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1. Introduction

Matrices, both in the real and complex domains, have held a central position in the exploration of
linear algebra for many decades, representing a fundamental algebraic category. Initially investigated
by the French mathematician Cayley in 1860, matrices are characterized by their organization around
the main diagonal [1]. Over time, matrices have become indispensable tools in various branches of
Applied Mathematics, Physics, and Engineering. Particularly noteworthy are specialized matrix types
such as symmetric, skew symmetric, hermitian, skew hermitian, unitary, and normal matrices.
Generalised normal matrices are important for the study of generalised inverses and the spectral
theory of rectangular matrices [2-4].

Toeplitz [6] first proposed the idea of a normal matrix including components from the complex field
in 1918. He determined the necessary and sufficient criteria under which a matrix over complex
numbers may be regarded as normal [7, 8]. Beyond Hermitian matrices, the idea of matrix normalcy
also includes the feature of commuting with its conjugate transpose. Consequently, the category of
normal matrices bears significance within the wider domain of matrix analysis [9, 10].

Any square matrix A over a field can be transformed into its transpose A’ through a similarity
transformation. This suggests that a symmetric matrix B exists, such that A" = B~!ABthe product
of B and A is equal to the transpose of A [11]. To further investigate this idea, consider the class of
matrices that this connection holds when paired with a fixed symmetric matrix. Examine the

https://internationalpubls.com 72



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 3s (2025)

permutation matrix 'V," in which the units are situated in the secondary diagonal. In this case, the
similarity transformation n X nyields matrices that are balanced with esteem towards the inferiors
loping. This work leads to the study of secondary transposition, or transposing an arbitrary medium
A with respect to the lesser sloping. This served as inspiration for Anna Lee [12], who developed the
concepts of secondary orthogonal (s-orthogonal), secondary skew symmetric (s-skew symmetric),
and secondary symmetric (s-symmetric) matrices and derived their characteristics.

The author has demonstrated a connection between the conventional transpose matrix A and the
secondary transpose matrix A, denoted by AS = VATV, anywhere V represents the variation a unit
is situated in the secondary diagonal of the matrix [13]. The existence of a secondary symmetric
matrix B, which AS = B~'ABis a positive semi-definite matrix divided into four blocks, has also
been shown by the author. Numerous studies and surveys have been conducted in the literature
because of the importance of these matrices in matrix analysis and quantum theory [14].

The collection of n X ncomplex one conditions is written as¥™", and the individuality average of
proper scope is represented as . Let's define the interplanetary ofn X n complex mediums asU(n).
Suppose that A is a Hermitian matrix and that is A(A).its biggest eigenvalue. A < 0if A stands
undesirable semi-definite, we use the notation A > 0(A > 0)to show that it remnants likewise
constructive semi-definite or definite [15]. A matrix X's spectral norm is represented as|| X[,

In this work, we choose M to be the optimistics emi-definite lump matrix with the given structure:
_ A X 2nX2n
In the sequelA, B, X € ¥™", Positive Partial Transposition (PPT) is miscalled if, M,
_[A X
M=y 1] @

has an additional confident semi-definite. A average finished the planetary||e|| of conditions is
unitarily invariant if [|[U x V|| = [|X]|landU, V € ¥(n) only ifX € ¥™",

2. Literature Review

This section provides precise approximations using low-rank matrices by deriving explicit
constraints for the remarkable values of positive definite Hankel conditions. Additionally, the
relationship between normal and binormal matrices is explored, revealing specific eigenvalue
characteristics associated with badly conditioned normal matrices.

