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Introduction:

Let g be 2m -periodic measurable function i.e.
2m

1
lgll = ||g||1:_f lg| dx < oo
2110

Let also the cosine and sine series be:
% + X1 ak coskx (1.1)

and 2 1 ax sinkx respectively. (1.2)

The partial sum of the above sine and cosine series be:

% + X ax coskx and X ak sinkx respectively.

(1.1) (or(1.2)) converges in L. if

llg(x)-Sn(gx)l = 0(1) as n—oo" (1.3)

Mostly, in many cases , .!-convergence class is defined as:

“|anlOgﬂ| = 0(1) as n—ooo™.
The above result is true for (1.1)(or(1.2)) with the coefficients that are “monotone decreasing

coefficients”(akEM)[S] or “quasi-monotone coefficients” (akEQM)[B,G], or “O-regularly quasi-
monotone coefficients” (akeORVQM) [5,9]. We know,
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QM = [aneR:3T > 0 such that n %a, 0] (1.4)
and the ORVQM class is given by:

ORVQM = [aneR, :3AnT.A2n < CAy such that ;:_n l0|

S.Tikhonov[8] has given the conditions on an, by which the accuracy of criterion can be proved:
“|1g()-Sa(gx) | = 0(1) iff lanllogn = 0(1)" (1.5)

Many authors [2,4,10] discussed similar ideas like, . they have studied the following class of
coefficients:

The general monotone class of coefficients is defined as:

“GM = aneC: 2211 " av-ayi1l < Claul

Itis also known for series which are having having GM - coefficients , three criteria of
convergence can be proved for trigonometric series in Lo- space: forp=co,p=1and1<p<oo "
GBVS [4] and NBVS[10]-classes are defined as :

211 1
< .
GBVS = an€C: Xi™ lav-aviil Cn <£,nff+N|a"| for some integer N

and
NBVS = aneC: 22" lay-avs1] < Cllanl + lazal) respectively.
The following embeddings are true for the above mentioned classes:

M c QM c ORVQM < GM < GBVS U NBVS (1.6)
For a more general class

[( | V| .
«an€C: oty lav-avel < Z _[nse] —, for some integer ¢ > 1" 1.7)
“In this paper , we extend the result of S.Tikhonov[8] in which the L,'-convergence for the series

with general behaviour of an is obtained. Firstly, if ynlogn = 0(1) then it follows that sufficient

conditions in problem of 1,'-convergence, that is (1.4) implies (1.3). If the behaviour of coefficient
is rather, that is if ,, e.g

n- 1 Ykin n- 1 Y-k+n n-— 1 Ak n-1 a-ksn
Licor =+ Lpo S Coo =+ Lo (1.8)

or |f
2n-1 Im
logm
lay-avi1] < Cyn = (log” 'n| max layl
m2[n/c] m
v=n v=m

Then the criterion (1.5) is true."”
General monotone coefficients:

Definition: “Let y = (yn);r1 be a non-negative sequence. With the bound vy, or a2eGM(y), the

sequence of complex numbers a = (an); is said to be y-general monotone ,if the relation
2n-1

Z |av—av+1| < Cyn

v=n
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holds for all integers n, where , C is independent of n."
Following are examples of the sequence Yn:

“(1) 1yn = lanl,

(2) 2yn = 25N lawl, for some integer n

(3) 3yn = 2o lacval for some integers N, ¢ > 1,

[(n | v
(4) 4Yn = |an| + ZV el . ,forsome c > 1,

(5) syn= [ ]n/c for some ¢ > 1,

logm $'2m
= l ( g ) n
(6) °¥Yn =98 'n|_max 2 lad for some ¢ > 1"

mz[n/c] m

As from S.Tikhonov[7],
GM(lY +2Y+3Y +4Y + 5y) = GM(sy) C GM(m/)
Also, it is noted “GM = GM(1Y),GBVS = GM(2y)andNBVS < GM(3y).

Now, we will explain the properties of GM (y)-sequences , which are as follows:
Lemma 2.1.1[5] “If a = (an);"1€GM(Y), then one has for any integer n

|av| < Cle + |am|' for any v,m = n,..... 2n.

