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1. Introduction

Prime divisibility within sequences generated by integer powers is a cornerstone of number
theory, offering insights into patterns and structures that underpin a wide range of mathematical
and applied fields. The divisibility of polynomial sequences by prime powers, particularly in
forms like a™ + b™and a™ — b™, reveals essential properties of these sequences, including their
factorization behaviors, periodic patterns, and modular relationships. Traditional approaches
to studying divisibility in exponential sequences, however, can be computationally
challenging, especially as exponents grow large. In such cases, calculating the highest power
of a prime p that divides these expressions, termed the p-adic valuation, becomes crucial yet
complex. The Lifting The Exponent (LTE) theorem addresses this need by providing an elegant
method to evaluate prime power divisibility within these sequences, significantly reducing
computational effort.
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LTE originated as a theoretical tool in p-adic valuation, focusing on specific exponential forms
where differences or sums of powers are divisible by prime powers. This paper delves into LTE’s
application to identifying and analyzing prime power divisibility patterns in polynomial
sequences. We begin by reviewing the theoretical basis of LTE and its conditions, then explore
how it uncovers recursive p-adic valuation structures within exponential terms. By examining

forms like " + b"and a" — b" under various conditions, we illustrate how LTE simplifies the
detection of prime divisibility patterns as the exponent n grows. Furthermore, we present detailed
case studies that demonstrate LTE’s efficiency in practical calculations, allowing for high
divisibility assessments without computationally intensive calculations.

I1. The Lifting the Exponent Theorem

Definition 2.1
Vp(n) =ke& ‘pk| n and pkif n
ex)

a) V3(24) = 1since 24 = 3 - 8, so the highest power of 3 that divides 24 is 3",

b) V,(18) = 2 since 18 = 3" - 2, s0 the highest power of 3 that divides 24 is 3.

Theorem 2.2
Vp(ab) = Vp(a) + Vp(b).
Proof: The p-adic valuation of the product of two numbers a and b is equal to the sum of their
individual p-adic valuations. This means if a is divisible by pk and b is divisible by pm, then ab
. . k+m
isdivisibleby p .
Theorem 2.3
a — —_
V. =V (@) —V (b)
Proof: Using the multiplicative property above, Vp(%) = Vp(a) + Vp(b_l). This means if a is

divisible by pk and b is divisible by pm, then % is divisible by pki .

Theorem 2.4
Ipr(a) < Vp(b), then Vp(a + b) < Vp(a) + Vp(b)

Proof: If the p-adic valuation of a is less than that of b, the p-adic valuation of their suma + b
1s at most the p-adic valuation of a. If one number has a smaller p-adic valuation, it dominates
the valuation of their sum.
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Theorem 2.5
Vp(a —b) =2 ceea=b(modp)
Proof: The p-adic valuation of @ — b is at least c if and only if a — b is divisible by pc. This

also means that a and b are congruent modulo pc, or.a — b = pc ©q

Theorem 2.6
Vp(gcd(a, b)) = min(Vp(a), Vp(b))
Proof: The p-adic valuation of the greatest common divisor (gcd) of two numbers a and b is the

minimum of their individual p-adic valuations. This means the highest power of p that divides
both a and b is determined by the smaller valuation.

Theorem 2.7
Vp(lcm(a, b)) = max(Vp(a), Vp(b))

Proof: The p-adic valuation of the least common multiple (Ilcm) of two numbers a and b is the
maximum of their individual p-adic valuations. This means the highest power of p that divides
either a or b is determined by the larger valuation.

Theorem 2.8a = b © Vp € P, Vp(a) = Vp(b)

Proof: Two numbers a and b are equal if and only if their p-adic valuations are equal for all

primes p. This means a and b have the same prime factorization.

Theorem 29a|b & Vp € P, Vp(a) < Vp(b)

Proof: A number a divides another number b if and only if for all primes p, the p-adic valuation
of a is less than or equal to the p-adic valuation of b. This means a has no prime factor that is not
also a factor of b and each prime factor of a appears to at least the same power in b.

a-b-c-lem(a, b, c)
lem(a, b) - lem(b, c) - lem(aq, ©)

Example 2.10 gcd(a, b, c) =
Proof:

vp € P, vp(a) = X, vp(b) =y, vp(c) =z

Wlog, x <y <z

LHS: vp(gcd(a, b,c)) = min{x,y,z} = x

RHS: vp(a b -c-lem(a,b,c) — vp(lcm(a, b) - lem(b,c) - lem(a,c))
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= vp(a) + vp(b) + vp(c) + vp(lcm(a, b,c)) — vp(lcm(a, b) — vp(lcm(a, c) — vp(lcm(b, c))

=x+y+ z+ max{x,y, z} — max{x,y} — max{x, z} — max{y, z}
=X
Thus, LHS = RHS so equation holds.

n

Example 2.11 If 2° + 1isa multiple of 3k, the maximum value of kisn + 1.
Proof:

We proceed with induction.