Using rational functions, Beckermann et al. [16] addressed an extreme situation by putting explicit
limits on the extraordinary values of matrices. Specifically, they showed that a constant C multiplied
by the reciprocal of p raised to the power of k, divided by the logarithm of n, and finally multiplied
by the 2-norm of H_n limited the kth singular value of a positive definite Hankel matrix of size n
(referred to as H n) in the real domain. In this case, the preset constants C and p have values greater
than 0 and more than 1, respectively. The symbol |[H_n|_2 represents the spectral norm. This
conclusion implies that a matrix of rank O(log n log(1/€)) may accurately represent a real n X n
positive definite Hankel matrix with epsilon|H n| 2 (where 0 <g <1).
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Ikramov et al. [17] introduced the concept of normal and binormal matrices, demonstrating that a
binormal matrix can be derived from a normal matrix through right multiplication by a suitable
unitary matrix. Specifically, considering a normal matrix N with a large condition number cond2N
concerning inversion, they established the existence of a binormal matrix B, derived from N, with
individual eigenvalue condition numbers of order (cond2N)Y?2.

In another work, Ikramov et al. [18] presented square matrix is characterized as binormal when its
rows and columns are pairwise orthogonal, and it exhibits the property that the products of its
conjugate transpose (AAx) and transpose conjugate (A*A) matrices commute. Additionally, a matrix
is termed unitoid if it can be transformed into a diagonal form through a congruence with a
Hermitian matrix. In Thompson et al.'s study [19], binormal, complex symmetric operators were
presented and examined. Their connections to the Duggal and Aluthge transformations were
examined, and some of their related characteristics were explored.

Meenambika et al. [20] extended concepts and ideas from skew binormal operators to [nsnBN]
operators acting on a Hilbert space H. They proved results based on self-adjoint and [nsnBN]
operators, establishing independence between [nsnBN] operators and n-isometry operators. Kaiser et
al. [21] delved into the normality properties of composition matrices, emphasizing their significance
in linear algebra due to their connection with diagonalization. Normal solutions were discussed,
followed by more complex binormal solutions, and finally criteria for the composition matrix to
commute with a general matrix.

The motivation underlying the research presented in the articles stems from the quest to understand
and address key challenges in linear algebra, particularly in the context of matrix properties and their
applications. As stated by Beckermann et al. [16], was to clearly define the boundaries of positive
definite Hankel matrices' singular values in order to provide insightful insights into the creation of
effective approximations for these matrices. Ikramov et al. [17] sought to explore the relationships
between normal and binormal matrices, focusing on conditions and properties, especially in cases of
poorly conditioned normal matrices. The work of Ikramov et al. [18] aimed at investigating square
matrices featuring orthogonal rows and columns, with a specific focus on identifying the
circumstances that lead a nonsingular binormal matrix to transform into a unitoid. Thompson et al.
[19] were motivated to study binormal, complex symmetric operators, exploring connections to
transformative operations and uncovering additional properties. Meenambika et al. [20] extended
concepts to [nsnBN] operators, establishing results based on self-adjoint properties and emphasizing
the independence of [nsnBN] operators and n-isometry operators as distinct classes. Lastly, Kaiser et
al. [21] delved into the normality properties of composition matrices, highlighting their importance in
linear algebra and their connection to diagonalization. Overall, the common thread across these
articles lies in the researchers' motivation to deepen our understanding of matrix structures and
behaviors, with implications for both theoretical advancements and practical applications in various
domains.

3. Preliminaries
Definition 3.1

P, = P, U P, [ Uis not only an process a representation] Bi-matrix
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For example

LetP, = B’ i] P, = [; g]ThenPb = [(3

Definition 3.2

A Matrix P € R,;is Normal matrix PP* = P*P.

Definition 3.3

A Bi-Matrix P, € R;;is Normal Bi-matrixP,P;, = P;Py.
(P; UP,) (P, UPy)" = (P, UP,)"(P UP,)

1

DYl

5 6
7 8

)|

Example 1.4
I 1 0 [1 0 1] I 0 1 1 1 0
Letb, =0 1 1|,P1=|1 1 0|,P,=|1 1 0f,P3=|0 1 0], Then
I 0 1 0 1 1. 0 1 1 I 0 1
Now to check Normal Bi- matrixP,P] U P,P; = P{P, U P;P,.
2 1 1 [2 1 1] 2 1 1 2 1 1
I 2 1|yl 2 1f{=|1 2 11Ul 2 1}
I 1 2 1 1 2] 1 1 2 1 1 2
Definition 3.4
Let x,X,,....,x;be an orthonormaleigenvector basis of this matrix and let o, a,,....,0;be the

corresponding eigenvalues.Expanding a vector Bin this basis, we have [22],
B = 21i1=1 énxna
12 X 2 X 2|2 |2
1Pl = [|Z3as ot xall” = Eacilonl? &, [

