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1. Introduction

There are several ways to tackle the issue of what to think and do when there is not adequate
information. The most effective way of dealing with insufficient information is definitely L. A.
Zadeh's fuzzy set theory [23]. Rough set theory (RST) emerges as a new mathematical approach for
handling uncertain information, complementing established frameworks like probability theory,
fuzzy set theory and evidence theory, and providing a robust instrument for data analysis and
processing in the face of ambiguity and uncertainty and it was introduced by Z. Pawlak [12].
Numerous fields, including finance, voice recognition, image processing and medical data analysis,
have benefited from the use of RST. A rough set is a subset of the universe that is described by the
pair of sets called ULAs. One of the approaches in generalizing the notion of rough sets is integrating
it with abstract algebra. Many authors have extended RST by substituting different algebraic
structures for the universal set, examining the roughness properties and behaviors of these structures,
and thereby expanding the scope of the theory.

Rough ideal (RI), an extended concept of an ideal in a semi group (SG) was proposed by N. Kuroki
[7], and additionally he provided some characteristics associated with these ideals. V. Selven [18]
introduced the notion of RIs in semi-rings, building on the Bourne relation associated with an ideal
of a semi-ring. Rough prime (primary) ideals (RP(Pr)lIs) and rough fuzzy prime (primary) ideals
(RFP(Pn)Is) in a SG have been defined by Qi — Mei Xiao [15], who also provided certain features of
these ideals. In addition to presenting several features of the ULAs in a ring, B. Davvaz [3] put forth
the idea of rough sub ring with respect to an ideal of a ring, which is an extended notion of a subring
in a ring. Osman Kazanci [11] suggested RP(Pr)Is and RFP(Pr)Is in a ring and he added extra
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features for such ideals. Neelima [10] introduced the concept of rough semi prime ideal (RSPIs),
rough bi ideal and gave some properties of anti-homomorphism on these RIs. V. S. Subha [21, 22]
has made significant contributions to the field of near rings and gamma near rings, exploring various
Rls in these algebraic structures.

Brown [2] pioneered the idea of NA. With the possible exception of one distributive property, an
algebraic system with two binary operations that admits field as a right operator domain and satisfies
all of the ring's axioms is called a NA. A few variants of NAs and their structures were examined by
Brown [2]. The study of NAs has potential applications in physics; quantum mechanical models have
been established where the operators are just a NA. Besides to being an axiomatic question, an
investigation of NAs is essential for physical reasons.

In this investigation, we replace universe set by a near algebra and propose novel notions of rough
sub near algebra (RSNA), rough ideal, and related rough ideals within the near algebra and highlight
their distinctive properties. We examine the interconnections between upper (lower) rough prime,
semi-prime, and primary ideals and the upper (lower) approximations of their homomorphism
images.

2. Preliminaries

In this section, we provide an over view of the fundamental definitions related to NA, drawing from
various sources in the literature.

Definition 2.1. [17] A linear space (LS) X over a field F is called an algebra over the field F if
multiplication is defined such that

0] X forms a SG with respect to multiplication,
(i) My +n2d 0= 03+ M203),

Nz + n13) = Mumiz) + (g nys) forall myy, my0, 143 € X and
(i)  x(m2) = G dng, =n,,Gay0) forallk € Fandn,,,n,; € X.

Definition 2.2. [2] A LS N over a field F is called a (right) near algebra over the field F if
multiplication is defined such that

0] N forms a SG with respect to multiplication,

(ii) M1 +n12) M5 = M1 m13) + (M2 1my3) foralln,;,m;, ;3 € N and
(iii)y < (myms) = Genydng, forallc € Fandn,;,n,; €N.

Throughout this paper, we focus exclusively on right near algebras, which we will simply refer to as
near algebras for brevity.

Definition 2.3. [18] A non-empty subset S of a NA N over a field F is said to be a sub near-algebra
(SNA) of N if it forms a NA over F, inheriting the operations of N.

Remark 2.4. [18] A non- empty subset S of a NA N over a field F is a SNA of N if and only if n;; —
Ni> S S, KN € 5,7’]117712 € S for all NinNiz €ESandk € F.

Definition 2.5. [18] A non - empty subset I of a NA N is referred to as a near algebra ideal (NAI) of
N if
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M I is a linear subspace of the LS N,
(i) & m; €1foreveryn;; €N, &;; €1 and

(iii) N2y + &) —nomy, € 1foreveryn;,m;; € Nand§); € 1.

