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1. Introduction
Let Adenote the class of all functions v( %) of the form

V) =5+ ) eny) (1.1)
n=2

In the open unitdisc E = { x5 € C: |»| < I}.

Let S be the subclass ofA consists of univalent functions and satisfy the following usual
normalization conditionv(0) = v'(0) — 1 =O0.

We denote by S the subclass of A consisting of functionsv (x)which are allunivalent in E.
A function v € A is a starlike function of the order &, 0 < U< 1 if it satisfy

250 (%)
ER{ ) }> 0, (5 €EE). (1.2)

We denote this class with $* (D).

A function v € A is a convex function of the order &I, 0 < W< 1, if it satisfy
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50" (%)
v'(%)
We denote this class with K ().

92{1 + } > W, (x4 €E). (1.3)

Let T denote the class of functions analytic in E that are of the form
U(%)=J§—Zen9§”, (e; =0, €E). (1.4
n=2

And let T*(&0) =T nS*(),C(&D) =T n K(). This class T*(&0) and allied classes possess
some interesting properties and have been extensively studied by Silverman [11] and others.

A function v € A is said to be in the class of uniformlyconvex functions of order y and type o,
denoted by UCV (y, 0), if

50" (%) } 50" (%)
Rl +— —y¢> - . 1.5
{ ) ) ()
Where o > 0, y € [—1,])and ¢ + y = 0 and it is said to be in the class correspoondinng class
denoted by SP(vy,0), if
%' (%) } % v () |
R —Y¢> - 1]. 1.
{ O MR ()

Where o = 0, y € [—1,1)and ¢ + y = 0. Indeed it follows from (1.5) and (1.6) that v €
UCV(y,0) © zv € SP(y,0). (1.7)

For o = 0, we get respectively, the classes K(y)and S*(y). The function of the class UCV (0,1) =
UCV are called uniformlyconvex functions, were introduced and studied by Goodman with
geometric interpretation in [4]. The class SP(0,1) = SP is defined by Ronning [9].

The classes UCV(1,0) = UCV(p)and SP( 1,0) = SP(p) are investigated by Ronning in [8]. For
y =0, the classes UCV(0,0) =0 — UCV and SP(0,0) = o — SP are defined respectively, by
Kanas and Wisniowska in [5, 6].

Further, Ahuja et al. [1], Bharathi et al. [2], Murugusundarmoorthy and Magesh [7] and Thirupathi
Reddy and Venkateswarlu[15] have studied and investigated interesting properties for the classes
UCV(y,e)and SP(y,0).

For v € A given by (1.1) and t(x) given by

(o) =5+ ) byg" (1)
n=2
Their convolution (or Hadamard product), denoted by ( v  t), is defined as
(0 G) =5+ ) eqbys" = (tx0)G), G5 € B). (1.9
n=2
126
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Note that v * t € A.

Let usrecall lambda function [14] specified by

€7 ; _H
A, 2) = b77

n

PSR CUIED

Where » € E, ) € C,when |»| < I, R(X) > 1,when |»| = I and let A0 (5, 3)be defined such that
A0 3) * A0 (5,3) = ! —1
(%,3) * (%)—(1_—%)@“, o > —1.

We now define (2 A7 (3, %)) as the following

(5 206 M) * (g A0 (3, ) = U_Lg)]
(@4 1),
GsAGe M (5 AP0 ) = 5+ %gn, 0> -1

n=2
And obtain the following linear operator

T v = (5270 (%0)) *v() whereve Ax€E and

@+ Dy Cn =D

(25006 ) =5+

— |
= (n— D!
A simple computation gives us
Zo0G) =5+ ) $(@3mey 5" (1.10)
n=2

(@ + 1)y, (2n — 1)

where (o, n) = , 1.11
¢ (@,31m) =) (1.11)
Where (v),, is the Pochhammer symbol defined in terms of the Gamma function by
() _F(®+n)_{ 1, ifn=20
T T(e |lel@+D..(e+n—D,ifneN’

Now, by making use of the linear operator,#_,v, we define a newsubclass of functions belonging to
theclass A.