P2 = |25 o3 xall” = Zacilonl* e,

And

1
X X 1 X E
PP = >l e, < (Zw |an|2>5- (ZI&I) = [P « i
n=1 n=1 n=1

In the preceding connection, we employed the Cauchy—Schwarz—Bunyakovskii inequality.

Though there are relevant finite-dimensional modifications of the normalcy idea, they do not exist in
the cases described above. One such extension employing square matrices is the subject of this
discussion. A matrix P is termed binormal when the associated matrices PP* and P*P exhibit
commutation. It is evident that all normal matrices P, where PP* and P*P are identical, fall under the
category of binormal matrices. However, there are additionally binormal matrix that are not normal.
The Jordan block is the simplest illustration.
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(0 1
]2 - (O O)’
This is diagonal and so commuted in relations of the matrices]'dfand ]';C]é.

It should be noted that the literature has a variety of definitions of binormality. A binormal matrix,
for example, is described in [23] as a matrix of even order 2x composed of four normal xxx blocks
that commute pairwise. In our definition, such a matrix is likewise binormal; however, the latter does
not depend on the order being even and does not associate binormality with a matrix's block
structure.)

3.1. Properties of binormal matrices

As per [8], the set of binormal matrices of order i is represented by (¥,,,);, or just by(¥,,). We start
with a brief summary of characteristics that (¥,,,)are comparable to the set of normal matrices in
some way.

Proposition 1.Allow P € (¥,,). Then, the following claims are true for each A € Rand every
unitary matrixU,:

(AP € (¥pn)

(iU PU, € (Wpn)

(iii)P*, P, P € (Wp,)

(iv) If P is a matrix that is not singular, therefore P~! € (¥},)).

Still, there are some clear differences between the two groups. Each positive fundamental power of a
normal matrix, for example, is likewise normal. Conversely, however, the structure of the matrix,

0 0 1
1 1 0

1 -1 0

P =

IS unique because
PP™ = diag(1,2,2), PP = diag(2,2,1).
Meanwhile,Q = P? ¢ (¥,,,)since

{(anwgn)(wglnlpbn)}m = IZ’{(l‘Ul?nan)(anWl?n)}lz = 3.

Moreover, the total of typical matrix that commute is also normal. Conversely, take into account the
binormal matrix's total.

as well as the standard matrices N,:

In fact, matrix B is not binormal.
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3 4
(lpbnlpgn)('pl?nq]bn) = (2 3) )

3 2
('pgnlpbn)(lpbnq]l?n) = (2 4)-

Let P represent any random matrix in¥,,,. Is matrix P normal. The location of the P field of values in
relation to the point k = 0 affects the solution somewhat. One may acquire a comprehensive response
by examining P's behaviour when its primary diagonal is shifted. First, we mention the preliminary
theorem of M. Embry and S. Campbell (see [24]) for related conclusions.

Theorem 3.1.Let Rand S be ordinary matrix that commute. Let us suppose that there is a matrix of
numbers P that

PR = SP (1)
and that the field of values G (P)of this matrix has an exterior point at k = 0. R therefore equals S.

Proof. Letx, x,,....,x; be an orthonormal foundation made up of the flowing matrix R and S's
shared eigenvectors. All three matrices, R, S, and P, should be transformed to this basis:

R »A= U{RU; = diag(ay,...,a;),
S - L=UiSU, = diag(B,...,B),
P - Q = U;PU,.
Equation (1) therefore read as
Q A= LQ.
or, the form of entries,
qu(ax—ﬁy)=0x,y= 1,2,....,10 @)

For any x in the index, the inequality a, # B,is impossible. In fact, if (2) were any other case, it
would imply thatg,, = (Qe,, e,) =0, that isO € W(Q) = W(P), which defies the theorem's
assumptions. ConsequentlyA= L, R=S.