1 is called a right ideal of N if it satisfies (i) and (ii).

1 is called a left ideal of N if it satisfies (i) and (iii).

Definition 2.6. [18] Let N and N’ be two NAs over a field F. A mapping C: N — N'is called a near
algebra homomorphism if

(1) C(yy+n2) = Cyp) + Cy2)
(i) C(kn; ;) = kC(nyp)
(i)  Cmymp2) = C(y)<C(y,) foreveryn,,m,, ENandk € F.

A homomorphism which is one — one is called a monomorphism. A homomorphism which is onto is
called an epimorphsim. A monomorphism which is onto is called an isomorphism.

N is a NA over a field F throughout this work and preliminary definitions on rough sets can be found
in [12], [13], [3]. [6].
3. Rough Ideals in Near Algebra

In this section, we define rough ideal in a near algebra and established some important results to this
notion.

Definition 3.1. An equivalence relation (ER) & on NA N is a reflexive, symmetric and transitive
binary relation on N. If 6 is an ER on N then the equivalence class of n;; € N is the set{n;, €
N|(7711r7712) € 6} We Write |t as [7711]6.

Definition 3.2. Let 8 be an ER on N, then 6 is called a full congruence relation (FCR) if (n;;,1n;,) €

6 implies (n;; + t;5,m2 +717), (g1, k012), M11T1,M12T,) and (t;m;5,7T1m;,) € 6 forall k € F
and T]] (S N

Proposition 3.3. Let 8 be a FCR on a NA N, then (1,,,1;,) € 6 and (t,;,7;,) € 6 implies
M+ M+ 152) €0 and (y7,,m07,2) € 6 forall g, n,0,7,,,7,, € N.
Proof. It is straight forward.

Theorem 3.4. Letd beaFCRonaNAN. Ifn;;,n;, € N and k € F then,

(i) (1116 + [M12]6 = [M11 + M12l6,
(i) [kn:1]e = K[N11]e,
(i) {ztlti € Mide, T2 € N12le € Mimizle -

Proof. Proofs of (i) and (ii) are straight forward.

(111) Let t= T 1T be such that T;; € [7711]9, T2 € [7712]9. Then (T]],T]]]) €6 and (712'7]12) E0.
Since 6 is a FCR, (T]]T]z,?’]]]?’]]z) € 6. This ImplleS T=T,T;2 € [77117712]9 and hence {T11T12|T11 (S

116,712 € [M12]6} € [M1:m12]6 Proving (iii).
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Remark 3.5. Let P and Q be non empty subsets of N and PQ represent the set of all finite sums
{ri19:1 + 012912+ .- +PmqimIn € N,p;; € P,q,j € Q} .

Definition 3.6. AFCR 6 on N is called Complete if [T]]]Thz]g: {T]]lelT]] € [77]]]9, T;) € [Thg]g}
forall n;;,n;, €N.

Definition 3.7. Let 8 be a FCR on N and S, a subset of N. Then the sets
LAprg(S) = {n;; € N|n;1le S S} and UApry(S) = {n;; € Nl[n;le N S # 0}
are called respectively the & —lower and 6 —upper apprroximations of the set S.
Remark 3.8. For any non —empty S of N, we have LAprg(S) € S € UApry(S).

Definition 3.9. For any non —empty S of N, Aprg(S) = (LAprg(S), UApre(S)) is called a rough set
(RS) with respect to 6 if LApry(S) # UApry(S).

Definition 3.10. A non-empty subset S of the NA N is called an upper rough sub near algebra
(URSNA) of N if UApry(S) isa SNA of N.

Definition 3.11. A non-empty subset S of the NA N is called a lower rough sub near algebra
(LRSNA) of N if LAprg(S) isa SNA of N.

Theorem 3.12. Let & bea FCRon N. If S is a SNA of N then UApry(S) isa SNA of N.

Proof. Assume that &,,,&,, € UAprg(S) and for all k € F. Then [§;;]o NS # @ and [é,5]g NS #
@. Hence there exists 7;; € [§;;]o NS and 7;, € [€5]gNS. SO 7, € [€;,]g, T, €S and 7,5 €
[€2]6. T2 €S. Since S is a SNA of N, 7;;,— 1, €S, k1;; €S, 1/;71;,€S. Now, ©;;, — 1,5 €
[£1)o — [€12]0 = [§1:—E)2]6- Hence T, — 1), € [€); — &12]g N S, which implies [§;, —&,]g NS #
@oré&;; — &, € UApry(S).

