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1.Introduction:-

A natural generalization of oF; is the generalized hypergeometric function, the so-called pFq . This
broader class of functions encompasses p parameters analogous to a and b, and g parameters akin to
c, yielding a versatile series

ai, ..., ap, o0 (al)n ...... (ap)n z"
pFa L Z} = X

by, ..., bg; n=0(bn...... (bg)n N!
p
II
i=1
0 (@an 2"
=X , (1)

n=0™T (b n!
j=1

is known as the generalized hypergeometric series and the function pFq is called generalized
hypergeometric function of variable z. pFq is not defined if any denominator parameter bq is a
negative integer or zero. If any numerator parameter ap is zero or a negative integer, the series
terminates. If yFq does not terminate, it converges

(i)  forall finite zif p<q;
(“) f0r|Z|<1ifp:q+1,
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(i) forjz/=1ifp=q+1andR(ZL, b~ 3P, a))>0
and divergesforallz#0if p>q+ 1.
Mittal and Gupta [2, p. 117] has given the following notation of the H-function of two variables as:

0, niimz, n2;M3, N3 x  (aj; oy, Aj), pa: (G, 1i)1, p2: (€5, Ej)1, p3

p1, 01:P2, U2;P3, O3 [ y | (bj; Bi, Bj)1, qu: (dj, 6i)1, q2: (f, Jj)l,qa

a2 | L J L, 016 M) 62(8) 03(n)x> y" dg dn, 2)
where
ni
I
j=1 D (1—-aj+ o+ An)
¢1(&m) = :
T (a- 0 — AnSTIT (1 — b+ B + Bm)
m2
n2
5l
j=1 I (d=388) TL I (1 —¢j+7i&)
j=1
02 (€) = ;
IPr-d+sg)t G-y
ms ns
I
j=1 T (= Fm) TLL(L -+ Em)
03 (M) = ;

Fra-f+rm P reE-em)

x and y are not equal to zero, and an empty product is interpreted as unity pi, gi, ni and m; are non
negative integers such that pi>ni>0,qi>0,q>m; >0, (i=1, 2, 3; j =2, 3). Also, all the A’s, o’s,
B’s, B’s, v’s, 8’s, E’s, and F’s are assumed to the positive quantities for standardization purpose.
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The contour L; is in the &-plane and runs from — ico to + ioo, with loops, if necessary, to
ensure that the poles of I'(d; - ;&) (j = 1, ..., m2) lie to the right, and the poles of I'(1 — ¢;j + y;§)
(G=1,..,m), T(1—a+ &+ Am) (j = 1, ..., 1) to the left of the contour.

The contour L is in the n-plane and runs from — i to + ico, with loops, if necessary, to
ensure that the poles of I'(fi— Fim) (j = 1, ..., ma) lie to the right, and the poles of I'(1 —ej + Em) (j =
1,...,m), IF(1-a+ o+ Amn) (=1, .., n) to the left of the contour.

The contour L is in the n-plane and runs from — ico to + ico, with loops, if necessary, to ensure
that the poles of I'(fj— Fjn) (j = 1, ..., m3) lie to the right, and the poles of I'(1 —ej + Ejm) (j = 1, ...,
ns), I'(1 —aj+ o€ + Ain) (j = 1, ..., n1) to the left of the contour.

The function, defined by (2), is analytic function of x and y if

P1 P2 a1 a2
R=2 o +Z v -2 Bj — X §<0,
P1 Ps3 a1 a3

S= X A+ F-ZX2 Bj - X Fj<0(,

The H-function of two variables given by (2) is convergent if

(o] my Q2 n;
p1 p2
U=-ZX a-Zf-Z -2 g+ -2 v >0, 3
a1 ms n3 p3
p1 g3
V=-%X A -X2Bj-X2F-X F+XE-X E>0 4)

and |argx|<¥%Umr,|argy|<% V.

2.SOME FINITE AND INFINITE INTEGRALS :-

Integrals are useful in connection with the study of certain boundary value problems. It is also
helpful for obtaining the Fourier series and expansion formula. It also used in the study of statistical
distribution, probability and integral equation.