Proposition 3.2.Allow P € (¥, )and allow0 ¢ W (P). P is a regular matrix therefore.

Proof. Put in place R = P*PandS = PP*. All of the matrices R, S, and P meet the requirements.
Theorem 3.1.Therefore, P*P = PP*.

Proposition 2 is clarified as follows in [3].

Proposition 3.3.Additionally, let's P € (¥},,)suppose that the matrix
1 *
P=5(P+P) 3)
Is in the case of positives semidefinite. P is a regular matrix then.

Proof. The matrix (3) is part of the Toeplitz or Hermitian decomposition of P, as it is known:

P=Q+xT
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Q=PR,T=Py=5(P-P).
The relations provide a connection between the matricesR = P*P andS = PP*are Qand T.
P*P=Q*+T?+x(QT —TQ) 4)
PP* = Q>+ T?+x(TQ — QT) (5)

The process of proving Theorem 3.1 involves us going to an orthonormal basis {x}made up of the
common eigenvectors of the Hermitian matrices R and S that commute.

R -A=diag(a,, ay,...., a;),
S - L=diag(B,B>----,Bi), (6)
P, Q, Tstand for the transformed matrices P, Q, and T, respectively. Next, we have

Pry(@x = By) = 0x,y = 12,....,
Let us assume thata, # B, for a given index x. We can set x = 1 without losing generality.

Thenp,, = 0, from G,; = £,; = 0. The matrix Qis deemed to be positive semidefinite. Therefore, it
follows that the equality ¢,; = Oindicates that there are zero entries in this matrix's first row and first
column. Consequently, this suggests that the matrix's QT — TQdiagonal entry (1,1) is zero.
According to the premise, relations (4) and (5) now give{x},

a; = {Tz}ll'ﬁl ={T?},

Such that isa; = B;,which defies the first assumption. This implies that P*P = PP*the equality a, =
B,is true for all values of x.

Remark. The more general condition 0 € W (P)may be used in substitute of the criterion of
positive semidefiniteness of the matrix P.by using item (n) of Proposition 3.1. This variant of
statement 3.3 implies that a matrixP € (¥,,,,) may only be nonnormal when z = 0 is an interior point
of the field of values W(P), in conjunction with the statement that came before it.

All of the shifted matriceP + aNs is normal if P is a normal matrix. It was found by Campbell (see
[25]) that non-normal matricesP € (¥,,,,) respond to diagonal shifts completely differently.

4. Proposed Secondary Jz2 Binormalj,A4,, Matrices

We examine the characteristics of bi-normal and J> bi-normal matrix as a square matrix that has a
similar structure to a regular Jordan block but with a different eigenvalue on the main diagonal and
ones on the super diagonal in this section.

Definition 4.1

A Bi-Matrix Ju,, € Jn.nis J bi-normal matrix J,,./pdonbn = Jontbrd o bn
UiV U2zl = UilJudiT v Ul )s ]
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1 1 0 1 0 1 1 0 1 1 1 0
51 = [0 1 1],]{‘ = [0 1 1],]2 = [0 1 1],]5‘ = [0 1 1],
1 0 1 0 1 1 0 1 1 1 0 1
Now to check binormal matrix /. Jpn)pordon = Jordontondon

UiV U2 )z] = Uil v Uz )a)2)s]

Example 4.1

21 1712 1 13 121 192 1 11 2 1 172 1 11 [2 1 172 1 1
[1 2 1”1 2 IIU[I 2 1]1 2 1{=11 2 1[1 2 IIU[I 2 1”1 2 1]
1 1 2101 1 28 11 1 211 1 28 L1 1 211 1 20 L1 1 2il1 1 2

6 5 51 [6 5 5] [6 5 51 [6 5 5

[5 6 5]U5 6 5|=|5 6 SUIS 6 5]