Definition 1.1. For -/ < W< 1, 0 <t <1 and o> Owe let S(z, & 0, ®,3) be the subclass of A
Composed offunctions of the type (1.1) and rewarding theregular principle

ay(g@,lv(a;))'+w2(g®,lv<a;>)"_w _ |2 (r )+ o5 o G) »
U-Dg,0() +15 (£,0(%) | |U-Dw(x)+15 (£,0(%))’

)
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forx €E.

By correctly concentrating the principles of 7, ® and 3, the class S(z, &, o, ®, ) can be shrinks to the
class deliberate former by Ronning[8, 9].

2. Constraints on coefficients

In this segment, we acquire a obligatory and competent ailment for functionv( %) is in the classes
S(t, W o,m,2) and TS(t, W, 0, ®, 3).

Theorem 2.3.1.The functionv specified by(1.1) is in the classS(z, &, o, ®, 3)if

D+t = DIU +0) = @+ Dlp@imle|<1-@ @D
n=2

where—/ < W< 1, 0<t<landg= 0.

Proof. It be adequate to show that

% (g@,lv(’f)) "+’ (va(%)) " |l (a%,;v(’f)) ‘bl (gm'lv(;j)) "

(U -04,v(x) + 15 (4,v(%))’ (=D, (%) + 1% (,,0(%))’
< I-U

We have

. };(gm,lvw))wm?(g@,lvm)"_1 . % (Lov(%)) + 757 (Lo,0(%))"

(=0 g,0(0) + 75 (4,005’ (1= DF,0(5) + 7% (£,0(5))’
4P ) st (g (0)"
(=04, 0(%) + 15 (Z,0(%))’

U+ Xees = DI+t = DIpGw 2 m)|ey|
=371+t — D] 3 n)|ey| '

This last communication is constrained beyond by (/ — D) by

IA

DU+t = DIl +0) — (@+ (o3 n|e,| < 1 - .
n=2

Theorem2.2.  Prerequisite and  fulfillingv(x)of the type (1.4) to be in the
classTS(t, W0, m,3),—1 < W< 1,0 <t < 1,0 = Ois that

o]

DU+t = DU +0) = (@+ Dlp(@ 3 mley| < 1- & (22)
n=2

Proof. In interpretation of Theorem 2.1, only the obligation needs to be established.

IfveTS(t, Wo o 3) and » is real then
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1=+t = D@, 3n)e, 2"
1=Z0ol +t(n— D], s,mey 51!
Yoo = D1 +1(n = D]p(@,3,1)|ey|
=371+t = D] g0, 3n)|ey]

Letting » — I the length of the real axis, we acquire the preferred dissimilarity

-

Z[l +1t(n— DU + o) — (T+ (o, An)|e,| < 1—
n=2

Theorem 23. Letv(x)be specified by (L4)andt(%) = % —X;-,b, "be in the
classTS(t, 0T, o, ®, 3). Then the function » ( » )specified by

5(5) = (1= Du(x) +Ct(5) = 5 = ) ¢y 57,
n=2

wherec,, = (I — {)e, + {b,,0 < { < lis also in the classTS(z, &, 0, ®, ).
n n n

Proof. Let the function
Uj =X —Zen,j }:;n, en,j = 0, ] = ],2, (23)

be in the classTS(t, &, o, ®, 3). It is ample to show that the functiont( » ) specified by

t(x)=q¢v(%)+U—-Dvy(%), o<{=<],
€ TS(z, W, 0,m, ). Since

t(%)=»n— Z[Zen,l + (= Deys] %7,
n=2
an simple calculation through the assist of Theorem 2.2, provides

D U+t Do+ D - (@+ )1, n)ey,

n=2
+ ) 1+ = Do+ D) = (@+lp(@3,mU ~ Dey.
n=2
< U-D+U-OU-D)
< [I-0

=t eTS(t,To o).

Hence TS(z, &, 0, ®, }) is convex.
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3. Extreme points

The evidence of Theorem 3.1, surveys on appearance parallel to the evidence of the theorem on
tremendous points provided in Silverman [11].

Theorem 3.1. Letv;(%) = 3 and
11— .
T+10 - Dllnle+ 1) — W+ Qlplo,rm

forn =23, Thenv(x) € TS(t, W 0,m,3) & v(x )can be expressed in the type v( %) =
Yin=2Gy vy (% ),whered, = Oand}.y_, ¢, = 1.

