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framework that formally describes the algorithms behind abacus calculations.
Beginning with basic abacus configuration, we define key components like
rods, beads, and bead values required to model abacus states. We then
characterize the core abacus algorithms for addition, subtraction,
multiplication, and division through set notation, recurrence relations, and
state transition diagrams. Our formalized abacus algorithms leverage concepts
from number theory, modular arithmetic, combinatorics, and algebra. In
addition to offering new mathematical insights into ancient technologies, our
work helps bridge connections between the tangible abacus interface and the
abstract algorithms powering it. Through examples and proofs, we show how
bead manipulations precisely correspond to mathematical transformations.
This level of formalization not only helps explain the effectiveness of the
abacus, but also illustrates how even rudimentary calculation tools utilize
profound mathematical ideas. Our mathematical abacus framework lays the
foundation for further analysis as well as modifications and extensions of the
classic abacus approach.
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Framework; Addition; Subtraction; Multiplication.

1. Introduction

The abacus is one of the oldest known calculating devices still in continuous use today, serving as an important
mathematical aid for thousands of years across many cultures before the adoption of modern computing
technologies[1]. At its core, the abacus provides a physical interface to conduct arithmetic through the
manipulation of beads on a frame of rods or wires. Despite the simplicity of sliding beads back and forth along
rods, the tool allows users to carry out complex calculations through practiced finger motions[2]. However,
underneath the tangible bead interface lies a set of algorithms derived from key mathematical concepts that give
structure to and formally describe abacus computations[3].
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While the physical abacus provides an intuitive and visual approach to calculation through bead configurations
representing numbers, the abstract algorithms powering the computations utilize important mathematical ideas
like number systems, modular arithmetic, and state transformations [4]. Formalizing these algorithms through
mathematical notation helps explain why the abacus works so effectively as well as how bead manipulations
correspond to underlying mathematical operations[5]. Furthermore, a formal framework helps characterize
relationships between abacus algorithms for different operations like addition, subtraction, multiplication, and
division[6]. Finally, mathematical formalization enables new abacus algorithms to be developed, modifications
and optimizations to existing methods, as well as connections with other mathematical domains. There is study
conducted by the Department of Educational Psychology at the Faculty of Education, Helwan University in 2012.
It aimed to prepare a program based on the abacus to understand its effectiveness in developing the mental and
cognitive abilities of primary school students. The study included 68 fifth-grade students, divided into control and
experimental groups, and involved pre- and post-tests using Raven's Progressive Matrices[7].

In this paper, we provide a comprehensive mathematical framework to model abacus computation by precisely
specifying the algorithms for conducting arithmetic on an abacus. We begin by defining key components and
variables to mathematically represent abacus states including rods, beads, and bead values. Building on this, we
formally describe the core abacus algorithms for addition, subtraction, multiplication, and division through set
notation, recurrence relations, transition diagrams, and other mathematical constructs[8]. Through rigorously
defining the algorithms and demonstrating them through examples, we show how each step in a calculation
procedure maps to precise mathematical transformations of abacus states[9]. Our formalized approach not only
helps explain why the simple abacus tool can support complex math but also reveals deeper connections between
tangible calculation interfaces and the abstract algorithms enabling them.

Abacus Structure and Configuration

Before defining abacus computation algorithms, we first establish notation for modeling abacus structure and
representing abacus status. We define the key components as:

Rods: Horizontal parallel rods upon which beads are placed. Abaci generally contain between 9 to 15 rods. Beads:
Beads placed on rods represent numerical units. Each rod contains between 5 to 7 beads. Bead Values: Each bead
has an associated integral value based on rod position. Bead values on a rod increase from bottom to top.
Base: The bottom bead on each rod represents the base value for that rod position. Subsequent beads represent
multiples of the base value.

Using these components, we define an abacus state A as the collection of beads currently on the rods:
A= {B], Bz, veey Bn}

Where Bi represents the i bead on the abacus. Note that multiple beads can share the same rod, but no two beads
may occupy the same position on a single rod.