5 561 15 5 61 15 5 6 556

Definition 4.2
A J Bi- normal Matrix J5,, € J.niS J2 bi-normal matrix />, pnd 5t brdon = Jord b brdbnt2mn
Rontsndsndim] Y UdsntonJndsnon] = UbnJbntonton] U UbnJontsntontZon]-
Example 4.1
110 1 0 1 01 1 110 001
]gn=[o 1 1],]§n=[1 1 0],;;=[1 0 1],§;=[1 0 1],J;bn: 01 0j3,=
10 1 0 1 1 110 110 10 0
1 0 1
1 1 O]
1 0 1
Now to check binormal matrix

ot srdindbn] U sondondsrdindoon) = Usidondprndbn] U Ubnonindntoem)
1 1 0 0 1 1 1 1 0 0 1 1
[1 0 1] U [1 0 1] = [1 0 1] U [1 0 1]
0 1 1 1 1 0 0 1 1 1 1 O

Transpose of a J bi-normal matrix is a Jobi-normal matrix.

Theorem 4.1.

Proof
For a binormal matrix J,,,
Jondbn = Jondon
That is, J2bi-normal matrix
Lo ord ot bndbn = Jondbn)ondpnt2mn

— 7l 2
]bn _]bn U]bn
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Transpose of a Jobi-normal matrix
Pon B U U Ukl = Ukad Uk UZad UBad T
= Tl U UEa) Ubal = Udon U SBon) Ubn U J3)
= (B Y Iam) Usn W I sk U I2m] b w 1] Ubn w I3%
= (3on Y Im) Usn W B[ Ub) " v U3R) 1 Ub%) ™ v U3R) 1Us% v Tan)
= [atdinlisn] Usnl Joal © D3R UZRT U3 T30030n
= 5Bl U 8| v U] Ul g3 %Zn
= B5ulbtal Ubatbn] | © [UBnsin] Ubniin] 135]
= U] Tl | 0 (U3 JazalUn] 725
3 (U 0 U3 Ud W IR U U B (3 0 3
= Usn U Jan) Usn W I Usm U o) Udn U Joim
= [bn V3] Ubn U2 Ubn U J3n) Uk U J3] U2Ee U J35,)
= UL Uk UZdUB T

Hence is a J2 bi-normal matrix

Theorem 4.2. Let J;,, € J,.nand n satisfies the following conditions

(1) Jon = J2bn,

(i1) JonJ2on = J2on)bn,

then J,,is an J2 binormal matrix.

Proof.

Since Jun € 3o = Jonlbn = pn@ndlpn = J3hn , SO,

]ﬁkbnfn_l i on = Jbn Ponloontbn

]bnjz*bn]n ]bn]an = JonJon Sonloontbn Ton
Jon2onlon b Jonlsvndon = JonSopntsonton

From (2), we have /3y 00 bnoen = ]b,,jz*b,,j;b,,jbn. Hence, J5;,,,1S an J2 binormal matrix.

Corollary 4.1. Let J;,,, € Jn.,and it !satisfy the condition J,,, = J5pn/on, then J5,,is an J2 binormal
matrix.

Theorem 4.3.Let J3,,, € Jn.n, then J2is and J, binormal matrix

Theorem 4.4.Let J5,,,, € Jn.n, then 3. is and J2 binormal matrix
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Proof.
Since J3pn € Jnin = Lpnton = JonJ2pn:SO
SN o O NS Al o S
Sl O N
/S Sty S O b S
]*(n 1)];(71 Z)JZZSTJererZZZ 2*1(;7111 ? l(arrlz_l)

(1) (n=3) 3 (=), (n=)
=Jon  Japm I Sonlbnlabn  Jon

. . 1 1 *(n—1
By induction , we have J35, /i /pn/oon = lgrrll )JZbTan]l(J?L )]bn] 2157711 )
Hence/y,, is an J2 binormal matrix

Theorem 4.5.Let J,, € Jpen, then Jp, = =] bn- Jon 1S @an J binormal matrix, if and only
i) bid2on)2on)bn = Jond2on)26n)bn

Proof.

