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1. Introduction

Theories based on uncertainties or undetermined data have resulted in the invention of many new
methodologies, but these models persist as complications to tackle. Zadeh [27] examined the
membership degree to present the brilliant idea of Fuzzy Set (S). The idea of an intuitionistic fuzzy
set (I #S) was then introduced by Atanassov [2], who advanced on the fuzzy set concept by outlining
the non-membership degree. Treating unknown information was erroneous. To begin with such a
context, an engaging mathematical notion Neutrosophic set (NS) was provided by Smarandache [19],
an influential structure for the generalisation of %S and I #S. Murugadas et al. [11] used novel modal
and composition operators to improve the decomposition notion in Neutrosophic fuzzy matrices.
Modelling ambiguity and uncertainty was addressed by a new theory soft set that was raised by
Molodtsov [10]. Maji et al. [5] have investigated multiple features on fuzzy soft sets with respect to
the theory of union, intersection, complement, etc. In addition, Maji et al. [6, 7] generated the soft
sets to the I #S and NS. Matrix theory is an essential idea in mathematics theory with many
applications in the fields of engineering and science. Matrix theory is an indispensable idea in
mathematics theory with many applications in the fields of science and engineering. Thomason [23]
pioneered the notion of fuzzy matrices for illustrating fuzzy relations based on fuzzy sets utilising
max-min composition to investigate the convergence powers of fuzzy matrices. Kim and Roush [3]
proposed a systematic metaphor of fuzzy matrices to Boolean matrices. A matrix with max-min
composition was presented by Ragab and Emam [12]. The theory of a soft matrix was initially
brought up by Manoj Bora et al. [9] in their intuitionistic study of its relevance to medical
diagnostics. Arockiarani and Sumathi [1] indicated several matrix models incorporating some of the
definitions of the concept of a soft matrix in the framework of neutrosophic theory and then used
their approach to tackle a decision-making problem. By examining various properties of the defined
operators, Shyamal and Pal [16] defined the operators @ and (. They also examined some results
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that have been observed with these operators in utilisation. With its algebraic features, Sriram and
Boobalan [21] extend these operations to intuitionistic fuzzy matrices. Sophia and Jayapriya [20]
used the operators @, ®, and © to explain multiple varieties of neutrosophic fuzzy matrices and
their traits. On fuzzy matrices, the algebraic characteristics of the Hamacher sum and Hamacher
product operators have been identified and examined by Silambarasan and Sriram [17]. generated
these operations on intuitionistic fuzzy matrices as well. Hamacher operators have been utilised for
constructing scalar multiplication and exponentiation operators on interval-valued intuitionistic fuzzy
matrices [18]. Its algebraic characteristics are also explored to some extent. By examining certain
characteristics of the intutionistic fuzzy set, Wang and Liu [25] determined the operators of Einstein.
Some of its characteristics were defined and explored by Selvarajan et al. [13, 14, 15]. Einstein
operators are used in intuitionistic fuzzy matrices by some of its equalities. Lalitha [4] used the
implication operator to develop Einstein's operation in an intuitionistic fuzzy matrix, and several
aspects of the intutionistic fuzzy implication were exhibited. In this work, several properties of the
Einstein operators are demonstrated in fuzzy neutrosophic soft matrices, especially those involving
the scalar multiplication properties of fuzzy neutrosophic soft matrices with Einstein operators.

2. Preliminaries

In this section some basic definition of fuzzy neutrosophic soft matrix needed for the study of the
paper are given.

Definition 2.1: [11] Let U be a neutrosophic set on the universal set X. It is defined to be as
U= (Tugy, Iug, Fug,) such that Tug, Iug,, Fug,: X — [0,1] where 0 < Tug, + Iug, + Fugy, < 3,
denotes degree of truth, indeterminacy, and falsity respectively.

Definition 2.2: [8] Let X be the universe of discourse and the S be the set of parameters. Let
P (X ) indicates the collections of all neutrosophic subsets of X. Let D < S. Then the pair (Fj,S) is
known to be fuzzy neutrosophic soft set over X where the F5: S —» P (X).