Also xt;; € x[&;;]g = [K&;;19. Therefore xt;; € [ké;;]o NS and hence [k&;;]o NS # @ or k&;; €
UApry(S).

Since 6 is a FCR, {t;,7,,|t;; € [§;7]6, 712 € [€12]60} € [€7:€12]6 and hence 7;,7;, € [£;,¢,,]g. Thus
T]]T]2 S [511512]9 nS Therefore [511512]9 ﬂS * @ or 511512 (S UApTg(S) Hence UApTg(S) iS a
SNA of N.

Theorem 3.13. Let 6 be a complete congruence relation (CCR) on N. If LApry(S) is non-empty
and S is a SNA of N, then LApry(S) isa SNA of N.

Proof. Let &,,,¢,, € LApry(S) andx € F. Then [¢;,]5 € S and [&,,] € S. Now,
(&7 + &0l = [€11]e +[E12]g €S+ S =S, thisimplies &;; + &, € LApry(S).

Also, [ké;;]g =«[&;,lo €S xS €SS and hence «k¢;; € LAprg(S). Sinced is a CCR, [&;,¢,5]p =
{T]]lel‘[]] € [{'—11]9,‘[12 € [612]9 cs, thus 511612 € LApTg(S) Therefore LApT'g(S) isa SNA of N.

Definition 3.14. A non-empty subset I of a NA N is called an upper rough ideal (URI) if UApry (1)
is an ideal of N and lower rough ideal (LRI) if LApry(I) is an ideal of N.

Example 3.15. Consider the linear space Z>XZ, over the field Z,. Define multiplication on Z>XZ, as
Gr1612) @ t12) = (§11,€52) Tor all (§54,6,2),(z41,7,2) € Z,XZ,. Then Z,XZ, is a NA over the
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field Z,. Define 6 on Z,XZ,as (&;,,&;,5) 6 (7;;,t;5) ifand only if &;,,+,&,, =1,,+,7;5. Thenf is a
full congruence relation on Z,XZ, with the equivalence classes C;, = {(0,0),(,1)} and C, =
{(0,D),1,0)} Letl ={(0,0),(00,1),,0)} Then UApre(I) = Z,XZ,is an ideal of Z,XZ,and
LAprg(1) = {(0,1),(1,0)} is not an ideal of Z,XZ,. Hence I is an URI of Z,XZ, and not a LRI of
X7, .

Theorem 3.16. Let 6 be a FCR on N. If | is an ideal of N then UApry (1) is an ideal of N.

PI’OOf Suppose that 511,512 € UApTg(I),K €F and NN € N, then [511]9 NI+ @ and [512]9 N
I # @. Hence there exists 7;; € [§;;]o NT and 7, € [€;5]g NI. SO T;; € [é;)g, T;; €1 and T;, €
[512]9, T2 € I. Since | is an ideal OfN, T —Tp2 € I, K E I, TiMii € [ and 77[2(77” +T”) — NNy €
I.

Now, 7, — 75 € [§1,)g — [€12]0 = [€11 — &12]9- Hence T, — 1,5 € [§;; — &;2]g N1, which implies
(€ =¢&nlenT =@oré;,; — &, € UAprg(D).

Also, kt;; € x[&;;]g = [k&;,]g. Therefore xz;; € [k&;;]o NI and hence [k&;;]lo N1 + @ or
k&, € UApry ().

Since (t;;,¢;,) €6, then (t;;m;,,¢,m;;) €6 or t;my; € [&m;,]e. Hence t;m;; € [Emle N1
and therefore [5117]11]3 NI=+a@or 5117711 € UApT'g(I)

Now (t;;,¢;;) € 8 implies(t;; +n;;,¢&;;, +1;;) € 6 which inturn implies

M2(ty +m1,m12(&; +141)) € 6 and hence (1,,(T;; +171) =150 m2CE +111) —10m11) €
6. Thusn;,(t;; + 1) —n2m11 € M2 +111) — n12m11]e and hence

12 + 1) —ninile 01 # 0.
Therefore n,,(n;; + &;;) — 1m0 € UAprg (1) and thus UAprg (1) is an ideal of N.

