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1-Introduction

Consider H(G) as a set of analytic functions within the open unit disk G, defined as G =
{zzeCand |zl <1}, ForneN=1{/23,-} such that ae€C, and let Hlan]={f:f€
H(G) and f(2) = a + anz™ + any ;2" + -+ } and suppose that H, = H[0,1]. Consider A < H(G),
which denotes the subset of functions in G that are both analytic and have been normalized. The
Taylor-Maclaurin series is a mathematical series that takes the form:

f@=z+4) a" GEG. (1)
n=2

Assume that both f and g belong to H(G). We assert that f is a subordinate of g, (or g is a
superordinate of f), denoted

f<ginGorf(z) <g(z),(z€O0),
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when there is a Schwarz function b € H, defined in the unit disk G, that is analytic and satisfies
5(0) = 0 with [h(3)| < I (z € C), itmeans f(3) = g(h(3)), (z € C). Furthermore, if the function g is
injective within the domain G. Subsequently, we can construct the following equivalency based on
the references provided in [1,2,3].

fG) <9(G) < f(0)=g(0)and f(G) < g(g).
Tayyah and Atshan [4] introduced the following fractional operator:

o(6—-D+1 3

_w+n”

T o(6-D+
o,T )

WhereaeN,r>0,62I—é,uzo,and

(6-D+1 6—1)+1
I;.:(8) =’l'o T T <u>

T

Define X{,5,): A = A by

Gb-0D+1 n
o r(L Ty (24 ])
z?a,r,u)f(?) =z+ 7 : (6 — l]l)-:_]] ! n gn. (1.3)
=Gy + DI + 1457
By (3), it is easy to verify the following identity:
(T @) =
6—1 1 6—1 1
l(ﬂ‘l'])%-l' l (o“L’ﬂ)f(g) I(M-l—])u (O“L‘M)f(g) (14

Antonino and Miller [1] have extended the idea of second-order differential subordination and
superordination in the domain G, as initially established by Miller and Mocanu [2,3,5], to the third-
order scenario. This extension is also referenced in [6,7]. The features of functions p that meet the
third-order differential subordination were determined:

063,36’ ®),76'(),76"(2);2):7 €G} c .
Additionally, this applies to third-order differential superordination:

Qc {8(6(,36'@.76'(),76"();2):7 €G),
where Q be a set within C, G be an analytic function with ®: C* x G — C.

In recent studies, multiple writers have examined various implementations of the second-order
differential subordination and superordination idea. They have also produced sandwich outcomes, as
evidenced by references [8]. Additionally, third-order outcomes have been explored for diverse
classes, as indicated by references [6,7,9]. To explore intriguing applications of differential
subordination and superordination in other mathematical disciplines, we can consult references
[10,11,12].
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Ponnusamy and Juneja's work [13] built the concept of third-order differential subordination. Tang et
al. introduced a recent study that is a good example of this (see [6,7]).

The second and third-order terms are used interchangeably. Uneven subordination and bi-univalent
functions have garnered the attention of numerous scholars in this domain (see [8, 9, 14, 15, 16, 17,
18, 19, 20, 21, 22, 23, 24]).

In this study, we analyze a collection of appropriate admissible functions related to the integral
operator with established precise requirements on the normalized analytic function, referred to as the
sandwich condition.

2- Preliminaries
The concepts and lemmas listed below are necessary for the demonstration of our findings.

Definition 2.1. [1]. Consider the function ®:C* x G —» C with assume that a function H(z) is
univalent within G. Given that the function G (z) is analytic in G with fulfilling the given third-order
differential subordination:

063,36 (.76 (3,76 @);2) < b (). 2.0

thus G (2) is denoted as a solution of the differential subordination (2.1). Moreover, a given univalent
function T'(z) is referred to as a dominant of the solutions of Equation (2.1). Alternatively, a
dominant is defined as G(z)<7 (z) for any G(z) that meets Equation (2.1). The best dominant is
defined as a dominant 7 (z) which fulfills the condition 7(z) < 7'(z) for every dominant 7'(z) of
(2.1).

Definition 2.2. [1]. Consider the set Q, which consists of every function 7 that is both univalent and
analytic on G\E (7", where

E(T)={¢:¢€ag: lim,,;T(z) = o},
with min|T'({)| =p >0 for { € AG\E(T). Additionally, we can represent the subclass of Q,
where 7(0) = a, as Q(a), where Q(0) = Q, and Q(1) = Q,.
The method of subordination is used for an appropriate class of admissible functions.

The following class of admissible functions was given by Antonino and Miller [7].

Definition 2.3. [1]. Consider Q, a set of complex numbers, and let 7 € Q such that n € N {7}. The

class of admissible functions ¥, [(2, 7] has functions ©: C? x G — C, which fulfills the following
admissibility conditions:

O(r,5,tw;2) € 0,

whenever

r=T@), s=kT'Q, Re (2 + 1) > kRe (CTT ((;)) + 1),

and
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e
Re (2) > k’Re <€;((()O>,

wherez € G, € AG\E(T), with k > n.
Lemma 2.1. [1]. Suppose that G € H[a,n] such that n > 2,and 7 € Q(a) satisfying the following

conditions:
{T"(Q) 7G'(2)
Re( Q) > =070
wherez € G, € G\ E(T),k = n.If 2 is aset within C,0 € ¥,[Q,T], with
0(6(),36'(2),7°6"(3).76"(3);9) € 0,

<k,

then

G <T@, GEeg).
Definition 2.4. [7]. Consider the function ©: C* x G — C. Let b(z) be an analytic in G. Given the
function G (z) with
06,36 ()76 '@,76" ()2,
are univalent in G and fulfill the given third-order differential superordination:

5(3) < 063,36 (2,776 (2,76 (@) 7, (2.2)

if G(z) satisfies differential superordination, it is considered a solution. Further, an analytic function
T is referred to as a subordinant of the solutions of the differential superordination, or it's just a
subordinant, if T(z) < G(z) in each G(z) fulfilling Equation (2.2). A univalent subordnant
T () which fulfill 7(z) < 7(3) for every subordinants 7°(z) of (2.2) is known to be the best
subordinant.