Each bead B; has an associated value Vi based on its rod position. Vi is defined as:

Vi=bi*¢

Where: bi = base value for ;" rod ¢; = vertical level of B; (1 for bottom bead, 2 for next level up, etc.)
Given values assigned to each bead, we can calculate the total value V represented by an abacus state A as:
V(A)=Z Vifori=1ton

Where n is the number of beads in A. Computation algorithms covered in subsequent sections define state
transitions that transform A by sliding beads vertically and horizontally between rods to effectively modify V.
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Abacus Addition Algorithm

We now define algorithms for conducting addition on the abacus framework. Given two input numbers X and Y
represented by abacus states Ax and Ay, the addition algorithm produces a new state A, representing the summation
Z =X +Y. We model the algorithm through the following steps:

1. Initialize A, = A« This copies first addend state A to result state A,.

2. For each bead B; in Ay, move corresponding bead in A, up by ci levels.
This transfers beads from second addend Ay to the result representation A, effectively summing the
values. If a rod exceeds capacity after moving a bead, a carry procedure is invoked.

3. Repeat carry procedure until no overflows exist. The carry process transfers overflow from higher value
rods to next rod, maintaining proper bead values.

We formalize steps 2 and 3 as follows:
Aik+1) =A,(k) + B; if rod capacity not exceeded = A,(k) + B; - ¢i * Max(rod) + Max(rod) * b; if overflow

Where: A,(k) is the abacus state A, at iteration k B; is the jth bead from addend state Ay b; is base value of next
higher rod Max(rod) is capacity of current rod

To demonstrate, consider adding 6 + 4 on a 5 rod abacus. Following the algorithm:
1. A initialized to Ax with value 6
2. Transfer Ay beads valued 1 and 3 to A, rods
3. Carry 1 bead from 1s to 105 rod

The final state A, represents 6 + 4 = 10 as expected.

Abacus Subtraction Algorithm

Subtraction relies on the complement principle [3] by taking the 9’s complement of the subtrahend then applying
the addition algorithm. This utilizes the fact that:

X -Y =X+ (Max - Y) where Max is maximum abacus value
The algorithm operates as follows:

1. [Initialize A, = A«
Set up minuend in result

2. Complement beads from Ay by sliding each B; down until bottom New beads are added to fill gaps
between existing beads in Ay

3. Apply addition algorithm to add Ax and A’y A’y represents 9’s complement of subtrahend Ay

Much like for addition, this transforms state A, representing the difference X - Y through precise bead
manipulations. As an example, subtracting 4 from 6:

1. Ay holds minuend value 6

2. Complement beads in Ay to add 5

3. Addition gives 6 + 5 = 11 Final bead on 1s rod represents 1 for difference of 6 - 4
Abacus Multiplication Algorithm

The multiplication procedure utilizes repeated addition based on the equation:
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X*Y=X+X+..+X(Y times)
We model this recursively through the following steps:
1. [Initialize A, = {0} and Sum = A
2. Fori=1toY:
e  Sum = Sum + Ay (add Ay into Sum i times)
e If overflow, carry beads
3. A,=Sum Result state A, now holds product value

This is formalized mathematically as:

A (i+1) = Sum(i) + Ay if capacity permits = Sum(i) + Ay - ci*Max(rod) + Max(rod)*b; otherwise

Where: A, is result state after i iterations Sum(i) is cumulative sum state
A is multiplicand state

And initial conditions: A,(0) = {0} Sum(0) = A«

The carry process is identical to that used in addition. An example multiplying 6 by 4:
1. Axholds multiplicand 6; Ay has multiplier 4
2. Successively add A into Sum 4 times
3. Final state A, represents product 6 * 4 =24

Abacus Division Algorithm

The division algorithm makes use of repeated subtraction, following the basic definition:

X/Y=ZsuchthatY * Z=X
We compute integer quotient Z through the following recursive process:

1. [Initialize: Q = 0 (Quotient counter) R = Ax (Remainder set to dividend)
D = A, (Divisor)

2. While R>D: R =R - D (subtract D from R)
Q=Q + 1 (increment quotient)

3. A, =Q Final state A, represents integer quotient result
This is expressed mathematically through the recurrence:
R(k+1)=R(k)-DifR(k)>D Q(k+1)=Q(k) + 1

With initial values: R(0) = A«
Q(0)=0

And final result:
A, =Q(n)

Where n iterations performed until remainder R < divisor D.
For example, to divide 30 by 6:

I. SetR=30,D=6,Q=0
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2. Subtract D = 6 from R until <6

3. Perform 5 subtractions so Q =5

4. Quotient state A, represents 30/ 6 =5
This extends directly to fractional quotients through tracking of remainders.
2. Discussion

By rigorously defining abacus states and algorithms through mathematical constructs like sets, relations, diagrams,
and examples, we have provided a comprehensive framework for analyzing the fundamental basis by which abaci
perform calculations. While the physical abacus interface centered around tangible bead manipulations gives the
impression of simplicity, formalizing the underlying processes illustrates deep connections with important
mathematical theories[1]. Our abacus state representations draw from ideas in combinatorial math and number
systems while the addition, subtraction, multiplication, and division algorithms leverage key concepts from
number theory, algebraic structures, and state machine modeling[10].

Beyond explaining the effectiveness of abacus calculation, our formalized approach helps relate the physical
computational interface provided by abacus rods and beads with the abstract mathematical processes driving the
computations[11]. Furthermore, explicitly defining algorithms through notation, equations, recursive relations,
and transition diagrams allows modifications and extensions to be readily incorporated within the established
framework[12]. This facilitates continued evolution of the simple yet powerful abacus approach to achieve higher
efficiency and accuracy as well as adaptations to different number bases[13]. Additionally, analysis of time
complexity, optimal configurations, and comparisons against other calculation methods is enabled by
mathematically defining the algorithms[14].

While we have covered core arithmetic operations, many opportunities exist for further formal exploration of
abacus computation. Extending to negative numbers, decimals, mod operations, set operations, and square roots
could reveal additional useful mathematical connections[15]. Investigating mechanical abacus implementations
or abacus software could also benefit from algorithmic modeling[16]. Ultimately, our mathematically-grounded
abacus algorithms help bridge connections between one of the most ancient calculation tools and the sophisticated
abstractions enabling efficient, precise, and advanced computation[17].

3. Conclusion

In this work, we have presented a comprehensive mathematical framework to formally model the algorithms
underlying abacus computation. By rigorously defining key components like rods, beads, and bead values, we
constructed an abacus state representation using set notation. Building on this, we specified algorithms for
addition, subtraction, multiplication, and division through mathematical relations, transition diagrams, and
examples. Our formalized approach reveals the sophisticated mathematical ideas like number systems, modular
arithmetic, and state transformations that enable the simple physical abacus interface to support complex
calculations.

The main benefits provided by mathematically formalizing abacus algorithms are three-fold. First, it allows us to
precisely explain the effectiveness of the abacus as a calculation tool by bridging connections between physical
bead manipulations and the abstract mathematical processes driving them. Second, explicitly defined algorithms
can be readily analyzed, optimized, modified, and extended within the established framework. Finally,
formalization enables connections with computer science topics like complexity analysis, mechanical
computation, and new algorithm design.

While we focused on modeling standard arithmetic operations, many avenues exist for further applying our abacus
framework. Possible directions include extending algorithms to negative numbers, decimals, and additional
mathematical functions as well as comparing abacus computation with other calculation tools. There is also
opportunity to leverage the modular and visual nature of the abacus for novel applications in education, human-
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computer interaction, and recreational math. Ultimately, by interfacing ancient tools with modern mathematical
formalism, new insights can be gained into culturally significant computation techniques that continue to inform
the design of new technologies.
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