Since Jpn € Jnn@nd/pn = —J3pn)pn - We assume thanjp, /3y lapnton = Jondspnt2pntonts
Then
Jvndondon)2bn = Jaon)on)bn)2pn
= Javn (=Jon)J26n (—J26n) It 2bn
= Jondbn)2vnS26n (=Jbn))2bn
= JonJabn)2bnbn
Conversely, suppose J2 binormal matrix then
Jvadon)onabn = Javn)bn)bnt2mn
= Jaon (=Jon)J26n (—J26n) It 2pn
= Jondbn)2vnS2on (—Jbn)J2pn)bn
= JonJ2bn)2bnbn

Theorem 4.6.Let Ju, € Jnun, then Jpn = —Jpnlopn)on- JonCOMmMutes Withjy, /54 /bn = Japntondbns
then/,,, is a secondary binormal matrix

Proof.
Since/pn/on)2bn = —Jabn-
JonJaontbn = Ibndbonton)2pn)bn
= (=Jon)J2n (=Jon)JonS b
= Jon)bnJ2pn)onSbon
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= Lpntontbn

Hence, J»,, IS a secondary binormal matrix.
Theorem 4.7.
If J,,n1S @ secondary binormal matrix and Skew symmetric matrix agis a complex number, then
(1)) pn + asfapn IS @ Secondary binormal matrix
(i)Jpn — @i J2pnls @ Secondary binormal matrix
Proof
Let /,,,be a secondary binormal matrix
Therefore of [rpn/bnpnSonton = JonbnJonSont2pn
Proof of (i)
Uzbn + 7> ™) Uapn + ¥ )"

JabnUobn + V55" 0) Uabn + V" on) ™ Uobn + ¥ ") " Uoon + ¥* ")
= (opn T V> ") Uobn + V5™ on) Uabn + V5" n) Uzpn + V> ") " Jobn

JoonUopn + V5™ 0) Uopn + Y50 Uobn + V55" 0) " Uapn + V5™ 0)
= (3on Y J3on) [Ubn Y J30) + v Un U ID|[Ubn Y J30) +¥S™ U U 2]
[k U J20) + 75 Un U IDN b U TEn) + ¥S™ UL U J2)]

= (Bpn YU o) [Ubn U J20) + 7 UL U D] [Ukn U J2n) + v U U D]
(U UJ2) + 75U UID] [Ukn U J2) + 5™ U]

= (Bpn YU Bapn)[Ubn U J20) + 75 UL U D] [Ukn U Jn) + v UL U D]
[Ubn + 7™ U U2 + v (U + v U (U2 + v™2)]

= (on Y o) [Ubn + v5™ ) U U2 + v 2 [ Uy + v*58) U Un + v5™2) ]
[Ub +75™8) U U3 + a2) N[ U + 5™) U Un + v*2)]

= (]2bn U]2bn)[(]bn + yssm]n) (]bn + Vssm]n)][(]bn + Vssm]n) (]bn + Vssm]n)]
[(]bn + ySSm]n) (]bn + yssm]n)] [(]bn + yssm]n) (]bn + yssm] )]

= Lonllbndim + Iondoh + V5™ n + asi@sic | [[bnim + 75 ™ bn + V5™ + ¥ S5y 5™
U Usndom + ondion + 755n + asc@sic) Ubnton + 75 on + V=™ o + V=755 oy,

= [Ubn YJ3n) + (™I U r*™3)] (U U Jon) + (Y™ U @siin)]
[(]llm U]lzm) + (yssm]llm U yssm]gn)] [(]llm U]l%n) + (yssm]llm U Vssm]lzm)]*(jzlbn U]22bn)

= [(]én U]l%n) + yssm(]én U]l%n)]*[(]én U]l%n) + yssm(]én U]I%n)]
[(]én U]l%n) + yssm(]én U]l%n)] [(]én U]l%n) + yssm(]én U]l%n)]*(blbn U]22bn)