Definition 2.5. [7]. Consider €, a set of the complex numbers, and let 7 € H[a, n] such that T'(z) #

0. The function class ¥,,[12, 7] is defined as the set of functions ® : C* x § — C which fulfills the
next admissibility conditions:

O(r,5tu; () EN,

whenever

3 6] t I (37°(3)
r = T(;),s —T,Re(;-F ]) SER8<T’(5) + ]>,

and

wherez € G,{ € dG, withm = n > 2.

Lemma 2.2. [7]. Consider T € H[a,n], and © € ¥,,[2, T']. Assuming that
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063,36 (3,76 (3,76 (3);2)

is a univalent within G with G € Q(a) that fulfills the following conditions:

(T 7G'(2)
Re < %) ) > 0

= U |77 <m,
T'(2)
wherez € G,{ € dG, withm > n > 2, thus

Qc {0(6(2),36'(2),76"@),76"();2):7 €6},

indicates that

TG <6G6GE), (GE 9.

The present study applies the methods described in the works of Antonino and Miller [1],
Jeyaraman and Suresh [23], and Tang et al. [6,25] to examine the third-order differential
subordination and superordination outcomes. Various situations are considered, as documented in
references [18,24]. This paper examines specific categories of permissible functions and presents
novel findings about third-order differential subordination and superordination for analytic functions

within the domain G, concerning the operator T(Sa,r,u)f(?)-
3- Third-Order Differential Subordination of the Operator Sz‘(saﬁ#)f(;)

We present some differential subordination results using the operator 1?MH) f().

Definition 3.1. Let Q be a set in C and T € Q,NH,. The acceptable function class 3;[(2, 7] consists
of those functions ® : C* x G - C that fulfill the admissibility condition:

O(a,b,c,d;z) € Q,

whenever
B kT () + (m+ DT
a= T(Z), b - T] + 2 )
M+D[(M+2D) -2+ Dbl+(m+1)?a 7'
Re ( - 77(r]+2)b—n(r]+1)a - ) = kRe ( 7'(Q) + 1)’
and
° ((n +2)°[d—3(c—=b)] -+ 230+ Da+b]+ [+ Dall - (n+ 1)2)]>
e >
MmM+2Db—(Mm+ Da
770
2
k“Re < Q0 ),

where z € G,{ € dG\E(T) and k € N\{/}.
Theorem 3.1. Let © € 3;[Q, 7. If the functions f € A and T € Q, N H, satisfies the condition:
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'

¢T7"(§) ?(I?a,r,#)f(%))
ke ( () ) 20, g =k (3.1
and
P 5= 5-Z 53
O Toei)f @ T ) f @D T L 0 f @, T, 20 f@i7):7€G € Q (32)
then

Tef@D <T@, GEG.

Proof. Let G(z) be analytic function in G by

G@) = Torf @ (3:3)
From equation (1.4) and differentiating (3.3) with respect to z, we get

5 36' G+ (+DG()
1(02”)]((5) = —— . (349
By a similar argument, yields
2T 2n" ! 2
8- 76 @D+ + D+ 1136 @)+ +1)°G(3)
Toaf @ = CESE , (3.5)
and
‘5‘%1 76" Q+3n+2)7°6" @) +B3n+DN(+2)+1136' Q) +m+1)°G ()
Loef @ = ) . (3.6)
Define the transformation starting with C* to C by
s+(n+ Dt
a(r,s,t,u) =1, b(x,s,tu) = L
n+2
t+(Cn+3Ns+(m+ 1)t
c(r, s, tu) = 7+ 2 ) 3.7)
and
u+3M+Dt+ B+ D +2)+1ls+ (n+ Dr
d(r,s,tu) = T2y : 3.8
Let o(r,5,t,u) =0O(a,b,c,d) =
s+t(m+Drt+Cn+3Ns+ 1+ 1D°r
) n + 2 ) (T’ + 2)2 )
.| 9
u+3m+Dt+ B+ D+ + s+ + D'r
(n+2)° &

The proof will be put to use by Lemma(2.1).Using equations (3.3) to (3.6), and from (3.9), we get
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9(G(),36'(),76"(2),76"();3) =

2T 3T
®< (oru)f(?) z(,,T#)f(g) z((,T#)]c(g) z(afﬂ)f(g) %) (3.10)

Hence, (3.2) leads to
9(G(2),36G'(),7°6"(3),5°G"(9);3) € 2,
note that

t P M+ D[+ 2c—2(m+ Dbl + (m + 1)’a
;+ B mM+2)b—(m+ Da

and

u _ n+2)[d=3(c=b)]-+2)[3(n+Da+bl+[(n+Nal-(n+1)?)]
s n+2)b—(m+Na )

As a result, the admissibility condition in Definition (3.1) for ® € 3;[Q,T] is equivalent to the

condition ¢ € ¥,[Q, T'] as stated in Definition (2.3) with n = 2. As a result, using (3.1) and Lemma
(2.1), we have

(I((Sa,r,u)f(g) <T(2).
The proof of the Theorem (3.1) is complete.