Remark 3.17. The previously stated theorem do not typically hold in the reverse direction. In
example 3.15., I = {(0,0),(0,1),(1,0)} is not an ideal of Z,XZ, but UApry(I) = Z,XZ, is an ideal
of Z,XZ,.

Theorem 3.18. Let & be a FCR on N and I be an ideal of N. If LApry(I) is a non - empty set, then it
isequal to /.

Proof. Since LApry(I) € I and we now show that, I € LApry(I). Let &;; € LAprg(I) and t;; € I.
Then [0l = [&1; — &11le = [&11]ot[—€11]le ST+ 1 =1 and hence a+[0]g & a+1=1. Since
$11 €1y + [0]g iff &)y — 145 € [0]g ff (&7 —741,0) € OifF (§1p,7,) € 0 1fF ), € [71,] and hence
[7;:]¢ € I, which implies 7;; € LApry(I). Therefore I € LApry(1) and thus LApry(I) = I.

Definition 3.19. Let I be a subset of N and (LApry(I), UApry(1)), a rough set. If LApry(1) and
UApry (1) are ideals of N, then we call (LAprg (1), UApry (1)) a rough ideal.

Theorem 3.20. Let I be an ideal of N and LApry(I) is a non - empty set. Then
(LApry(I),UApry(I)) isa Rl of N.

Proof. It is straight forward.
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Theorem 3.21. Let I and J be ideals of N and LApry(I N J)is a non-empty set. Then
(LAprg(In]),UAprg(INn])) isaRI of N.
Proof. Itis straight forward

Theorem 3.22. Let N and N'be NAs over a field F and C: N - N'be an epimorphism. Let p be a
FCRon N'and S be a subset of N. Then

(i) 6={mn:) € NXN|(C(;),C(;12)) € p}isaFCRon N.

(i) If C is one - one and p is complete, then 6 is complete.

(iiiy  C(UApra(S)) = UApr,(C(S)).

(iv)  C(LAprg(S)) € LApr,(C(S)). If Cis one - one, then C(LApry(S)) = LApr, (C(S)).

Proof. (i) Let (,;,,m,,) €6,m€ N andk € F. Then (C(n,,),<C(n,,)) € p and C(n) € N . Since p is
a FCR on N, we get (C(n;)+C),Cmp)+C)eEp, Cm)xCM2)) € p,
(€M), C(m2)CM)) € pand (CMC(n; ), CMC(M;2)) € p.

Then (Cmy +M), C(Mz +1m) € p, (C(kn; ), C(kn;5)) € p, (C(mm), C(m;om)) € p and
(COm;), €(my,)) € p.Hence  (;; +mn;o+m) €6, (kn;,kn;) €60, (ymn;m) €6 and
(7m,,,mm:2) € 6.This implies 6 is a FCR on N.

(i). We have {n;mpn;; €ltlenis € [110le} € [115712]l and  we  show  that
(7171210 E{M1mi2In11 € [t17)0,m12 € [712]9) tO prove 6 is complete. Let 7,5 € [7;,7;,]¢. Then

(t13,711712) € 6.

By the definition, (C(7,3), C(t;;75)) € p. Thus C(7,3) € [C(7;,7,2)] ,=[C(T)C(T12)]

={ CONCMICm; ) € [C(xD]p C(n12) € [C(T12)],}
Hence there exists n;;,1;, € N such that C(z;3) = C(n;,)C(;) = C(nym;2) and

Cmyp) € €]y €(y2) € [C(x2)],. Since C is one one, we have 7,3 =1n,m,, and 1, €
[t;:16:m11 € [7)2]6. Thus T3 € MymiIngg € [t1len1; € (11510} and therefore
(711712l S{M1mi2In11 € [7110,112 € [115]63. Hence 6 is complete.

(iii). Let 7,, € C(UApry(S)). Then there exists t,, € UApry(S) such that C(z;,) = 7,5.

Now Ty, € UAprg(S), Implles [T]]]g ns # @ Let N € [T]]]g ns. Then (T]]],T]]) € 0 and Nii € S.
By the definition, (C(n,,),C(z;;)) € p and C(n,;) € C(S). This implies, C(n,,) € [C(r,,)], and
hence C(TIII) € [C(T]])] p N C(S) Thus [C(T]])] p n C(S) * 0. Hence T = C(T]]) €
UApr,(C(S)) and therefore C(UApry(S)) € UApr, (C(S)).