= [(]én U]l%n) + yssm(]én U]l%n)]*[(]én U]l%n) + yssm(]én U]I%n)]
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[(]I;lm U]%n) + Vssm(]llm U]l%n)] [(]lgn U]l%n) + Vssm(]llm U]l%n)]*(]Zlbn U]22bn)
= Ubn + yssm]n)*(]bn + yssm]n) (/bn + Vssm]n)(]bn + Vssm]n)*bbn

Hence, Jpn + ¥ ™ )1pniS secondary y>5™],,.skew symmetric matrix
Proof of (ii)

(]2bn - yssm]n)(IZDn - yssm]n)*

JoonUabn = V™) Uabn — ¥ on) " Uzbn — Y55 ) " Uapn — V> )
= (Jabn — V> ") Uabn = Y™ bn) Uabn — Y5 ) Uaon — V> ) Jabn

]2bn(/2bn - Yssm]n)(fzbn - Vssm]n)*(fzbn - )/ssm]n)*(fzbn - Vssm]n)
= (Jhon U2 [Ukn U T20) — v U U IDN[Udn U JER) — ¥S™ U U )]
[Un UJ2n) = v U U ID)[Ukn U TZ) — vS™ UL U 2]
= (Bpn Y o) [ U U T20) = v UL U D] [Ukn U J2n) — v Uk U D]
[Ube UJTE) = v=™ U UID] [Ube U IE) — vS™ UL U J2)]
= (Bon Y 3o [Ubn U J3n) — ask UA U DU U J2n) = ¥=™ UL U JD)]
[Ube = v5™8) U U2 = v ™2)] [Ukn = v*s™) U U2 — v*™12)]
= (J3pn Y B2pn) [Ubn = ¥™8) U Uin = v 2l = v5™8) U (U2 — v*™2) ]
(U = v*™8) U U2 = v*"2) N[ U — v*") U (U2 — v*™J2)]
= (Bpn Y I [Ubn = vS™) U U2 — v Ush — 755™0%) U (52 — 75™)2)]
[in = 755™) U (32 + 75 Udn = ¥™L) U (U — v™)2)]
= Lonlbndon — Ibndon — V5™ — @si@sic | Upadim = 755 bn — V™ pn — ¥ S5
U [ondon — Jondim = 75 ™n — @sicsic| Uontom — 755 on — 755 on — V™7™ | Japn
= [(]llm U]l%n) - (yssm]én U yssm]l%n)]*[(]llm U]l%n) - (yssm]llm U yssm]l%n)]
[(]l]m U]l%n) - (yssm]llm U yssm]l%n)] [(]llm U]l%n) - (yssm]én U yssmlgn)]*(lzlbn Ul%bn)

= [(]l]m U]l%n) - yssm(]llm U]l%n)]*[(]llm U]l%n) - yssm(]llm U]I%n)]

[(]lln U]l%n) - yssm(]llm U]l%n)] [(]llm U]l%n) - yssm(]llm U]l%n)]*(blbn U]22bn)

= [(]llm U]lzm) - yssm(]llm U]lzm)]*[(]llm U]l%n) - yssm(]llm U]lzm)]

[(]én U]l%n) - Vssm(]llm U]lz)n)] [(]llm U]l%n) - Vssm(]llm U]l%n)]*(lzlbn U]22bn)
= Ubn - yssm]n)*(]bn - yssm]n) (]bn - yssm]n)(]bn - Vssm]n)*bbn

Hence, Jpn — V55 hpnis secondary y 5™, skew symmetric matrix
5. Conclusion

In summary, this study has concentrated on unraveling the intricate interplay among secondary
Jopnbinormal, J,,,binormal, and/,, normal matrices, offering insights into their distinctive properties.
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The investigation has notably highlighted the non-closure under addition for secondary J,,,,binormal
matrices, prompting considerations for mathematical operations involving these entities. Looking
ahead, future work in this domain could explore avenues for extending these findings to practical
applications, such as in mathematical modeling or algorithm development. Additionally, further
research may delve into the development of methodologies to address the non-closure issue,
enhancing the utility of secondary J,,,binormal matrices in various computational contexts. This
study sets the stage for future endeavors aimed at both theoretical advancements and practical
implementations in the broader spectrum of matrix theory.
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