The following outcome is an extension of Theorem (3.1) to the case where the actions of 7 (z) on aG
is unknown.

Corollary 3.1. Let QcC and the function 7" be univalent in G with 7(0) = 1. Let © € 3;[Q, T;] for
some p € (0,1), where T,(z) = T(pz). If the function f€A and T, € Q, satisfies the next
conditions:

" 2% ’
Re <57;) (O) >0, g( (‘”'“)f(%)) <k,(z€G{€EIG\E(T,)and k = 2)

7, 7,
and

2t 3T
© <z(ary)f(§) z(aru)f(g) z(a‘cu)f(g) SI:(C;.L-M)f(g) ?)
then

T @ <T@, GEG.
Proof. Using the Theorem (3.1), we obtain

e[ @ <T@, G EG).

Corollary asserts the following conclusion (3.1) is now deduced from the subordination characteristic
that follows: 7,,(z) < 7'(2), (z€9).
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If Q=+ C is a domain with only one connection, then Q = §H(G) for the purpose of conformal
mapping H(z) of G onto Q. The class in this situation is 3;[5(§), T] is written as 3; [, T'].
This is a direct result of the Theorem.(3.1) and Corollary (3.1).

Theorem 3.2. Suppose that ® € 3;[h, T']. When the function f € A with T € Q, N H, satisfy the
following conditions:

’

" 1)
50) 5 o i O)]
ke ( o) 20 o | =k G.11)
and
s §-2 5-2 53T
Q) (z(a,‘r,u)f(g), z(ajgu)f(g), z(afmf(g), Z(J,Tfﬂ)f(g); g) <b(z. (3.12)
Then

5-L
Tor @ <T@, GE€9).
The following result is a direct result of Corollary. (3.1).

Corollary 3.2. Suppose that Q ¢ C with T be univalent within G such tha 7(0) = 1. Let ® €
3;[Q, 7] for some p € (0,1), whereT,(z) = T (pz). If the function feA and 7T, satisfies the
following conditions:

'

o <¢:7;;’(()> iy (/@)
Q) 7

<k,(z€G,{ €G\E(T,) and k > 2)

and

5 -7 65 6%
© z(a,r,u)f(g)' z(gﬂ-,#)f(g)' z(gﬂ-,#)f(g)' (I(a,r,u)f(g);g <52,

then

T

S——
Lo @D <T@, (€.
The best dominant of the differential subordination is seen in the following result (3.12).

Theorem 3.3. Consider the function b in G to be univalent, and consider ®: C* x G — C and ¢ to be
defined by (3.10). Consider the equation of differentiation:

0(6(2),36'3),7°6"(2),76"(2);7) = H() (3.13)

possesses a solution 7' (z) with 7(0) = 1, which fulfils requirement (3.1). If f € A meets the
condition (3.12) and if
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s 5= 52T 53T
0 <z(a,r,u)f(§): I(G,Zﬂ)f(g)» z(a,g#)f(g)' z(a‘g#)f(g)I ?);
Is analytic in G, then

%?U,T,M)f(g) < T(?)’ (5 € g)

and 7' (z) is the best dominant.

Proof. According to Theorem (3.1), 7 is a dominant of (3.12). Given that T satisfies (3.13), it
follows that 7 is also a solution of (3.12). Consequently, T will be subjugated by all dominant
entities. Consequently, 7 is the optimal dominator. The proof of the theorem is comprehensive.

In light of the Definition (3.1), and in the special case 7 (z) = Mz (M> 0), the class of admissible
functions 3;[Q, 7], denoted by 3;[€, M], expresses itself as follows.

Definition 3.2. Let Q be setin C and M > 0. The class of admissible functions 3;[Q, M] includes
those functions ®: C* x G — C such that

Mei® (k+(Mm+D)Me® L+ [[2(m+D)+1k+m+1)?Met®
’ n+2 ’ (n+2)? ’
N+3(m+2)L+[G+D(+2)+Dk+(n+1)3Me'd
(n+2)? ’

¢ Q, (3.14)

whenever z € G,
Re(Le™) = (k — kM,
and
Re(Ne7®) >0, VOERk =2
Corollary 3.3. Consider ® € 3;[Q, M]. If the function f € A satisfies:

5-L
‘z(o.g.u)f(g)‘ < kM, GeUk=2M>0)
and
s 5= 5-2L 53T
© <I(a,‘r,u)f(§); z(a'z“)f(g)' z(U.TC.TM)]C(g)’ z(a.‘rc.ru)f(g);g> €40,
then

|1(80,T,y)f(§)| <M.

In the special case Q=7T(g) ={w:|w| <M}, the class 3;[Q,T] is simply referred as
3;[M].Corollary (3.3) can now be used written as follows from.

Corollary 3.4. Suppose that ® € 3;[M]. If the function 1 € A fulfills the following criteria:

5-L
‘z(a,g#)f(g)‘ <kM, (GE€Uk=2M>0)
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and

s 5—1 6_2_T 5—3—T
‘(1(0,T,u)f @D Tl f DT @D T, L f (;):;)‘ <M,
then

|%?O',T,[L)f(g)| <M.