4. Closure theorem

vy (%) = % 7 (.1

Theorem 4.1.Let the functionv; (% ),j = 1,2, -, pspecified by (2.3) be in the
classesTS(z,W;, 0, ®,3), j = 1,2,--+,p, respectively. Then the functionspecified by % (%) = % —

1 woo D .- .
;Zn=2(2j=1 en ;) % isin the classTS(r, W, o, , 3),whereld = 1rsnj1£1p{lﬁj},where -1<W; < 1.

Proof. Since v;(%) € TS(r, 0, o, J), j=12--,p, by smearing Theorem 2.2 to the equation
(2.3) we scrtinise that

p

S 1
QL+t = Dline+ D~ @+ lo@im| - ) e,

n=2 j=1

j=1 n=2
] p
< (-
b &~
j=1
< 1-0

which in examination of Theorem 2.2, once more implies that x(3) € TS(t, &0, ®,}) and so the
evidence is inclusive.

Theorem 4.2.Let v € TS(t, &, 0, ®,1).Then

1. vis functionstarshape of orderw, 0 < w < l,inthe disc| x| < r;
: 5 v'(%)
i.e., ER{—U(}!) } >w, | x| < r;,where

; {(1 =) [ +1(7 - DIlne+ 1) — (&+ Q1o z,n)}n—if_

r; =1

! 11722 n—w 11—
2. v is convex of order w, 0 <w < ljinthedisc| x| <,
: 5v"(%)
i.e., ER{] +—v,(}y) } >w, | x| < r,where
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[+t(n—D][n(o+D—(0+0)]p (0,277
r=int{(;=) =

extremal functionv( » )provided by (3.1).

} .Each of these consequences are sharp for the

Proof.(7). Provided v € A and v is function starshape of order w,we have

%' (%) ‘

— <] —w. 4.1

(%) D
For the LHS (4.1), we have

%U'(’f)_l‘< =2 = 1) ey 2 "~

v(%) D YRy P L

The last communication is less than / — w if

Using the fact that v € TS(7, 0, ®, ) <

0

z [/ +1( = Dln(e+ 1) — (T+ 0@, }n)

— ey < 1.

n=2
We can say (4.1) is true if

[/ +t(n—Dln(e+ 1) — (T+ 0)]¢p(w, 1)
11—

n—w
n—]
el

or equivalently,

U =w)I+t(n— DllnCe+ 1 — (T+ ]p(w,2n)
(m—w)(I — )

which yields the functionstarshapeness of the family.

|2 |77 <

5. Partial Sums

Succeeding the former endeavors by Silverman [12] and Silvia [13] on PS of regular functions. We
deliberate in this section PS of functions in this classS(z, &0, ®,}) and acquire pointed lesser
boundaries for the ratios of actual fraction of v( %) tov (%) and v'( %) to v',( ).

Theorem 5.1. Letv( % ) € S(t, &, o, ®, A)be provided by (1.1) and indicate the PSv,( 5 )and v ,by
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¢

vi(%) =xandv(x)=x5+) exl  (¢€M{D,

n=2

Suppose that Z L, |en| <1

n=2
[+t = DIIn( + ) — (T+ d]¢p(®,31)
where [, = .
11—
Then v € S(t, o, ®, ).
v(%) 1
Further more, R >]——, (% €E, ¢€N)(53)
U¢(’§) l¢+1
l
and R l%(’ﬁ)l é+1
v( %) 1+ l¢+1

Proof. For the Proportions 1, provided by (5.2) it is not tough to authenticate that

(5.1)

(5.2)

(5.4)

(5.5)

¢ © ©
Therefore we have Z|en| + Ly Z |en| < ZZn |en| <1 (5.6)
n=2 n=2

n=¢+l

by using the postulate (5.2). By setting

3 v(%) 1
ti(%) =l —U¢(’§) - <1 —Eﬂ

lop1 D= gr1€nq %17

and smearing (5.6), we find that

< ; <1
2 - 22n=2|€n| - l¢+12§= ¢+1|en|

Justifying the need is all that is required. (5.3) of Theorem 5.1. To understand that
é+1

t;(%)— ]‘ < lov1 Xo=ys1len]
t;(%) +1

v(x) = %+
é+1

in
provides sharp consequence, we scrtinise that for » = re ¢ that
v(%) x%¢ 1

=]l+— > l——as x >1.
v,(%) lyys lyvs %

Similarly, if we take
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Loy
t:(%) = (1 +l¢+1) (Tj((:;)) 7 ‘fl;u)

. (] + ln+1)2$=¢+1 en %n_I
1+ 35 e, 517!