Conversely, let 7,, € UApr,(C(S)). Then [z;5], N C(S) # @. Also there exists 7, € N such that
C(t;;) = 5. Therefore [C(z;,)], N C(S) # @. Let C(n;,) € [C(z;)], N C(S) for some n,, € S.
Then (C(n;,), C(z;,)) € p. This implies (n,;,7;,) € 6 and hence n,; € [t;,]g-

Thus [r;,]oN S+ @. Therefore t,, € UApry(S) and so t,, = C(z;;) € C(UApry(S)). Thus
UApr,(C(S)) & C(UApry(S)) and C(UApry(S)) = UApr, (C(S)).
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(iv). Let 7, € C(LApry(S)). Then there exists ;;, € LApry(S) such that C(z;;) = 7,,. Now 7, €

LAprg(S), implies [1;,]g € S. Letn;, € [t;,]. Then there exists n;; € N such that C(n;;) = n,, and
C(T]II) S [C(T[[)]p. ThUS Nii € [T]]]g cs and therefore Ni> = C(n]]) € C(S)ThUS [T]Z]g c

C(S) or 7, € LApr,(€(S)). So C(LApry(S)) < LApr,(C(S)). Suppose C is one to one. Let 7, €
LApr,(C(S)). Then there exists 7,;, € N such that C(t;,) = 7, and [C(z;,)] , € C(S). Let 7, €
[z,1]e- Then C(n;;) € [C(z;)], € C€(S) and hence n,; €S. Thus [t,,]g €S implies, 7, €
LApry(S). Then t,,= C(r;,) € C(LAprg(S)) and therefore LApr,(C(S)) € C(LAprya(S)). Thus
C(LApry(S)) = LApr,(C(S)).

Theorem 3.23. Let N and N’ be NAs over a field F and C: N — N’ be an epimorphism. Let p be a
FCR on N’ and I be a subset of N. Let 8 ={(n;,,n,2) € NXN'|( C(n;,),<C(1;5)) € p}. Then
UApry (D) is an ideal of N if and only if UApr,(C(1)) is an ideal of N".

Proof. Let UApry(I) be an ideal of N. Let t;;,7;, € UApr,(C(I)),k € F and &,,,§,, € N'. Then
T]]’,T]Z, € C(UApTg(I)) So there exist T;,T; € UApTg(I) such that T}] = C(T”), T}Z = C(T]g).
Since C is onto, there exist &,;, §;, € N such that &;, = C(¢;)), &, = C(&,,). Since UAprg(I) is an
ideal of N,

Ty — Ty KTy T E2(& +151) — €556, € UAprg (D).
Now, 7;;, —7;, = C(t;) — C(r;) = C(x;; — 1,,) € C(UApry(I) = UApr, (C(D),
Kkt =k C(r;) = Cet,,) € C(UAprg (1) = Udpr, (C(D),
1,6, = Clx) €)= C(tyé,) € C(UApry(1) = UApr,(C(1)) and
G+ 1) — €6’ = CER(CED + Cln) = € €

= CE(CE+ 1)) = CEnér)

= (G + 1)) = CGpén)

= CCn(& + 1)) — (€12611))

€ C(UApre(D) = UApr,(C(D).
Hence UApr, (C(D)) is an ideal of N,
Conversely, assume that UAprp(C(I)) is an ideal of N'. Let 7,;,7;, € UAprg(I), x € F and
&6, €N Then 1), = C(z;), 1), = C(x;,) € C(UApro(D)) = UApr,(C(D)) and &, =
C(& ), &, =C(&) N Since UApr,(C(D) is an ideal of N't;, —1;, xt;;, 7;,&, and
§12(&1 + t11) — €281, € UApr, (D).
Now, C(t;; — 7,0 = C(x;) — C(z;5) = 1;; — 7, € UApr,(C()) = C(UAprg (D).
Clrr;) =x (1)) = xt;;, € UApr,(C(D) = C(UApry (D).
Ctyér) = C(xNCED) = 17,€,, € UApr,(CU)) = C(UAprg(D) and
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C(& (& +11) —&028) = f}z(f}l + T}J) —&1,¢,, € UAPTp(C(I)) = C(UApry(I). Thus there
exist 9;,9,, 9; ,9, € UApry(I) such that t,;, — 7;,, =9,,kt;; =9,,1,,&;;, =9; and &,,(&;; +
T11) — &6, =9, Thus we have [9;]g NI #= @,[9,]g NI+, [93]onI+0 and [I,g NI+ 0.
Also we have t;; — t; € [9,]g,kT;; € [9:]0, 7,181 € [U5]9 and &,5(&;; +7,1) — §1281; € [V4e-
Hence [t — tplo NI # @, [k ]o N T # 0, [t5]e N T+ 0 and [§,,(E; +1,) — &28]e N
I # @ and therefore t;; — 1,5, kT;;, T;;&;;