The evaluation of finite and infinite integrals involving H-functions and other generalized
hypergeometric functions has been extensively explored by numerous researchers, including
Chaurasia [3], Chandel [4], Garg [5], Jopshi [6], Shrivastava [7], Ahmad [8], Mishra [9], Nigam
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[10], Pandey [11], Patel [12], Shrivastava [13], Singh [14], Shrivastava [15], Tripathi [16], and
others.

Looking importance and usefulness of integral in various fields we have established some new
integrals of various types, which will be helpful in the study of boundary value problems, expansion
formula, Fourier series, statistical distribution, probability and integral equation.

Extending the research endeavors of Chaurasia [3], Chandel [4], Garg [5], Jopshi [6], Shrivastava
[7], Ahmad [8], Mishra [9], Nigam [10], Pandey [11], Patel [12], Shrivastava [13], Singh [14],
Shrivastava [15], Tripathi [16], and other notable contributors (Section 2.2), this study evaluates
infinite integrals of the H-function of two variables. Furthermore, Section 2.3 presents the evaluation
of finite integrals involving this function.

2.1 FORMULA USED:
In our investigation we shall need the following results:

From Erdelyi [17, p.284, (2)]:

at+o+1 _
[LA =% (1 +0°P*Pdx = Fo_LerulntUle-pry -

n!I'(c—B—-n+1)I'(a+oc+n+2)

where Rea > —1,Re o > —1.
From Dixon [18]:

[° i _ [2c0s (5)]**F2sin [Se(B-a)] ©)
-0 [(a+x)T(f—x) X = T(a+B+1) :

provided that Re (a + ) <1,0<c<m.
2.2 INFINITE INTEGRALS INVOLVING H-FUNCTION OF TWO VARIABLE:

In this section, we shall establish following integrals:

oo
. O,nl;mz,nz;m3,n3
f Sin (cx) Hpbfh;pz.QZ +2;p3,q3
—00

4 (aj.aj;Aj)l.pl:(Cj’yj)l_pz:(ej'Ej)l.pB ]dx
1 (0pB5iB1,a1:(d5:85), o, (L—amxw), (1= Baow):(£F5),

- CN1a+B-2cin [L _ 0,n1;my,n;m3,n3
[ZCOS (2)] sin [2 C(ﬁ 0()] le:Q1;p2:q2+1;p3rQ3
(2005927 (@50AD1p1 (c3vi), (&),

[ n (bj'BjiBj)l.q1:(dj'sj)l_qz'(_O‘_B'Zu):(fj'Fi)ng, ]'

()

provided that Re (o + B) < 1,0<c<m, |arg {| < %UR, |arg n| < %VBA, where U and V are given in (3)
and (4) respectively.
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[ee]
. 0,n1;m2,n2;m3,n3
f Sin (Cx) Hpﬂhipz +1,92+1;p3,93
— 00

Z (aj;aj;Aj)l,pl:(Cj:Yj)Lpz;(B_X;_u):(ej;Ej)Lpg dx
n (bj‘Bj;Bj)l'Q1:(dj’81)1,q2’(1_a_x’u):(fj’Fj)1,q3

_ E a+ﬁ_2 . l _ O,nl;mz,nz;m3,n3
- [ZCOS (2)] Sin [2 C(ﬁ a)] le,ql;pz,q2+1;p3,q3

(ZCOSE)ZUZ (aj’aj;Aj)llpl:(cj’yj)1,p2:(ej’Ej)1,p3 ] (8)
N (0}, B;iB1.ar (d8y), , (—a—B2w:(F),

provided that Re (o + B) < 1,0<c<m, |arg | < %5UR, |arg n| < %VBA, where U and V are given in (3)
and (4) respectively.

oo
. 0,n1;m2,n2;m3,n3
f Sin (Cx) le,ql;pz +1,92+1;p3,93
—00

¢ (a]-,a]-;Aj)Lpl:(c]-,y]-)Lpz,((x+x,—u):(ej,E]-)1,p3 ]d
X
" (0}, B;iBy)1.ar (d85), , (A=Bxw:(f.F)),