Corollary 3.5. Suppose that k > 2, and M > 0. If the function f € A and meets the following
criteria:

5-L
‘1(02,‘)][(%)‘ < kM,

and

s-L 5 M
T = T/ 0 <
then
[ Toenf @] < M.
Proof. Letting ©(a, b, c,d;7) = b — a, Q = b(G), such that h(z) = % L ZE€G,M > 0.

Make use of the Corollary (3.3). We must prove it ® € 3;[Q, M], in other words, admissibility
condition (3.14) is satisfied. This follows readily, since it is seen that

D) o] KLy > M

n+2 n+2 n+2

10(a,b, ¢, d;2)| = |

wheneverz € G,6 € Rand k > 2.

Definition 3.3. Letting 2 be a set in C, and 7" be an element of the intersection of Q, and H,. The
class 3;,[Q, 7] of admissible functions comprises those functions ©: C?!x G - C that fulfill the
specified admissibility criteria:

O(a,b,c,d;z) ¢ Q,

whenever
_ KT+ 0+2TQ
a= T(Z), b - 7] +2 )
(n+ 2[a+c— 2b] IT(©)
Re( h—a )ZkRe<Tc)+l>,
and

2(d—q)— _ _ 2 P
Re ((n+2) (d-a)-3(m+2)(M+3)(c—a)+(b-a)[3(n+3) 1]) > k2Re (cf (z)),
b—a T(Q)
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wherez € G,{ € AG\E(T") with k > 2.

Theorem 3.4. Suppose that © € 3; ,[Q,T]. If f € A be a function and T € Q, N H; satisfy the next
requirements:

7 (T f @) — T f )
Re (= > (), , <k, (3.15)
70 z7°(0)
and
RO VSR TSR S
(oawlP “ew! ¥ “eiw! ¥ Foiwl ¥ }
® p , - , - , - ;7 1iz€EGrCQ, (3.16)
then
oz f @)
Tl i), ey
Proof. The analytic function should be defined G (3) in G by
Yo e f @)
Using the equation (1.4) and (3.17), we have
s-Lt
Toew @ _ 6@+ 0 +260) (3.18)
7 n+2 ' '
By a similar argument, we get
52T
Yo/ @ _ZCQ RO IR+ M+ D6R) o,
7 (n+2)° o
And
53T
z(o""g-“)f(g) _
Z
76" +3+ 376 @+ [BO+ 2D+ 3)+11z6'G) + (n+2)6(R) (3.20)
(m+2)° -
Define the transformation starting with C* to C by
s+(n+ 2
a(t,s,t,u) =r, b(x,s,t,u) = L
n+2
186
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t+(n+5s+ M+ 2%

c(y,st,u) = 12 , (3.2
and
ut 3+ Dt+ B+ DM+ 3D+ s+ (n+2)7r
d(r,s,t,u) = 127 . (3.22)
Let
p(,s5tu) =0(a,b,cd;z) =
s+t(M+Dr t+ 2+ 2+ 1ls+ (n+ 2)°x \
® on+2 7 (n+2)? ' (323)
u+3M+Dt+ B+ DM +)+ s+ +2)c | '
(n+2 '

The proof will make use of Lemma (2.1). Equations are used (3.17) to (3.20), and from (3.23), we
have

9(G(),36'(),7°6"(2),76"();3) =

S5 o [ [
® (I(G,T,“)f(g) , z(ajfjﬂ)f(g) , z(J,TJH)f(g) ’ z(aﬂ-’“)f(g) ; (3.24)
g g Z g

Hence, clearly, (3.16) becomes
9(G(),76'G),7°G"(3),76" ()3 € 0,
Note that

E+I=(n+2)[a+c—2b]
s b—a

)

and

u _ (+2)*(d-a)=3n+2)(n+3) (c-a)+(b-a)[3(n+3)*~1]

s b—a
As a result, the admissibility condition for ® € 3; ,[Q,T] in Definition (3.3) is the same as the

admissibility criterion for ¢ € W,[Q,T] as stated in the Definition (2.3) with n = 2. As a result,
using (3.13) and Lemma (2.1), we have

)
ol g

Now completes the proof of theorem (3.4).

If Q + C is a simply connected domain, then Q = §(G) for some conformal mapping H(z) of G
onto Q. In this situation, the class 3; ;[b(G), 7] is written as 3; ;[Q,T]. This follows immediate
consequence of Theorem (3.4), as follows:
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Theorem 3.5. Let © € 3;,[Q,T]. If the functions f €A and T € Q, satisfy the following
conditions:

Re<c¢(o>:>0 2 (Torif @) ~ T @) _

5 70 <k, (3.25)
and
2T 3t
T T B
Tloww/f (;) (aru)f (?) (“#)f (g) ("”‘)f(g) 7| <b@,  (3.26)
3 3 7
then

18
4ﬂ§59<7@, GE€Q).

In light of the Definition (3.3) and in the special case 7'(z) = Mz, M> 0, the class functions that are
admissible 3; ,[Q, T], denoted by 3; ,[Q2, M] is expressed as follows.