and 512(511 + T]]) - 512511 € UApTg(I) Thus UApT'g(I) is an ideal of N.

Theorem 3.24. Let N and N’ be NAs over a field F and C: N — N'be an isomorphism. Let p be a
CCRon N'and I be asubset of N. Let 8 = {(n,,,1;2) € NXN'|( C(n;,), C(n;5)) € p}. Then
LApry(I) is an ideal of N if and only if LApr,(C(D)) is an ideal of N'.

Proof. Similar proof to the above theorem.
4. Rough Prime Ideals in Near Algebra

In this section, we define rough prime ideal in a near algebra and obtained some important properties
to this notion.

Definition 4.1. An ideal P of N is called a prime ideal (PI) of N if &;,¢;, € P for &;;,&;, € N then
& €Poré&;,eP.Letd beaFCRon N. Then a subset P of N is called an upper rough prime ideal
(URPI) of N if UAprg(P) is a Pl of N and a lower rough prime ideal (LRPI) of N if LApry(P) isa
Pl of N.

Theorem 4.2. Let P be a Pl of N such that UAprg(P) # N and 6 be a CCR on N. Then P is an
URPI of N.

Proof. Since P is an ideal of N, we have UApry(P) is an ideal of N. Let &,,¢,, € UApry(P) for

some §;;, ;2 € N. Then [£;,§,,]g N P # @. Since 6 is complete, {n;;n,2;; € [§;,19, 112 € [§12]63N
P + @, therefore there exist n;; € [¢;,]¢ and n;, € [&,,]o such that n;;n;, € P. Since P is a PI, we

have n;; € P or n;; € P. Hence [&é,;]o NP #+ @ or [é5]g NP #= @. Thus &, € UAprg(I) or &;, €
UAprg(I). So UAprg(I) isaPl of N or P is an URPI of N.

Theorem 4.3. Let P be a Pl of N such that LAprg(P) #+ @ and 6 be a FCR on N. Then P is a LRPI
of N.

Proof. By theorem 3.17, LAprg(P) = P isaPl and hence P is a LRPI of N.

Definition 4.4. Prime ideal P is called a rough prime ideal (RPI) of N if it is both a LRPI and URPI
of N.

Remark 4.5. According to the theorems 4.2, 4.3., a Pl of a NA is a RPI with regard to a CCR.

Theorem 4.6. Let N and N’ be NAs over a field F and C: N — N’ be an onto homomorphism. Let p
be a CCR on N'and P be a subset of N. Let 8 = {(,,,1,5) € NXN'|( C(n,,), C(m;5)) € p}. Then
UApry(P) isa Pl of N if and only if UApr,(C(P)) isaPl of N'.
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Proof. Suppose that UApry(P) is a Pl of N. Let £,,,&;, € N'be such that ,,¢;, € UApr,(C(P)).
Then there exists 7,,,7,,in N such that C(z;;) = &;;, C(z;5) = &;5. So [C(z;)C(z;2)], N C(P) #
@. Since p is complete, there exists C(w;;) € [C(r;)], and C(w,;;) € [C(7,2)], such that
C(w;))C(w;;) = C(w;;w;,) € C(P). Then we have w,; € [t;;]g and w;, € [t,,]g. Also there
exists w € P such that C(w) = C(w;;w;5). Thus w;;w;, € [1;;7;2]9 and w € [w;;w;5]e. SO w €
[7,,7:2]9 and therefore [7;,7;5]g N P # @ which yields t,;t;, € UAprg(P). Since UApry(P) is a Pl
of N,we have t,, € UApry(P) or t,, € UApry(P). Thus &, = C(r;,) € C(UApry(P)) =
UApr,(C(P))or &, = C(z;,) € C(UApra(P)) = UApr,(C(P)). So UApr,(C(P)) is a Pl of N'.
Conversely, suppose that UApr,(C(P)) is a Pl of N Let &,,&,, € N be such that &,,¢;, €