_ CN1a+B-2cin L _ 0,ny;mz,nz;m3,n3
= [2cos (2)] Sin [2 c(f —a)] le’Q1:p2'Q2+1:p3’Q3

(20055247 (@,iAD1p:(Gvy), (e E)), o | )
N (0}, B;iB1.ar (d8y), o (—a—B2w:(F),

provided that Re (a + B) < 1,0<c< T, |arg {| < %UR, |arg n| < %VAE, where U and V are given in (3)
and (4) respectively.

o
. 0,nq;mp,nz;msz,n3
j SIn (CX) le,ql;p2+2,q2;p3,q3
—0

z (3j,94;A1)1,p4 :(c]-,y]-)l’p2 J(a+x,u),(B-x,u):(ej,Ej)

"P3]dx
(b5, B1:B)1,04:(5,85), (G F), o |

_ £ a+ﬁ_2 . l _ O,nl;mz,nz;mg,ng
= [2cos (5)] sin [7¢(B — M1 Hy 41+ 1,021p5.5

C\— st A Ac: v (e: E:
(2c0s3)724g (a]'a]’A])er1'(CJ’y])l‘pz'(l+a+B'2u)'(e]'E])1_p3

’ 10
[ n (bj,Bj:Bj)1,q1:(di'si)l,qz:(fj'Fj)L% ] ()

provided that Re (a + B) <1,0<c< T, |arg {| < %UR, |arg n| < %VAE, where U and V are given in (3)
and (4) respectively.

P1,9d1;P2+1,92+1;p3,q3

[ee]
. 0,n{;m,,n,;ms,n
f sin (cx)H =~ % 303
— 00
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¢ (aj,oc]- ;Aj)l,p1 :(cj,yj)llpz,(a+x,u):(e]-,EJ-)LpS ] dX
n (bi'Bi;Bi)lrth:(d]"si)qu'(1_B+X'_u):(fi'Fi)1,q3

P1,d1;P2+1,92;P3.43
[<zcos§)-2u< @3.053AD1,p1(cpY}) , | (T+a+B2w:(e; )
" (byBjiB1,a1(d85), o, (65.F5)

= [2cos (%)]“J’ﬁ_zsin [%c(,B — )] O wmahzmsns

(1)

1,93

provided that Re (o + B) < 1,0<c<m, |arg | < %5UR, |arg n| < %VBE, where U and V are given in (3)
and (4) respectively.

co
. 0,n{;my,ny;ms3,n3
f sin (CX) le,ql;p2+1,q2+1;p3,Q3
—00

Z (@j,24;A))1,p, Z(Cj,Yj)Lpz .(B—X.u)!(ej.Ej)Lps

dx expression continue
n (bj,B]-;B]-)l_ql:(dj.Sj)lq .(l—ot—X.—u):(fj.Fj)1 ] (exp )
,d2 43
_ CN1a+B-2cin L _ 0,ny;mz,nz;m3,n3
- [ZCOS (2)] Sin [2 C(ﬁ a)] le,Q1:p2+1,Q2;p3,Q3
(2COS§)_2u( (a]-,a]-;A]-)Lpl:(c]-,yj)l‘pz,(1+ot+ﬁ,2u):(e]-,Ej)l'pg (12)

[ n (bj'Bj?Bj)l.(M:(dj’sj)l‘qz:(fj'Fj)1,q3 ’
provided that Re (a0 + B) < 1,0 <c <, |arg {| < %UL], |arg | < 2V, where U and V are given in
(3) and (4) respectively.

Proof (5):

The result (5) can be established by replacing the H-function of two variable on the left hand side as
contour integral (2), we get

J%sin (ex) [ga ,, [, 61 (0,020, (0)65(0)

1
I'a+x+up)l'(B —x + up)

(Pn?dpdo]dx

interchanging the order of integral involved in the process, evaluating the inner integral with the help
of (8) and applying (2) the definition of H-function, the value of the integral is obtained. On using
the same procedure as above, the integrals (8) to (12) are established.