Definition 3.4. Let Q be a set in C and M > 0. The class of admissible functions 3; ;[Q, 7] consists
of those functions ®: C* x G — C such that:

Mei® k+(m+2)Me® L+((2n+5)]k+n+2))Mel®
n+2 ’ (n+2)? ’

)

N+3(n+3)L+([3(n+2) (n+3)+11k+(n+2))Met® €Q (327)
(n+2)° ’
whenever
7€G,  Re(Le™®) > (k— DkM,
and

Re(Ne ) >0, VvOE€ERk=>2.
Corollary 3.6. Let ® € 3; ;[Q, T]. If the function f € A satisfies the following conditions:

5-L
z(a fu)f(z)
—2E 1 <kM, (z€Gk=2M>0),
z
and
21' 31'
Vo f @) z(aw)f () z(mu)f ©) it(“”)f @ lea
z ' z ' 7 ’ z ’ ’
then
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st
I(o"g:ﬂ)f(g) <
g

M.

In the special case, when Q = 7(G) = {w: |[w| < M}, the class J; ,[Q,T] is simply denoted by
3;,/[M]. Corollary (3.6) can now be expressed as follows:

Corollary 3.7. Let ® € 3; ;[Q, T]. If the function f € A satisfies what follows circumstances:

5T
Tioonf @
Tomt) T kM,  (GEGk=2M>0),
Z
and
s-Lt 52T 53T
)
Lo f (@) I(G,Zu)f (2) I(o.gu)f (2) z(a.r(.ru)f (;).
] ] ) ;% < Mr
g g g g
then
I((Sa'ru)f(g)
g

Definition 3.5. Let 7 € Q, N H; and Q be a set in C. The class 3;,[Q, 7] of admissible functions
consists of those functions ®@: C* x G — C, which satisfy the following admissibility requirements:

®(a,b,c,d;z) € Q,

whenever
_ 1 [T+ @+ DT Q)
a=TQ. b= T() '
(n + 2)[2a° + cb — 3ab] (7"
Re< P >2kRe<T'(() +1>,
and

Re([bc(d —c)(n+2)° —=b(n+2)’(c—=b)I—b—c+3a)—3(n+2)(c—b)b+2(b—a)+
3am+ Db -a)+ b-—a)X+D(b-c)n+2)—3—4a(n+2)+a’(m+2)*b -

e
Qb — a)~") = k?Re (2 TT(;)O)

wherez € G, { € dG\E(T) and k > 2.

Theorem 3.6. Consider ® € 3;,[Q,T]. If the functions f € A and T € Q, N H; provided they meet
the subsequent criteria:
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o, f(%) I(O"L’ )f(g) —3 S:(0'1: )f(g) 0T f(%)
7@ ( ( u) > 2 ( K ) ( u)
Re >0, <k (328

T (38,007 @) 7@
and
2T 3T 4T
(aw)f(;) ‘I((,w)f(;) ‘I((,w)f(;) S(G,u)f(;) Neeglea (29
3: f(%) ’ 2t ’ 3t ’ ' ’ '
(e (m,l)fU T 7 fG) T, 0 fG)
then
s-Lt
g
M <7@) GGEG)
(a'ru)f(g)
Proof. The analytic function should be defined G (z) in G by
5_£
7of@
6 = ! 2 (3.30)
(o“r#)f(g)
From equation (1.4) and (3.30), we have
2t
(mu)f(?) 1 [:6'G)+ (+2)G*(3) __A G3D)
% n+2 G(3) n+2 '
(a,r,u)f(g)
By a similar argument, we have
3t
(U T 'u)f(?) B (3.32)
4 n+2 '
z(g,-[#)f(?)
and
st
TioonS @ I
(e = _ [B+B~(C+A~'D — A=2C?)], (3.33)
53t n+2
z(Cm-,ﬂ)f(g)
where
26060 _ (60 ,
_00, 0+ 26 + IHCQ_(2£9) 426 (;)’
Q) €04 m42)6()
e
190
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3 , N

%6 (g();(;gG 3 (f(?) 0t D60,

and

D= 76" @D+37°6 " )+6'@) 3;2(6'(;))2+3g36”(;)6'(;) 4o (gc'(g))3 + M+ 226G+ + D26
G() G()? G() '

Define the transformation starting with C* to C by

a(r,s,t,u) =1, b(x,5t,u) =

n+2 =n+2

I s+ @+ 2 E
=

t+s (s 2
_ 1 st | Q) tmes|  p

C(r; 5) t) u) - T]+2 N §+(T]+2)t - 17+2, (334)

and
1

d(r,s,t,u) = o [F+ FI(L+HE™! -EL?)], (3.35)

where
t+s  /5\?

L =T—(;) +(17+2)5,
and

H=¢—3C)Z—3j—j+2(§)3+(n+2)(s+t).