UAprg(P). Then C(§;,€:2) = C(&) C(&12) € C(UAprg(P)) = UApr,(C(P)). Thus C(§;)) €
UApr,(C(P)) or C(&;) € UApr,(C(P)). If C(&)) € UApr,(C(P)) then there exists 7, €
UAprg(P) such that C(&;;) = C(t;;).S0 [t;;]e NP+ @ and &;; € [t;;]g. Thus [&;;]o NP = @
which yields &;, € UApry(P). Similarly, if C(£;,) € UApr,(C(P)) then &, € UApry(P).

Theorem 4.7. Let N and N' be NAs over a field F and C: N — N’ be an isomorphism. Let p be a
CCR on N'and P be a subset of N. Let 8 = {(n,;;,n,5) € NXN'|(C(1n,;,),C(1;5)) €p }. Then
LApry(P) is a Pl of N if and only if LApr,(C(P)) isa Pl of N

Proof. Similar proof to the above theorem.
5. Rough Semi Prime Ideals in Near Algebra

In this section, we define rough semi prime ideal in a near algebra and established some important
results on rough semi prime ideal in a near algebra.

Definition 5.1. Anideal P # N is said to be semi prime ideal (SPI) if for any ideal / in N, I < P
implies I < P, for some positive integer n. Then a subset P of N is called an upper rough semi prime
ideal (URSPI) of N if UApry(P) is a SPI of N and a lower rough semi prime ideal (LRSPI) of N if
LAprg(P) isa SPI of N.

Theorem 5.2. Let 6 be a CCR on N and P, a SPI of N such that UApry(P) # N then P is an
URSPI of N.

Proof. Since P is an ideal of N, we have UApr,(P) is an ideal of N. Let I be an ideal of N such that
I" € UApry(P). Let &, € 1. Then &, € I™ and hence &;," € UApry(P). Thus [, ] NP # @ or
[£11]e™ N P # @. Thus there exists &;, € P which is of the form &, = 7,,™, 7,1 € [&11]6. Since P is
SPI of N, t;; € P. Hence t;; € [¢;;]g NP or [&;;]¢ NP # @. Thus &;; € UApry(P). Therefore I <
UAprg(P). So UApry(P) isa SPI of N or P is an URSPI of N.

Theorem 5.3. Let 8 bea FCR on N and P be a SPI of N such that LApry(P) #+ @ then P is a LRSPI
of N.

Proof. By theorem 3.17, LApry(P) = P isa SPI and hence P is a LRSPI of N.

Definition 5.4. A non- empty subset P of N is called a rough semi prime ideal (RSPI) of N if it is
both a LRSPI and URSPI of N.
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Remark 5.5. According to the theorems 5.2, 5.3., a SP1 of a NA is a RSPI with regard to a CCR.

Theorem 5.6. Let N and N' be NAs over a field F and C: N — N’ be an isomorphism. Let 6 be a
CCR on N and P be a subset of N. Then UAprg(P) is a SPI of N if and only if C(UAprg(P)) isa
SPl of N".

Proof. Let I be an ideal of N’ such that I® © C(UApre(P)). Then C~/(I™) € UApry(P). This
implies (C™/(I))™ € UAprg(P). Since UApry(P) is a SPI, C™'(I) € UAprg(P) and so I C
C(UApry(P)) . Thus C(UAprg(P)) isaSPlof N'.

Conversely, Let I be an ideal of N such that I™ € UAprg(P). Then C(I"™) < C(UAprg(P)) or
C(DH™ € C(UAprg(P)). Since C(UAprg(P)) is a SPI of N', C(I) € C(UAprg(P)) or I <
UApry(P). Therefore UApry (P) is a SP1 of N.

Theorem 5.7. Let N and N' be NAs over a field F and C: N — N’ be an isomorphsim. Let 6 be a

CCR on N and P be a subset of N. Then LApry(P) is a SPI of N if and only if C(LAprg(P)) isa
SPI of N".

Proof. Similar proof to the above theorem.
6. Rough Primary Ideals in Near Algebra

In this section, we define rough primary ideal in a near algebra and obtained some fundamental
results to this notion.