Definition 2.3: [1] Let X be the universal set and let the set of parameters be S. Let D < S. Then the
pair (Fp,S) be a fuzzy neutrosophic soft set over X. Then the subset X x $ is defined as Ry =
{(x,s); seD, ¥ € fy(s)} which is relation form of (f,$). The truth, indeterminacy, falsity
functions are written as TRy, IR5, FR5: X x S — [0,1], TR5(%,5), IR5(¥,s), FR5(%,s) € [0,1]
where ¥ € X forevery s € S.

Suppose (Typ, Ln, Fgn) = Tyn(%g,50), 1gn(%g,51), Fyn(¥g, s4) which could be defined in matrix form
as follows

(Ti, L Fiy - T i Froy o oo Ty Ly Fup)

<T21'121'F21> (Ty, 5, Fa3) oo (Top, Loy Fop)
[< gh gh! gh)] : :

( gl g]P g[) ( ZJFQZ) <Tghllgthgh>

the above defined matrix is known to be a fuzzy neutrosophic soft matrix (f, $) over X.
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Definition 2.4: [1, 22] If U = (Tugy, lugy, Fug,), V= (Tvg, vy, Fv,,) are two comparable fuzzy
neutrosophic soft matrices with the same order. Then there are two cases

Case(i) If U <V, then Tugy < Tvgy, Tug, < vy, Fug, = Fvg,
Case(ii) If U >V, then Tugy = Tvg,, Iugy, = [vg,, Fug, < Fvg,

Definition 2.5: [1, 22] The fuzzy neutrosophic soft matrix J= (7,1,0) whose all entries are known as
universal matrix and fuzzy neutrosophic soft matrix 0= {0,0,/) whose all entries are known as zero
matrix. Then the identity matrix I is defined by (Tugn Iugn, Fuug,) Where

_({LL0),  g=h
(Tugn gn Fugn) = {(0,0,1). g*h

3. Einstein Operator on Fuzzy Neutrosophic Soft Matrix of Type A
In this section, some results about the defined einstine operators are discussed and proved.

Definition 3.1: Let U= (Tugy, lugy, Fug,) and V= (Tv,,, [vy, Fvg) € Ny, then the component
wise einstein sum and component wise einstein multiplication is defined as

. ~ ~ Tugp+ Tvg, Iugp+ Ivgy, Fug,.Fvgy,

Q) Uegszg o Tugitlvg 91 FVg 3.1)
+Tugp.Tvgy, 1+Iugh.lvgh ]+(1—Fug;,)(1—Fvgh)

.. ~ ~ TugpTvgy Iugp.lvgy Fugp+ Fvg)

)  VOeV= [1+(1—Tugh)(1—Tvg;,) "+ (1=Tugi)(I-Tvgy)’ T+Fug, Fog, (3.2)

Property 3.1

Let U, V and W be any three comparable fuzzy neutrosophic soft matrices with the same order, then
the following properties hold hood.

(i) UTOV=VOesU

(iii) (U De 17) O W =U, (17 @ W)

(iv) (U QeV)OQeW=UQsV O W)

Property 3.2

For any fuzzy neutrosophic soft matrix I, then the following properties hold hood.

(i) U@0=U=0®:T
(i) UOsJ=U=00¢]
(i) UQg0=0

(iv) U®,]=]

Therefore, (N,,,,,, ®¢) and (N,,,,,,® ) forms a commutative monoid.

The operators do not obey the De Morgan’s law over transpose.
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Property 3.3

If U and V are two comparable fuzzy neutrosophic soft matrix with same order, then the following
properties hold hood

0 (@7 =0"@, V"

(i) (U 0. V)'=0" 0, V"

Where, UT , VT is the transpose of U and V.

Property 3.4

For any fuzzy neutrosophic soft matrix U, then the following properties holds.
(i) U®:0=>0

(i) UQ.U<U

Proof:

(i) U®:0=>0

Then gh™ element of T @, U is

2
_|Tugnt Tugy, ITugptlvg, (Fugh)
- 2 ]
1+ (Tug)” " 1+Iugnlvgn 1+(1-Fugp)?

Since 2> (1 + Tuy,’)

2Tugh > Tugh(l + Tughz)

2Tugy

m = Tugh forevery gand h

2lugy

— >
(1 +Iugh2) - Iugh

(Fu /,1)2 2
Also, Tiuwz < (Fugy;,)” < Fuy, forevery gand h

Hence, by Definition (2.4) Case(ii) U ®, U > U.
The proof of (ii) is similar of (i).
4. Some Results of Einstein Scalar multiplication of Fuzzy Neutrosophic Soft Matrix.