1
laul < Cyn + = E2,.1 lal, forany v =n.....2n.

lan| <~ (Zn ln/ZlyHZi“*l |aj|),

|an|(2[n/2] dv) < C( Z'"m dvYveln/2] + Z' / dvaz(v+[n/2)) for any dv = 0."
L!-convergence of trigonometric series:
Before giving the proof of 1,'-convergence(boundedness) classes of trigonometric series:

llgGO-SnCGIIl1 = 0(1), (3.1)
and also if

Y\ cke™ is the fourier series of fel,!

then (3.1) is euivalent to

Vo (x)-Sa( 11 = 0(1) (3.2),
where , Va(%); (C-l)-means of Su(x) = Su(gx) i.e.

b

[kl<y

Va(x) = (x) =

n+1

So, “we only study the condition(3.2) for the sequences (cWiez and the condition (3.2) is true if and
only if the same holds for (W0 = +0,¢1,C2,mn: angl (€0 = 00,0-1,C- 20

ak
For the cosine series (Ck =Ck= ;)

ao
— + X, ak coskx.
2 k=1 dk
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the accuracy of condition (3.2) for (e -0 is equivalent to
[V (h,x)-Sn(h,x)| I] =0(1)

where , “Sp(h,x) = = + Xu_; ay cosvx and V,,(h,x) = ZV o Sv (h,x). Similar conditions are

applied to the sine serles.(Ck = —C-k = —lak/2),

Therefore, we study accuracy of condition (3.2) for the sequences (Cn)mo",
Secondly, we note that [1]

[IVa(x)-Sn

L1 1186087210111+ max ||Sk(X)—S[n/2](X)||1)
k=[n/2]..n

which follows from'

“Sn(x)-Vu(x) = 2] 1]C]JC] = Cl it j€ Re
and

EF:l]CJ:E] 1CJ+E [r1/2]+1 (2] n- 1)CJ,CJ Z [ Cl,

/2141
Now we will present sufficient condition for relation (3.2) which holds in terms of yn"

Theorem (3.1): “Let ¢ = (cn)51€GM(y) , where a non-negative sequence y = (yn)sr 1, satisfies
ZZn 1y||c ZZn 1y1||c 0(1) (33)

)=n jn+1 )=n -j-n+1
Then the sequence (cn)i; satisfies (3.2)."
Proof. By using [1], (3.2) is implied by

max_ |[Sm(x)-Sn-1(x) 1 = 0(1)
n<ms<2n ! ! (34)

So, now we will show that the condltion (3.3) guarantees the accuracy of condition (3.4). Indeed,

“UISm)-Sn-11 = 1 X120 ¢je™ + Xl coe |

m-1 m—1
—IIZ AC]Z +cmz ilex Z AC]Z +c_mz:e_ikX
j=n k=n k=n j=n k=n k=n
m-1 m-1
<C( Z | A C]'| log[(j—n) +2] + |Cm|10g[(m—n) +2] + Z | A cfi| log[(—j—n) +2] + |C—m|10g
,n j:ll
[(-m-n) +2]
2n-1 v le | 2n-1 v Lokl
ccpp el cpiniy e,
-n+1 -k-n+1

Thus (3.3) implies (3.4). Hence (3.2) is proved.

Corollary 3.1.1: Let ¢ = (cn)i1€GM(y) such that
Cyn + leaDlogn + (v + le-uDlogn = 0(1)
then condition (3.2) holds true.
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Corollary 3.1.2; Let ¢ = (cn)i1eGM(sy). Then
lenllogn = 0(1) and lc-nlognl = 0(1)

This proves (3.2).

Corollary 3.1.3: Let ¢ = (cn)i1€GM(y) ,where

ZI’] 1 Yiken Zn 1 ¥-kn < C(Z[lnﬁ’n] 1 W + ZE:SH]_l %) = Clogn(c,])

for some 1> 0, Then condltlon

Zﬁr_ln |(k| Zf{nn |( kl — 0(1)
k-n + n+1

which |mpI|es (3.2).
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