−3(𝑦, 𝑦0) ⊙ [𝑣5

𝛼 ⊕∫
𝑠

𝑦0
𝑒̂−3(𝑦0, 𝜌(𝜉)) ⊙ 𝑎2

𝛼(𝜉)∇𝜉] ,
 

where 𝑎1
𝛼(𝑦) = (2𝛼 + 2) ⊙ 𝑠 and 𝑎2

𝛼(𝑦) = (6− 2𝛼)⊙ 𝑠. 
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