In this section, we constructed Einstine scalar multiplication and investigated their algebraic
properties.

Note: Using the Equations (1) and (2) the following equations are obtained for any integer
p>0.

2
Tugp+ Tugy Tugp+ Iugy Fugy
) ) 2
1+TugpTugy = 1+lugplug, ]+(]_ Fugh)
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20 =

(I+ Tug) — (I Tug)” (I+ Iug) — (1 - Iug,)’ 2Fug,’

(1+ Tug) + (I1— Tug)” (1+ Iug) + (I — Iug)’ (2— Fug,) + Fug,’ ]
Similarly,
30 =

(1+ Tug) — (1 Tug)’ (1 + Iug) — (I - Iug,)’ 2Fug;’ ]
(1+ Tug) + (1— Tug)’ (1+ Iug) + (I - Iug) (2- Fug) + Fug,’

In general, the Einstein scalar multiplication is defined by

pU =

(1+ Tug)’ = (1= Tug,)® (14 Iug)" — (1 Iug,)” 2Fug,?

(1+ Tug)” + (1= Tug)” "(1+ Iug)’ + (1 - Iug)” (2~ Fug)” + Fug?
Property 4.1:

If U and V are two comparable fuzzy neutrosophic soft matrix of same order and p,, p, be any
positive integers where p > 0, then the following properties hold hood.

) p(T®:V)=pU®:pV

(i) (PJU De PZU) =(p; ®sp)U
(i) (pp2)U = P1(P2U)

Proof:

0 (Te.V)=|

[(1+ Tugy)(1+ Tvgp)— (1- Tugy)(1- Tvgy)
(1+ Tugh)(1+ Tvgh)+ (1— Tug;,)(l— Tvg;,) ’
_ | G+ rugp)(1+ wgp)— (1- Tugy)(1- Tvgy) 4.1)
(1+ Iug;,)(1+ Ivg;,)+ (1— Iug;,)(l— Ivg;,) ! '
2 FugpFvg)
(2- Fugp) (2- Fvg,)+ Fug), Fg,

Tugp+ Tvg Iugp+ Ivgy Fugp.Fvg,

1+Tugh.Tvg;, ! ]+Iugh.lvgh ’ 1+(1—Fugh)(1—FVgh)

From Equation (3) where,

(1+ Tug,)(1+ Tvg,) =Ty, (1 — Tug)(I — Tvg,) =Tpgn (1 + Tugy)(1 + 1vg,) = Iyg
(1= Tug)(I — Tvg,) =12y, (2— Fug,) (2— Fvg,) = Fry, Fug, Fvg,=Fxg,

- - Tl gh—TPgh Vgh—1Agn  2FXgn
Then (U 6‘5) V) - Trgh+ Tpgh ’ Iygh"' I/lgh ’ Frgh"' FXgh

Equation (3) follows that
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(4 o™ Tpghp ,_ T~ Togn\F
Tth+ Tpgh Tl"gh+ Tpgh
o TTgi=TPgn p+ ,_ TTgi=Tegn b
Tl"gh+ Tpgh Tl"gh+ Tpgh
( L rgn=12gh )p (1 Iy gh=1gp >p
~ ~ Iy gpt I1dg) Iy gpt 1dg,
p(U @éa V) g g g g =,
I'Vgh Ilgh - Iygh_mgh
Iygh+ Iﬂ.gh Iygh+ Iﬂ.gh
2FX gh P
- Frgh+ F)(gh)
Pu 2F)(gh p+ 2F)(gh p
B Frgpt Fxgp Frgpt FXgp i
— | Trghp_ Tpgi? Iy giP - I)Lghp 2FXghp
| TrgP+Tpg? T lygiP+ 1AgP FrgpP + Fxgi?
_(]+ Tugh)p (]+ Tvgh)p - (]— Tugh)p (]— Tvgh)p
(1+ Tugh)p (1+ Tvgh)p+ (1— Tugh)p (1— Tvgh)p ’
- (1+ Iugh)p(1+ Ivgh)p— (1— Iugh)p(l—lvgh)p (4 2)
(]+ Iugh)p(1+ I‘Ugh)p+ (1— Iugh)p(l—lvgh)p !
2 Fughp Fvghp
(2- Fugh)p (2- Fvg;,)p+ Fug,P Fvg,P i
As,

(]+ Tugh)p— (1— Tugh)p (]+ Iugh)p— (1— Iugh)p 2Fughp ] and

(14 Tugy)’+ (1= Tugy)’ (14 tugn)’+ (1= Tug;)’ (2 Fug)’+ Fug,?