(5.10)

and constructing use of (5.6), we can comprehend that

tz(%)—l‘ < (£ + 1) Zrerilen|
LOx)+1] 72— 2Z§=2len| = (1 = L) X e

which results is directly to the Pronouncement(5.4) of the principle 5.1.

For each, the bound is sharp in (5.4) ¢ € N with the external functionv( 5 ) provided by (5.9). The
evidence of the Theorem 5.1, is consequently absolute.

Theorem 5.2. Ifv( » )of the type (1.1) fulfils the ailment (2.1)then
' + 1
SR[v(%) ¢

> ] ——-. 5.11
v'¢(7§) l¢+1 ( )

Proof. By setting
V(%) < ¢+1>
t(x%) =l 1 ——-
T e G Lo
l o _
1+;:; e ey 51+ T mey
1+ X0 o mey 5!
¢+1

-1
¢+12n ¢+1779n7§n

=1+
1+ Zn:Znen gjn !
Lot
|t(;;) -1 < ¢+1Zn —ov1 Mey] (5.12)
tx)+1 2_222=2 nlenl_z_: =¢+1 nlenl
¢
t(x)—1 . l¢+1
Now |——2—| < 1 if z e | < 1. 5.13
o eyl = 1 2, tleal + Sl (513
‘r’:
Since the L.H.S of (5.13)is enclosed over by Y% _, 1, |e,| if
Z (b =nleal+ D b= nley] = 0 (5.14)
n=g+1
The impact on the extreme function is severe.
#+1
v(K) =K+ -
e+
Theorem 5.3.1fv( x )of the type (1.1) fulfils the ailment (2.1) then
133
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m[v?(%) > Levs (5.15)

v'(%) |~ ¢+I+l¢+1.
Proof. By setting

t(ﬂj) [¢+1+l¢+1]l ¢(Jj) l¢+1 l

() B g2

=]—

and making use of (/5.14), we construe that

l B
ooy (s
ty)+ 117 2 - 22¢ 2n|en|_(1+l¢t§) ¢+1n|en|

which indications us without delay to the allegation of the Theorem 5.3.

6. Neighborhood Consequences
Neighborhood for the class S¢(z, &0, ®, ¥):

In this segment, we establish the neighborhoods for the group $¢(z, & o, ®, )which we describe as
follow:

Definition 6.1. A function v € A is said to be in the class S¢ (z, & o, ®, 3) if there exist a
function

t € S(t, W 0, , ) such that

v(%)
t(%)

For any function v(x% ) € A, % € E and w > 0, we specified

—Il<I1-W, ((HKEEISTI). (6.1)

Ny w() ={t € S:t(x) = 9;+an9§’7 and anen - bnl < wy. (6.2)
n=2 n=2

Theorem 6.2. Ift € S(t, &, 0, ®,}) and

E=1- w(l =~ &) 6.3
TG B -+ G+ o- D3] (6:3)
then N, ,(t) S¢(t, o, o, )).
Proof. Suppose v € N, ,,,(t). Then from (6.2)

134
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0

D nley = byl < w (6:4)

n=2

the coefficient inequality is produced by.

w
Dlen=byl <5, @em. (6.5)
n=2

Next, since t € S(t, i, 0, ®, 3), we have

zbn < I+1)2+0- W)q‘b(@,lj).

— (6.6)
n=2
So that
v(2) ‘ Z?=2|en — by|
— ] < ——
t(%) I— n=2 by
B w(l — D)
AU -0 - U+ +o— D¢(w,22)]
=]-¢
Provided¢ is provided by (6.3). Hence proved.
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