Let
(p(rl S, t; u) = @(a, b, C, d) =

(r £ F [F+F—1(L+HE—1—E-2L2)]). (3.36)
‘mM+2'n+2'n+2

The proof will make use of Lemma (2.1). Using the equations (3.30) to (3.33), and from (3.36), we
have

9(G(),36'(),76"(2),76"();3) =

T 2T 3t 4T

s-L §-=L §-2L -2

z(a,g”)f(g) z(algﬂ)f(g) z(m;:u)f(?) z(a,-g”)f(g) . (337

EaEies o= gl S

el % (a,r,,u)f(g) (a,r,u)f(g)
Hence, clearly (3.29) leads to
9(G(2),36'(),76"(2),76"(3);7) € Q.
We note that
191
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t (m + 2)[2a° + cb — 3ab]
—t+1= ,
s b—a

and

==[be(d =)+ 2" = b+ 27 (c = b)Y = b —c+3a) =3+ 2)(c—b)b+2(b—a) +
3am+ Db -a)+ b -a)XM+D((b-c)n+2)—3—4a(n+2))+a’(m+ 2’ -
I CET

Thus, the admissibility condition for ® € 3; ,[Q,T] in Definition (3.5) is the same as the criteria of
admissibility for ® € ¥,[Q, q] as stated in the Definition (2.3) with n = 2. As a result, using (3.30)

and Lemma (2.1), we have
5L
1(0’3’”)]6(5)
T(Sg,f,u)f (%)

this completes the proof of the Theorem (3.6).

<T@,

When Q # C is a simply connected domain, therefore Q is the image of a conformal mapping H(G)
for some domain §. In this context, the class 3;,[H(G), 7] is denoted as 3;,[Q,T]. The immediate
conclusion of Theorem (3.6) is presented below without proof.

Theorem 3.7. Consider ® € 3; ,[Q, T]. If the functions f € A with T € Q, and they fulfill the
constraints specified in (3.29) and

T 2T 3t 4T

05 -5 §—— s5-2=
‘I(G,g,u)f(?) (I(U,.g“)f(?) z(ajgﬂ)f(g) (:z(cr,r(,ju)f(g). e
B O % oy P )
e & Lol @) T/ @)
then
s-Lt
Tioo o fG)
(o,1,)
S - <<T@, (Geg).
T e f @

4- Third-Order Differential Superordination of the Operator Zfa,ﬁ_mf(g)

Definition 4.1. Consider 2 be a subset of C, and 7" be an element of Q, N H, such that T'() # 0.

The class of admissible functions 8]'-[9,7"] comprises functions ®:C* x G — C that fulfill the
specified admissibility criteria:

®(al bl (oH dl {) € QI

whenever

T @Q+mm+ DT
- m(n +2)

a=7T(z), b

)
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M+ [(m+2)c—2(m+Dbl+M+1)’a) ] 7@
< — e

and

M+2)°[d—3(c-D)]-M+D 3+ Na+bl+[m+Nal-m+DH\ _ 1 , (77"G)
Re ( n+2)b—(m+Na ) = m? Re ( T'(2) )'

wherez € G,{ € dGand m = 2.

Theorem 4.1. Let © € 3;[Q, T]. If the functions f € A, with T¢, . ,,f(3) € Q, and if T € H, with

T'(2) # 0, satisfying the following conditions:

’

(7@ 2(T,00f @)
Re( e > =0 e

<m, (4.1)

and the function

5 -5 67 6%
C z(a,r,u)f(?): z(a,r,u)f(g)’ z((f, »H)f(g)' z((,’r,u)f(g);g ’

Is univalent in G, then

s-t 52T 53T
Qc {G(zfa,f,ﬂ)f @ ZTor @ T f @ T, f(2)iz € 9}, (4.2)

implies that

TR <. 0f@,  GEG.

Proof. Let the function G () be defined by (3.3) and ¢ by (3.8). Since ® € SJ'- [Q,T]. From (3.10) and
(4.2), we have

Qc{0(6(),36'®).76"(?),76"();2):7 € G}
From (3.7) and (3.8), We can observe that the admissibility condition for ® € 3]'- [Q, T] in Definition

(4.1) is the same as the admissibility criterion for ¢ € ¥,,[Q, T] as stated in the Definition (2.5) with
n = 2. Hence ¢ € ¥,[Q, T as well as (4.2) and Lemma (2.2), we have

T@) < Yo/ @, GEG.
This completes the proof of the Theorem (4.1).

If Q # C is a simply connected domain, then Q = p(G) for some conformal mapping H(z) of §
onto 2. In this case, the class Sj'[b(g),T] IS written as Sj'[b,T]. This follows an immediate
repercussion of Theorem (4.1) is stated below.

Theorem 4.2. Suppose that @ € Sj'[b, T] and p be analytic in G. If the function f € A, with
%((Sa,r,u)f(%) € Q, and T € H, with T'(z) # 0, satisfying the following conditions (4.1) and the
function
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T 2T 3T
C <z(a T u)f(?) I(a T ﬂ)f(g) z(a T #)f(g) z(af #)f(g) ?)

Is univalent in G, then

2T 3T
h(z) <0 <z(oru)f(§) z(ofﬂ)f(g) z(afﬂ)f(g) E3’:(0-”1)]0(5) %) (4.3)
implies that

TR <. 0@, GEG.

Theorem (4.1) and (4.2) may only be utilized to get third-order differential superordination of the
forms' subordination (4.2) or (4.3).

The following theorem gives the existence of the best subordinant of (4.3) for suitable @.

Theorem 4.3. Let § be univalent function in G and ©: C? x G — C and ¢ be given by (3.9). Assume
the differential equation:

»(T@,37'@,7T (3,77 "();2) =1, (4.4)

has a solution 7'(z) € Q,. If the functions f € A, and z‘ga_r_#)f(g) € Q, and if T € H, with T'(z) #
0, which satisfy the following criteria (4.1) and the function

2t 3t
®< (a-ru)f(g) z(arﬂ)f(g) z(dru)f(g) EI:(U,L-M)f(g) ?)

is analytic in G, then

2T 3t
h(z) <O (z(aru)f(?) z(gru)f(?) Ezj(c,_,;'u)f(?) z(arﬂ)f(?) %)
implies that

TR <o nf@,  GEG)
and T (z) is the best subordinant.