(1+ Tvgh)p— (1— Tvgh)p (1+ Ivg/,l)p— (1— Ivg/,l)p ZFVQ;,D ]

(1+ Tvg],,)p+ (]— Tvg],,)p ’ (1+ Ivgh)p+ (]— Ivgh)p ’ (2— F‘Ugh)p+ F‘Ughp
where,

I+T 1= Tug,)’, qo= (1 + Iug)’, 1= (1= Iug)" dgy=
sgn= (1 + ugh) tgn= ( Ugn) s Ggn= (1 + Tug)’, L= (1— Tug), gh=
(2 - Fugh) , egh = Fugh

_ b _ 14 _ p _ p
Cgh = (1 + Tvgh) , agh— (1 - Tvgh) !fgh = (1 + Ivgh) ) kgh_ (1 - Ivgh) ,
— p —
mgh— (2 — Fvgh) , Tlgh— Fvghp
By the Definition (3.1) (i) Einstein sum
PU’ D, pV — Sghp_ tghp Qghp_ lghp 2egp
¢ Sghp+ tghp ! QOp+ lghp ! dghp+ 6ghp
D cgiP—agi?  fgi’—kgn” 2ng,P
& Cghp+ aghp ’ fghp+ kghp ’ mghp+ nghp
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B <5ghp_ tgh
Sghp+ tgh

p .\ cgiP - agyP
P Cghp+ aghp

t

p

1+ sgnP—tgn?\ (cgnP— agi?’
Sghp+tghp Cghp+aghp

<Qth_ lgn

Qth+ lgn

p

" fghp_ kghp
f Py P
gh gh

— p p_ P\’
1+ <qghp lgn )(fgh kgn >
agnP+ lghp fghp+ kghp

2€ghp 2nghp
dghp"' eghp mghp+nghp

2€ghp

2nghp

L 1+ (1 dgpP+ eghp> <]

mghp+ nghp> |

_ [Sghp Cghp - tghp aghp Qghp fghp_ lghpkghp 2 eghpnghp ]
SgnP cgnP+ tgiP agpP ’ aginP fghp"' lghpkghp ’ dghpmghp"' egnPngn?

- p p p 14
(1+ Tugh) (1+ Tvgh) —(1— Tugh) (1— Tvgh)

p p D D
(1+ Tugn)” (1+Tvg,) + (1= Tugr)” (1= Tvg)