Definition 6.1. An ideal Pz # N ina NA N is primary ideal (Prl) if forany &;;,&;, € N,&;,&;, € Py
and &;; & P, implies &,," € P, for some n > (. Let 8 be a FCR on N. Then a subset P, of N is
called an upper rough primary ideal (URPrl) of N if UAprg(Pg) is a Prl of N and a lower rough
primary ideal (LRPrl) of N if LApry(Pg) is a Prl of N.

Theorem 6.2. Let 6 be a CCR on N and Pg, a Prl of N such that UApry(Pg) # N. Then Py is an
URPrlon N.

Proof. Let &;,&,, € UApry(Pg) and &;; & Pg. Then [§;,¢,5]g N Pr #+ @ and [§;,]g N Px = @. Since 6
is complete, there exists 7;; € [¢;;]p and 7, € [&;,] such that T,;7,, € Pz and 7;; & Pg. Since Py is
a Prl, we have 7,," € P, for some positive integer n. Since 7,, € [§;,]5, We have 7,,™ € [£,5,"],.
Thus [£,,"]g N Pz # @, which yields that &,," € UApry(Pg) and hence UApry(Pg) is a Prl of N or
Pg isan URPrlon N.

Theorem 6.3. Let 8 be a FCR on N and P, a Prl of N such that LAprg(Pg) # @, then Py isa LRPrl.
Proof. By theorem 3.17, LApry(Pg) = Py is a Prl and hence Py is a LRPrl of N.

Definition 6.4. Primary ideal Py is called a rough primary ideal (RPrl) of N if it is both a lower and
upper rough primary ideal of N.

Remark 6.5. From theorems 6.2, 6.3., we know that a Prl is a RPrl with respect to a CCR on a NA.
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Theorem 6.6. Let N and N’ be NAs over a field F and C: N — N’ be an onto homomorphism. Let p
be a CCR on N'and Py be a subset of N. Let 8 = {(n,,,1,2) € NXN'|(C(n;,), C(m;5)) € p}. Then
UApry(Pg) is a Prl of N if and only if UApr,(C(Pg)) isaPrl of N'.

Proof. Suppose that UApry(Pg) is a Prl of N. Let &,;,&,, € N'be such that &,,¢,, € UApr,(C(Pg))
and &;; & UApr,(C(Pg)). Then there exists 7,;,7,,in N such that C(t;;,) = &, C(t;,) = &;5. SO
[C(z;)C(T2)], N C(PR) # @ and [C(z;,)], N C(Pr) = @. Proceeding as in theorem 4.6 we have
T;;T;, € UAprg(Pr) and t,; & UApry(Pg). Since UAprg(Pg) is a Prl of N,we have 7,," €
UAprg(Pg). Thus Clr™) = (C(x;))™ € C(UApra(Pr)) = UApr,(C(P)) or &, €
UApr,(C(P)) and hence UApr, (C(P)) isaPrl of N

Conversely, suppose that UApr,(C(Pg)) is a Prl of N Let &,;,&,, € N be such that &;,,, €

UAprg(Pg) and &;; € UAprg(Pg). Then  C(§;,8,) = C(&;) €(§12) € C(UApre(PR)) =
UApr,(C(PR)) and C(&;;) & C(UApre(Pr)) = UApr,(C(Pg)). Since UApr,(C(Pg)) is a Prl of
N, (CED)™ = C(&,") € UApr,(C(PR)). Thus there exists 7,,™ € UApry(P;) such that
C(&,™) = C(r;,™).S0 [1,5"]g N Pr #+ @ or &,," € [1,,™]. Hence [£,,"]g N Pr # @ which implies
&, € UAprg(PR). Thus UApry(Pg) is a Prl of N.

Theorem 6.7. Let N and N' be NAs over a field F and C: N — N’ be an isomorphism. Let p be a
CCR on N’ and P be a subset of N. Let 8 = {(,;,,n,,) € NXN'|( C(n;,), €(1;,)) € p}. Then
LApry(Pg) is a Prl of N if and only if LApr,(C(Pg)) isaPrl of N".

Proof. Similar proof to the above theorem.
7. Conclusion

We introduced and explored novel concepts of rough sub near algebras and rough ideals in near
algebra. This work investigated the distinctive properties of rough ideals, illustrating our findings
with pertinent examples. We also explored the connection between different ideals and their
corresponding homomorphism images, revealing insights into the algebraic structure and behaviour.
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