PARTICULAR CASES:

On choosing ¢ = /2 in (7) and (8), we get following results, which are useful in space science and
used in explanation of quantum gravitational:

® g
s 0nq;mp,nz;ms,ng
_[ sin (%) Hy! q'p;.0,+2:p5.05
—o0

z (aj,(Xj;Aj)l,p1:(Cj’yj)1_p2:(ej'Ej)l.p3 ]d
X
1 (03B5iB1,a1:(d5:85), o, (L-amxw), (1= Baow):(£F5),

_ a+B-2cin (Erp _ 0,ny;mp,nz;mz,nz
- [\/E] sin [4 (ﬁ a)] HP1:Q1:D2:Q2+1.'D3'Q3
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[(\/5)2“( (ajraj;Aj)l,pl:(C]'rYj)l‘pZ:(el"E]')l‘pS ] (13)
(0}, B;B.ar (4.8y), o (—a-B2w:(fF)),

provided that Re (oo + ) <1, |Jarg {| <% UL, |arg n| < %2 V[, where U and V are given in (3) and (4)
respectively.

® g
s 0,n1;mz,nz;ms,ng
f Sin (2 x) le,ql;p2+2,q2;p3,q3
— 00
¢ (aj,a]-;Aj)Lpl:(c]-,y]-)Lpz,(a+x,u),(B—x,u):(e]-,Ej)l‘p

3ldx
n (bj'Bj;Bj)l’ql:(dj’Sj)l,qz:(fj'Fj)l,q3 ]

_ (1+/3—2 . E _ 0,n1;m2,n2;m3,n3
= [\/E] Sin [4 (B —a)] Hp1'Q1iP2+1’QZ:p3’Q3

(\/E)—Zuz (ajra]'"A]')l,pl :(Cj’yj)l,pz'(1+a+ B,Zu):(ej,E]-)
0}, B5B1.ar (485, (6.5, o

[ e, (14)

provided that Re (o + B) < 1, arg {|<¥%2Um, |arg n| <¥2V=, where U and V are given in (3) and (4)
respectively.

2.3 FINITE INTEGRALS INVOLVING H-FUNCTION OF TWO VARIABLES

1
j_ (-0t )PP GOHL | ldx

_ 2%*°*IT(64+1)I(0—-B+1) 0,nq;mp,ny;mz,n3+1
m!T'(c—B-m+1) P1,d1;P2,d2;P3+1,q3+1

Z (aj,(xj;A]-)l_pl:(cj,yj)l‘pz:(—a—m,)\),(e]-,E]-)l’m ] (15)
27\11 (b]-,Bj;Bj)l‘ql:(dj,ﬁj)l‘qz:(f]',Fj)l‘q3,(—1—0(—0'—m,}\) )

f.
Rea+ A min [Re—]] > —1,Reo0 > —1;

1<j<mgj j

1
j (1= y)" (1 +y)PR™ )H[EE "1y
-1

— 2h+p+11—-(p+1)1—-(p_k+1) 0,n1;mp,n,+1;msz,n3
n'I'(p—k-n+1) P1,d1;P2+1,q2+1;p3,93

anz, @A) 1y :(“h-na0.(cjyy), | :(ejEj)

P3 16
n (b]-,Bj;Bj)lyql:(dj,Sj)l‘qz,(—1—h—p—n,u):(fj,Fj)1'q3]' (16)
d:
Reh+ p min [Rel] > —1,Rep > —1;
1<j<m, §;
' (@B oy
LA opla,
| =00 R Peon

_ 29%9*Ir(64+1)T(6—B+1) 0,nq;mp,ny;mz+1,n3
m!T'(c—B-m+1) P1,d1;P2,d2;p3+1,q3+1
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Z (aj'aj;Aj)1,p1 :(Cj'yj)l,pz :(e]',EJ')Lp3 J(a+o+m+2,1)