(1+ Iugh)p(]+ IUgh)p— (]— Iugh)p(l—lvgh)p

4.3
(1+ Iugh)p(1+ Ivg/,,)p-i- (1— Iugh)p(l—lvgh)p ’ ( )
2Fughp FVth
(2= Fugn)? (2= Fogn)' + Fug,P Fvg,? i
Therefore, from Equation (4.2) and (4.3) we get
(i) As,
PI_ ] PI_ ] p;
77— [(1+ Tugh) (1 Tugh) (1+ Iugh) (] Iugh) 2Fug) ]
Pi (1+ Tugh)p[+ (1— Tugh)p[ ’ (1+ Iugh)p[+ (1— Iugh)p[ ’ (2— Fugh)pl+ Fug;,p/
7= [(1+ Tugh)pz— (]— Tugh)pz (1+ Iugh)pz— (1— Iugh)pz 2Fughp2 ]
P2 (1+ Tugh)p2+ (]— Tugh)pz ’ (1+ Iugh)p2+ (1— Iugh)pz ’ (2— Fugh)p2+ Fughp2
Where,
_ P _ P _ P _ P _
agh— (] + Tugh) ,bgh— (1 - Tugh) ) tgh_ (] + Iugh) 16gh_ (1 - Iugh) , ygh_
Dy _ DI _ b2 _ b2 -
(2 — Fugh) , th— Fugh ,mgh— (1 + Tugh) ,ngh— (1 - Tugh) ) Tgh_(] +
p2 . _ P2 _ D2 —
Iugh) , ]gh_ (] - Iugh) ,Wgh— (2 - Fugh) , ygh_ Fughpz.
Then, p 7= [ agh—bgn  tgn— bgn 2Bgn ] and p = [mgh_ Ngp  Tgh— Jgh 2Ygh ]
e agnt bgp ’ tgnt 5gh ’ Yght Bgn 2 Mgp+ Ngp ’ Tgnt jgh ’ Want Ygh
_(1+ Tugh)p1+p2 _ (]_Tugh)p]+p2 b
(1+ Tugy)P P2+ (1-Tugy)P P2’
- I+ 1u h)plﬂﬂz _ (I—Iu h)p1+p2
(p) e p)U = | L1 g , 4.4
P De D> (1+ Iugh)p,+p2+ (I—Iugh)p]+p2 ( )
ZFughp1+p2
L (2— Fugh)p]+p2+ FUth]+p2

By the Definition (3.1) (i) Einstein sum it follows that
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agh—Dbgn Mgp—Ngp T
+
gh+bgh gh+n
Agh—bgn \[Mgr—ngn
gh+bgh mgh+n
(gh Sgn >+ <Tgh Jgh
~ ~ h+5gh rgh"']gh
U 7)=| ¢
(Pz Dep: ) " (gh 5o )(Tgh . ) ,

tgnt Sgn Tgntigh

2ﬁgh 23’gh
Yght Bgh ) \Wght+ Ygn
2B 2y
14 [ 1-———9" j— L
| Vgh"'th WantYgh i

_ [ Agp Mgp— bgnNgn  tgn "gh— Sgn Jgn 2Bgh Ygh ]
- ) . )
agn Mgp+ bgpngp tgh Tgnt 6gh Jgh YgnWgnt ﬁth’gh

—(]+ Tugh)P1+P2 _ (]_Tugh)P1+P2 7
(14 Tugn)? P24 (1=Tugy)P17P?
B (1+ Iugh)mﬂ’z _ (J—Iugh)p1+p2 (4 5)
(14 Tugy)" T P24 (1-ugy)P17P? '
2Fughpl+p2

+
(2— Fugh)p[ P2+ Fughp1+p2

Therefore, from Equation (4.4) and (4.5) we get
(p,U ®ep2U) = (p; ®ep2)U.
(iii)  To prove (Pzpz)U = Pz(PzU)

AS, sz = [

(1+ Tug/,l)pz— (1— Tug/,l)p2 (1+ Iug/,l)p2— (1— Iugh)p2 2Fughp2 ]
(1+ Tugh)p2+ (1— Tugh)p2 ’ (1+ Iugh)p2+ (]— Iugh)p2 ’ (2— Fugh)p2+ Fughp2

Let p,,= (1 + Tugy)”, xgn= (1 = Tugy)”, zgu=(1 + Tug,)”, ggn= (1 - Iug))”,  ngp=
(2= Fug)™, {gi= Fug”

hanp = [ o i
Pgpt Xgh ,Zgh'*'ggh ,ngh"'(gh

PI(PZU)
14 14 p 14 14
I+ Pgh~ Xgh 1_ - Pgh~ Xgh ! I+ Zgh—9gh 1_ /- Zgh— 9gh ! 5 28gn !
Pgnt Xgh Pgnt Xgh Zght 9gh Zght 9gh Nght+ Sgh
P r; [ r; p] p]
Pgh— Xgh Pgh— Xgh Zgh—9 Zgh—9 28 2
(,+gh_g) +<,_gh_g> (HM) +<1_M> <2_ gh ) +< gh
Pgnt Xgh Pgnt Xgh Zght 9gh Zgnht 9gh Ngh+Sgn Ngh+ Sgn
_ [pghm_ xghpl Zghp1_ gghp] quhp] ]
pghp1+ xghpl ’Zghpl+ gghpi ’nghp1+ (ghp]

(14 Tugy)’ P2 = (1-Tug;)P P2 (14 1ugy)’P? = (1-1ugy)P'"? 2Fug,PIP2
(1+ Tugh)p1p2+ (I—Tugh)p1p2 ! (1+ Iugh)p]p2+ (]—Iugh)p]p2 ’ (2— Fugh)p1p2+ Fughp1p2

(pip2) U
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Property 4.2:

For any fuzzy neutrosophic soft matrix U and for any positive integer p>0, g>0 if p> g, then pU>
qU.