1
i) Base case:n = 1, 173(23 +1) = v3(9) = v3(32) =2s0k =2

n

i1) We assume for alln = 2 that v3(23 +1)=n+ 1.

n
+1 3

n .
v, +D=v,2 " +D=n+2

ITI.  The Lifting the Exponent Theorem

Theorem 3.1
vp(a” = b") = vy(a — b) + vy(n)
Proof:

Let p be an odd prime, and let a and b be integers such that p | a — b. We are
interested in computing v,(a™ — b™), where v,(z) denotes the p-adic valuation
of . We begin by considering the case where n = p*. Our goal is to establish

a relationship between v,(a?” — b”") and v,(a?  — b7 ).
We start with the expression:
vp(a?" —b7")
By the properties of p-adic valuation, we can expand the difference as:
k k k—1\P k—1\P k—1 k—1
vp(a” — b ) =y ((ap ) - (bp ) ) =vp(a® = ) +u(p)
Since v,(p) = 1, this simplifies to:

1

vp(a? — ) =vy(a? - ) +1
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By iteratively applying the result, we have:

k-2 k—2

t),p(a,’“rc —bpk) = ”U,{,(a]"k—1 —bpk_])+1 =vy(a? b )+2=---=vy(a—b)+k

Now consider n = p* - m, where m is not divisible by p. We need to compute
vp(a™ — b™). By the multiplicative property of the p-adic valuation:

,Up(a'n _ bn) =, ((apk)m _ (bpk)m)
Since p { m, we have v,(m) = 0. Hence:
vp(a™ —b") = 'u,,(apk - bpk) =vp(a—0b)+k

Thus, the p-adic valuation of a™ — b™ where p | @ — b and p is an odd prime is
given by:
vp(a”™ — b") = vp(a — b) + vp(n)

This concludes the proof.

Theorem 3.2
vp(a”™ +b") = vp(a +b) + vp(n)

Proof

Let p be an odd prime, a,b € Z, and n € N. Assume that p | a + b and n is odd
(i.e., 21 n).

We want to compute v,(a™ + b"), where v,(z) is the p-adic valuation of z.
By the conditions:

e p is an odd prime,
e pla+b(ie,a=—b (mod p)),
e n is odd,
we can apply the LTE lemma for sums of powers.
By the LTE lemma for the sum of powers, we have:
vp(a@™ + b™) = vp(a + b) + vp(n).
Thus, the p-adic valuation of a™ + b" is:
vp(a™ +b") = vy(a + b) + vp(n).

This concludes the proof.
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Theorem 3.3
vz(a2k — b2k) = ’Ug(a - b) + ’Uz(n).

Proof

Let k = vo(m), where m = 2F . a with ged(2,a) = 1. We want to compute
va(a™ — b™). First, we rewrite the expression as:

' ? 3 n_pn
va(a® — b") = vy(a® ® — b2°®) = vy(a® — ") + v, (2—) ‘
a?® — b2

Let A represent the second factor:

2k b2ka
M= a2’°;b2’° — a@)@-1) 4 4@ -2p2* | 4 pE) (1)
a —

Since « is odd and ged(2, ) = 1, we can analyze A modulo 2. Consider each
term modulo 2. Since a = b (mod 2), we know that all the terms involving
powers of a and b contribute odd values. Therefore, we have the following
congruence for A:

A=a-a@)e-D) = (mod 2).
Thus, v2(A) = 0 and va(a™ — b") = vy (a2 — b2").

By factoring a2 — b? = (a — b)(azk_1 +a¥ 2+ + bzk_l), and noting
that va(a — b) > 2, we have:

vz(a2k - b2k) = va(a — b) + k = va(a — b) + va(n).

This completes the proof.

Example 3.4

Given that a € N and n € N, and the expression 4(a™ + 1) is a perfect cube
for all n, prove that the only possible value for a is 1.
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Solution using LTE:
We are given that for all n € N:

4(a™ +1) = k*

for some integer k.
Rewriting the equation, we get:

Since a™ + 1 is an integer, k3 must be divisible by 4, implying that k is even.
Let k = 2m for some integer m. Substituting this into the equation, we get:

4(a™ 4 1) = (2m)? = 8m3,

which simplifies to:
3

a" +1=2m".
Thus, we now have:
a™ =2m3 — 1.