[z—Kn (bj,ﬁj;Bj)qu:(dj,sj)lyqz:(m+a+1,x),(fj,Fj)1‘q3 ] (17

e]—l

Re a — A max [Re
1S]Sn3

1> —1,Rec > —1;
j

1
_y)—k
f (1= )" (@ + y)PRIP G HE ™ [y
-1

— 2h+p+lr(p+1)r(p_k+1) 0,nq;my+1,n3;ms3,n3
n!T(p—k—-n+1) P1,d1;P2+1,q2+1;p3,93

27K (aj,ocj;A]-)Lpl:(cj,yj)1‘p2,(2+n+p+h,u):(ej,Ej)
n (b]"B]';B]')LCM :(1+n+h,|,l),(d]',8]')1'q2 (f],F])

| e, (18)

1493
C]' -1
Re h — p max [Re
1<j<n, y]-

1> —1,Rep > —1;

n(1+x)*

jl (1-3%1 + PP xH® ]dx
-1

_ 2%*°*IT(a+m+1) [,0,ny;my,n,;ms,ng+2
m! P1,91;P2,92;P3+2,q3+2

¢ (aj’aj;Aj)lzpl:(C]"Y]')Lpz:(_G’}\)’(_G+B’}\)’(ej‘Ej)1,p3 ] (19)
2%’ (o) BB 1.ar :(41.8y), o :(F)), o (~o+B+mA),(~1-m-a—o )"

f:
Re o + A min [ReF—’] > —1,Re B > —1;

1<js<mg j

1
n
| a=ym e yergng 1y
-1

_ 2h*P+ir(h+n+1) Ho.nlimz.n2+2im3,n3
n! P1,91;P2+2,92+2;p3,93

ang, (@ADL (=P (k) (cy), | (eiEj), : (20)
n (b]-,B]-;B]-)qu:(dj,Sj)qu,(—p+k+n,|.1),(—1—h—p—n,|.1):(f]-,F]-)1‘q3 ’

Rep +p min [Re—]] > —1,Rek > —1;
1<j<m, 8]-

jl (1-3%1 + PP Hf ]dx

1 n(1+x)~*

—_ 2(X+G+1F(a+m+1) 0,n1;m2,n2;m3+2,n3
m! P1.d1;P2,92;P3+2,q3+2

Z (aj'“i;Ai)LM:(Ci'yi)l,pz :(ej,E]-)LpS,(1+G—B—m,?\),(2+m+(x+0,)\)

[z—An (b]-,Bj;Bj)lyql:(dj,Sj)l‘qz:(1+0,?\),(1+G—B,?x),(fj,F]-)1'q3 ) (21)
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e]—1

Re 0 — A max [Re
1S]Sn3 ]

1> —1,Re 3 > —1;

1
-u
f (1= )" (1 + y)PRIO ) HE ™ [y
-1

- 20+P+1r(h4n+1) Onimz+2,02;ms,n;
n! P1,91;P2+2,42+2;p3,93

[2_“( (aj,ocj;Aj)lypl:(cj,yj)1‘p2,(1+p—k—n,u),(z+h+p+n,p):(e]-,Ei)1’p3] 22)
n (b,-,sj;B]-)l,ql:(1+p,p),(1+p—k,p),(dj,sj)1yq2:(fj,Fj) ’

1,93

Re p — p max [Recj—_'l] > —1,Rek > —1;

1<j<n, Yj
and A>0,u>0,U>0,V>0,|argl| < %Un, largn| < %Vn, where U and V are given in (3) and
4).
Proof of (15):

To establish (15), expressing the H-function in the integrand as (3), changing the order of the x-
integral and &, n-integral, evaluating the inner-integral with the help of (5), the value of the integral
(15) is obtained. On using the same procedure as above, the integrals (16) to (22) are established.

Conclusion:

This research has successfully explored the evaluation of finite integrals involving H-functions of
two variables, providing new analytical expressions and insights into their properties. The findings
contribute to the advancement of mathematical and statistical theory, with potential applications in
physics, engineering, and data science.
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