Proof:

Let U= (Tugy, Iugy, Fug,) be a fuzzy neutrosophic soft matrix.

Let pU: (Tagh, Iagh,Fagh) and qU: <Tbgh’1bgh’Fbgh)'

2oy - U+ —U-w* o 2vY
Let f(¥) = Grwir —wr 9 () = C-v)V+ (v)Y
« X (1% X_ (71— )%
Then, f'(x) = 2+t U= w* (in T+ wF= (1= w ),Which is>0,ue [0,1], x>0

[(7+w*+ (1- w*]?

. 20 0-v)V In yv
G D= 2Y <0,ve [0,1],7>0

[C-v)P+ 7]

Which shows £(¥) and §(¥) are the increasing and decreasing functions respectively.
So, if p>q then £ (p) > f(¢) and g(p) > §(q)

That is Tag,>Thgy,, lag, > lagy,, Fag, < Fag,

Therefore, pU=> qU.

Property 4.3:

Let U= (Tag, lag, Fag,), V={Tbg, Ibg;, Fbg), W= (Tcgy, Icg;, Fcgy), and

G= (Tdg,Idg, Fdg,) be a comparable fuzzy neutrosophic soft matrices of same order such that
U =W and V > G, then the following properties hold.

(i) 1] De W >V De G
(i) U@gWZV@gé
Proof:

letI>Wand V=G
That is Tagh = TCgh, Iagh = ICgh, Fagh < FCgh and Tbgh = nghv Ibgh = Idgh,

Fbgy < Fdy,

Then, (Tag, —Tegn ) (1— ThyTdg, )+ (Thy, —Tdgy, ) (1 — TagTeg,) =0
(|e) Tagp + Thg) > Tcgp + Tdgp ,
1+ Thbg,Tdg, I+ TcgpTdgp

(Iagy, —Icgn ) (1 = Ibguldgy, )+ (Ibg, —Idg, ) (1 — Iag,lcy,) =0

(|e) lagyp + Ibgy > Icgp + 1dg),
T I+ Ibgpldg, T I+ Icgpldgy’

and
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Fag, Fbgy, (1 — Fcg,) < Fegy Fdg, (1 — Fag,), Fag, Fby, (1 — Fdg,) < Fegy Fdg, (1 — Fby,)

& Fagy, Fby, (1— Fcg,) + Fag, Fby, (1 — Fdg,) < Fegy, Fdg, (1 — Fag,) + Fegy, Fdg, (1 -
Fbg,)

=4 Fagh Fbgh (1' FCgh) + Fagh Fbgh (1' ngh) + FagthghFCghngh < FCgh ngh (l' Fagh) +
chh ngh (l' Fbgh) + FagthghFCghngh

& Fagy, Fby, (14 (1 — Feg) (1 — Fdg,)) < Feg Fdg, (1+ (1 — Fag,) (1 — Fby,))
Fagy Fbgy, Fcgp Fdgp
(1+ (1= Fagy) (1= Fbgy)) — (I+ (1- Fegp) (1- Fdgy))

Tagp +Thgy > Tegn+Tdgn, lagp +1bgy, > Icgy + Idg),
14+ ThgyTdg, — 1+ TcgaTdgy,' 1+ 1Ibgyldg, — I+ Icgyldgy,’

Therefore,

Fag) Fbgy Fcgy Fdgy,
(1+ (1= Fagy) (1= Fbgy)) — (1+ (1- Fcgp) (1- Fdgp))

Hence U@, W >V @, G.

The proof of (ii) is similar of (i).
5. Conclusion

In this article, einstein sum and einstein multiplication of fuzzy neutrosophic soft matrices are
defined and some of the properties are proved. The set of all fuzzy neutrosophic soft matrices forms
a commutative monoid using these operators. Scalar multiplication of these operators is also proved.
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