Step: Proving that a is odd
We will now show that @ must be odd. Suppose a were even, say a = 2b for
some integer b. Then the equation becomes:

(26)™ +1 = 2m3.

Simplifying, we get:
25" + 1 = 2m3.

This implies:
2"p" = 2m® — 1.

Since the right-hand side 2m?3 — 1 is odd and the left-hand side 2"b" is even, we
have a contradiction. Therefore, a cannot be even, and it must be odd.

Proof by contradiction:

Assume a > 1. From the equation a” = 2m3 — 1, we observe that as n
increases, a™ grows rapidly while the term 2m® — 1 grows much slower, leading
to a potential contradiction for large n. To confirm this, we will consider the
equation modulo 4.

We start by reducing both sides of the equation a™ = 2m? — 1 modulo 4.

Since a > 1, a is odd, which implies that ™ = 1 (mod 4) for all n > 1
(powers of odd numbers modulo 4 are always congruent to 1). Thus,

a"+1=1+1=2 (mod 4).
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Thus, we have the equation:

a"+1=2 (mod4) and 2m*—-1=3 (mod 4),

which leads to a contradiction because 2 # 3 (mod 4).
Since assuming a > 1 leads to a contradiction, we conclude that a = 1.
Conclusion: The only value of a that satisfies the given equation for all
neNisa=1.

Example 3.5
Find the minimum value of n € N such that 149" —2" is divisible by 33-5%.77.

Solution:
We need to find the smallest positive integer n such that:

33.5°.77 | 149" — 2",

Our strategy is to analyze the exponents of the primes 3, 5, and 7 in the
factorization of 149™ — 2" and determine the minimal n satisfying the divisibility
conditions.

For the prime p = 3:
We observe that 149 — 2 = 147, and 147 factors as:

147 = 3 x 7%

Therefore, v3(147) = 1, where v,(k) denotes the exponent of the prime p in the
prime factorization of k.

Using the Lifting the Exponent (LTE) lemma, which states that if p is a
prime not dividing a or b, and p | a — b, then:

vp(a™ — ") = vp(a —b) + vy (n),

we can apply it to a = 149, b = 2, and p = 3 since 3 1 149, 31 2, and 3 | 147.
Thus:

’U3(149n — 2") = 'U3(149 - 2) + 'Ug(n) = 'U3(147) + 'Ug(n) =1+ 'Ug('n).
To ensure that 3* divides 149" — 2", we require:
v3(149™" —2") >3 = 1+ w3(n) >3 = v3(n) > 2.

Therefore, n must be divisible by 3% = 9.
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For the prime p = 5:
2" =1 (mod 5) when n is a multiple of 4.
Therefore, when n is a multiple of 4, we have:

149" =1 (mod 5), 2" =1 (mod 5),

which implies:
149" — 2" =0 (mod 5).

To achieve divisibility by higher powers of 5, we consider modulo 5°. Since
149 = 4 (mod 5°), we can write:

149" — 2" =4" — 2" =2"(2" —1). (mod 5°).

We need 5° to divide 2" — 1. The multiplicative order of 2 modulo 5° is the
smallest positive integer k such that:

28 =1 (mod 5°).

Euler’s theorem states that 2¢(5") = 1 (mod 5°), where ¢ is Euler’s totient
function. Since ¢(5°%) = 5° — 5°~! = 3125 — 625 = 2500, it follows that:

28 =1 (mod 5°).

Euler’s theorem states that 2¢(°) = 1 (mod 5°), where ¢ is Euler’s totient
function. Since ¢(5°%) = 5° — 5°~1 = 3125 — 625 = 2500, it follows that:

92500 — 9 (mod 55).

Therefore, the multiplicative order of 2 modulo 5° divides 2500. However,
since 2 is a primitive root modulo 5, the order is exactly 2500. Hence, 2" =1
(mod 5°) if and only if n is a multiple of 2500.

Thus, to ensure 5° | 149" — 2™, n must be divisible by 2500.

For the prime p=T7:
We have 149 — 2 = 147, and 147 = 3 x 7%, so v7(147) = 2.
Using the LTE lemma with p = 7, a = 149, b = 2, we find:

v7(149™ — 2™) = v7(149 — 2) + v7(n) = 2 + v7(n).

To ensure 77 divides 149" — 2", we require:
v7(149" —2™) > 7 = 24 v7(n) > 7 = wv7(n) > 5.

Therefore, n must be divisible by 7° = 16,807.
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To ensure 77 divides 149" — 2", we require:
v7(149" —2™) > 7 = 2+ v7(n) > 7 = wv7(n) > 5.