Proof. According to Theorems (4.1) and (4.2), T is a subordinate of (4.3). Given that T fulfills (4.4),
it is consequently a solution of (4.3), and so, T will be subordinate to all subordinants. Therefore, T
is the optimal subordinate. The demonstration of Theorem (4.3) is concluded.

Definition 4.2. Suppose that Q be a set in C and 77 € H, such that 7'() # 0. The class of admissible
functions 3]'-,,[52, 7] includes those functions ®: C* x G — C , that satisfy the following admission
requirements:

®(ai b! CP d; Z) E Q’

whenever
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_FT@+mn+ITE)

a=7T(z), b

mm+2) ’
M+ 2)[c+ a—2b] 1 2T"(2)
Re< b—a )SER8<T'(g) +1>,

and

20d—_n)— _ _ 2_ 2q"
Re ((n+2) (d-a)=3+2)(+3)(c=a) +(b-a)[3(n+3) 1]) < Re (g:ﬁ (g))’
b-a T3

m?

wherez € G,{ € dGand m = 2.

T

5——

' . T, 2 @ .
Theorem 4.4. Assume © belongs to 3; ,[Q, T]. If the function f € A and ("%ﬂ €Q, andif T €
H,with T'(z) # 0, satisfying the following conditions:

'

” 5 6
(r (Z) g(z(a,r,u)f(g)) - z(a,r,u)f(?)
Re( =2 >0, : <m, (4.5)
7 72T'(2)
and the function
5-L 52T 53T
1‘(30_T_ﬂ)f(§) z(o_g_“)f(%) z(a’g#)f(g) z(a;”)f(g) .
g ) g ) g ) g ) )
is univalent in G, thus
¥ 0 2@ 06
Qc o mlf o E ey E wr T, ) e Gy, (4.6)
implies that
Yo (@)
,T, 1)
TG <2 (e,

Proof. Consider the function G (z) be defined by (3.17) and ® by (3.23). Since ® € 3]'-,,[9, T], from
(3.24) and (4.6) yield

Qc{p(6@,36'().76" ()76 ()27 € G}
From the equations (3.21) and (3.22), it is clear that admissibility is a requirement ® € 3], [Q,T] in
Definition (4.1) is equivalent to the admissibility condition for ¢ as stated in Definition (2.3) with
n = 2. Hence ¢ € W,[Q, 7] and by using (4.6) and Lemma (2.2), we have

T(@)

(3':60T
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The proof of Theorem (4.4) is complete.

If 2 # C is asimply connected domain, then 2 = §(G) for some conformal mapping bh(z) of G
onto £. In this case, the class 8]1 [6(G),T] is written as 8]'-,1 [b,T]. This is a direct consequence of the
Theorem. (4.4).

Theorem 4.5. Let ® belong to 8]'-,,[1), T] and b be analytic in G. If the functions f belong to A, with
T in H; and 7"'(z) not equal to zero, meeting the requirements (4.5) and the function

5-L 6—2_T 5_3_1'
VoS @ oo @ Lo/ @ Tioin/ @
g ) g ) g ) g ) )
Is univalent in G, then
5-X 52T 53T
5
b(g) < @ Sz(o',‘[,#)f(g) 1(0’.2”)]((5) z(d,rfﬂ)f(?) z(o-"g#)f(g) )
) g ) g ) g ) )
implies that
Yoruf @)
(o,T,1)
T <—2E—=,  (FEQ).

Definition 4.3. Consider £ be a set in C and T € H, with T'(3) # 0. The class S;,[Q,T] of
admissible functions 3},2[Q,T] comprises functions ©:C* x G —» C that fulfil the specified
admissibility criteria:

O(a,b,c,d;{) € Q,

whenever
_ 1 [T @ema+2T@)
a=7@ b_77+2 m7T(z) ’
(m + 2)[cb + 2a° — 3ab] 1 2T"(2)
Re( b —a >SER8<T'@)+1>’
and

Re([bc(d —c)(n+2)° —=b(n+2)’(c—=b)I—b—c+3a)—3(n+2)(c—b)b+2(b—a)+
3am+ Db -a)+ b-—a)X+D(b-c)n+2)—3—4a(n+2)+a’(m+2)*b -

o
a)](b - a)_l) < #Re (%),

wherez € G, { € AG\E(T) and m = 2.
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T

f@ .
Theorem 4.6. Suppose that ® € S;,[Q, T]. If the function f € A with ZE““; (; Q, and if T € H,
oT, U

with 7'(z) # 0, satisfying the following conditions:

5-L QY
;G@;JQO1&wf@—;@%MM@Di@;J@

T
e <€T'((C{))> >0, <m, (4.7)
(%,,,f@) 7@
and the function
5— T 21' 31’ 41'
(grﬂ)f(g) z((”-M)f(g) z(dru)f(g) z(a.[”)f(g) .
3: f(%) ’ 21’ ’ 31’ ’ 4
(omm) (a‘ru)f(g) z(dru)f(g) z(a.[”)f(g)
Is univalent in G, then
T 21' 3‘: 4T
acle (aw)f(g) I(Uw)f(;) Z(aw)f(;) Z(U,u)f(;) 2 |izeg 4.8)
(aw)f(;) f )' - ' -t T ’ '
(a'ru) 3. I(G-Tu)f(?) Z(O'Tu)f(g)
implies that
_z
7. fG
H@<(”” zeg).
(a"cy)f( )

Proof. Define the function G(z) as specified in (3.30) and ® as outlined in (3.36). Given that ® €
3;,[Q, 7], we deduce from (3.37) and (4.8) that

Qc{p(G().36'(),76 (2,767 (3);9):3 € G).