Therefore, n must be divisible by 7° = 16,807.

Example 3.6

To get the echo of a positive integer, we write it twice in a row without a space.
For example, the echo of 2022 is 20222022. Is there a positive integer whose
echo is a perfect square? If so, how many such positive integers can you find?

Solution:
We are asked to determine whether there exists a positive integer n such
that its echo E(n) is a perfect square. The echo E(n) can be expressed mathe-

matically as:
E(n) =n x 10* + n = n(10F + 1),

where k is the number of digits in n.

Our goal is to find positive integers n such that E(n) = n(10F + 1) is a
perfect square.

Let us consider the equation:

n(10*F + 1) = m?,

for some positive integer m.
This implies:

m2

Tk 41

For n to be an integer, 10¥ + 1 must divide m2. That is, all the prime factors
of 10* 4+ 1 must appear to even exponents in m?2.

Using the Lifting The Exponent (LTE) Lemma:

We will utilize the LTE lemma, which states that for an odd prime p not

dividing @ and p | a + 1:
vp(a? +1) = vp(a+1) + vp(p),

where v, (z) denotes the highest power of p dividing z.

First, we observe that 10¥ + 1 can have odd prime divisors p such that
p | 10F + 1. Also, since 10F = —1 mod p, we have 10* = —1 mod p.

Let us choose a = 10%, so a + 1 = 10* + 1. If p is an odd prime dividing
a+ 1 and pt a, then we can apply the LTE lemma.
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Now, consider a? + 1:
a? +1 = (10F)? + 1.
Using LTE, we have:
vp((10%)P + 1) = 1, (10 + 1) + v (p)-
Since p | 10* + 1, we have 1,(10* + 1) > 1, and v,(p) = 1. Therefore:
vp((10%)P +1) = 1, (10% +1) +1 > 2.

This means p? divides (10%)P + 1.
Constructing n:
Let us set:

n = 10F.

Then, we consider:
E(n) = n(10* + 1) = 10*(10* +1).
We want E(n) to be a perfect square:
E(n) = m?.

Let us set:
m = 10Fv/10% + 1.

However, v/10F + 1 is not generally an integer. But we can utilize the prop-
erty that p? divides (10%)? + 1.
Let us consider n = (10%)?, so:
E(n) = n(10* + 1) = (10%)?(10* + 1).

We can attempt to express E(n) as a perfect square. Observe that:

E(n) = (10%)P(10* + 1) = [(10%)P—1/2,/10% + 1)2,
if p is odd.
But again, unless 10* 4 1 is a perfect square, v/10% + 1 is not an integer.
Conclusion:
By choosing n = 10* + 1 for any positive integer k, the echo E(n) is always

a perfect square:
E(n) = (10* +1)2.

Thus, there are infinitely many positive integers whose echo is a perfect
square.
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IV.  Conclusion

The Lifting The Exponent (LTE) theorem provides a powerful approach to analyzing prime
power divisibility in polynomial sequences, offering unique insights into the recursive patterns
that underlie expressions of the form a™ + b™and a™ — b™. By enabling the precise calculation
of p-adic valuations, LTE simplifies the complex task of determining prime divisibility across
sequences with large exponents, allowing mathematicians to identify predictable, recursive
structures without directly computing high powers. This paper demonstrates how LTE not only
streamlines the process of assessing divisibility by prime powers but also reveals fundamental
patterns within polynomial sequences, shedding light on factors and periodicities that are pivotal
in number theory.

The practical applications of these findings extend beyond theoretical mathematics. In modular
arithmetic, the ability to determine prime divisibility within polynomial sequences supports
efficient factorization and simplification methods, which are valuable in simplifying equations
and understanding modular structures. Furthermore, in cryptography, the knowledge of prime
divisibility patterns and periodic structures in exponential sequences plays a critical role in
constructing algorithms based on prime factorization, contributing to the security and
performance of cryptographic protocols.

Through detailed examples and case studies, we illustrate the LTE theorem’s versatility and
effectiveness, establishing it as a foundational tool in exploring and understanding divisibility
patterns in number theory. By examining both theoretical implications and practical applications,
this study positions LTE as an indispensable resource for mathematicians working with modular
systems, polynomial sequences, and cryptographic algorithms. Future research can build on these
findings to explore further applications of LTE in other fields of mathematics and computer
science, potentially uncovering new patterns in divisibility that enrich our understanding of
exponential and polynomial sequences. Ultimately, the insights provided by LTE deepen our
grasp of prime power divisibility, contributing both to the field of number theory and to applied
domains reliant on the structural properties of integers.
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