From equations (3.34) and (3.35), we can see that the requirement for admissibility is ® € 3,'-,2[9, T
in Definition (4.3) is the same as the admissibility condition for ¢ as given in Definition (2.5), when
n = 2. Hence ¢ € ¥,[Q, 7] and by using (4.7) and Lemma (2.2), we have

T ()
<~ Geg.

The proof of Theorem (4.6) is complete.

T

8
’ f( ) - -
Theorem 4.7. Let © € S;,[Q, T]. If the function f € A and M € Q,, and if 7 € H, with
7 Voo @ 1

T'(3) # 0, satisfying the following conditions (4.7) and the function
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5_1 52T 53T 5%
(a g#)f(é) z(U Taﬂ)f(g) z((, Taﬂ)f(g) 3:(0 Tau)f(g)

~ , 21. ) 31'
(,,w)f(;) (M#)f() z(aTﬂ)f(g) 1(“”)f(§)

ng

Is univalent in G, then

2T 31 4T
(M #)f 2 1(” ﬂ)f(;) i(m #)f (2) i(m M)f (2)

, 2T ’ 3T g
RCTUCK S NS NI ORI

h(z) <O

implies that
s-L
(agﬂ)f(g)
(a"ry)f( )

5- Third-Order Sandwich of the Operator :z(a,,,m f(z)

T(@) < (z€0).

By combining Theorem (3.2) and (4.2), we obtain the following sandwich-type theorem.

Theorem 5.1. Let h; and T; be analytic functions in G. Also let b, be univalent function in G and
T, €Q, with 7;(0) =7>(0) =1 and O € 3;[h,, T3] N 3]'-[1),,5]",]. If the function f € A with
T2/ @) € Q, N Hj and the function

2T 3T
< <z(a T u)f(%) I(U T H)f(g) z(0 T ll)f(g) z(af ll)f(g) ?)

is univalent in G, and if the conditions (3.1) and (4.1) are satisfied, then

2T 3T

h;3) <O (z(aru)f(?) z(gru)f(?) z(arﬂ)f(g) z(arﬂ)f(g) %) <h:03)
implies that

T < Toef@ <BE,  GEG. €))
Combining Theorems (3.5) and (4.5), The following sandwich-type theorem is obtained.

Theorem 5.2. Let h; and 7; be analytic functions in G, and let b, be univalent function in G and 7, €
Q, such that 7;(0) = 75(0) = I with ©® € 3;,[h,, T>] N 3]'-,,[{)],7}]. If the function f € A with

T '
Toww! @ Q, N H; and the function

2t 3t
i(a - #)f(g) z(a T ﬂ)f(g) 1(0 T M)f(?) 3:(0 T u)f(%)
7 7 3 ;7

is univalent in G, and the conditions (3.15) and (4.5) are contented, then
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21' 31'
T T T
h,(z) <0 (””)f(g) (”g)f@ (”;)f(;) (””)f@ 7 1 <5203,
implies that
)
mg)f("%)f@%(;), GEg). (5.2)

Theorem 5.3. Let h; and T; be analytic functions in G, and let b, be univalent function in G and 75 €
Q, such that 7;(0) = 75(0) = I with © € 3;,[h,, 5] N 81'-,2[1)1,7}]. If the function f € A with

T

6__
T 2. f@) ]
f;"L)g € Q, N H; and the function
I(o’,‘[,u)f(g)
5_£ 52T 53T 5%
(0 g#)f(g) z(a :ﬂ)f(g) z(a Tau)f(g) z(a Tau)f(g) .
z(a n #)f(g) 2t 3t

(a‘ru)f(g) z(dru)f(g) z(a.[”)f(g)

is univalent in G, and the conditions (3.28) and (4.7) are contented, then

T 2T 3T 4T

0"
sawf @) 1(” fz) 1” f@) i” f(@)
b](g) <0 ( M)f(g) ( M) , ( gf) ’ ( 31/-/‘) g <b2(§):
(GTM) (o‘cu)f(g) z(o“[u)f(g) z(c”-'u)f(g)
implies that
fgfmf@
T1G@) R ————=<<%E), Geg). (5.3)
(ow)f( )
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Concluding Remarks and Observations

The study of third-order differential subordination and differential superordination for analytic
functions using fractional differential operators is a specialized and significant area within
mathematics. The amalgamation of fractional differential operators with third-order differential
subordination and superordination constitutes a specialized and advanced domain of mathematical
enquiry. It necessitates a profound comprehension of complex analysis, fractional calculus, and the
characteristics of analytic functions. In our present investigation, we have derived several third order
differential subordination and superordination results for univalent functions in the unit disk
involving the fractional operator S:?J,T,ﬂ)f(%)' In this research, we sought to build relationships that

facilitate the analysis and comparison of the behavior of analytic functions in complicated domains,
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taking into account higher-order derivatives, which may have substantial ramifications in many
scientific and practical applications.
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