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Abstract: The primary objetive of this paper is to introduce a new type of
separation axioms namely, micro semi pre-To, micro semi pre-T1, micro
semi pre-T, and to obtain their properties. Also, the relationship between
these spaces with related concepts are investigated.

Introduction: In 2019, S. Chandrasekar [3] introduction of micro topology
as a straightforward expansion from nano topology, emphasizing micro pre-
open and micro semi-open sets. H.Z. Ibrahim [6] introduced micro B-open sets
in micro topological spaces. In 2020, Hariwan Z. Ibrahim [7] introduced the
separation axioms on micro topology with particular focus on micro-open
sets. In this paper some new types of spaces are define and study in micro
topological spaces namely, micro semi pre To, micro semi pre T1, micro semi
pre T2, using the concept of micro semi pre open sets. Also, the properties of
these spaces and the relationship between these spaces with related concepts
are found.

Conclusions: In this paper introduces and investigates new types of micro
semi pre topological spaces, namely micro semi pre To, micro semi pre Ty,
and micro semi pre T, extending concepts from previous works on micro
topology. The properties and relationships of these spaces are explored,
shedding light on their separation axioms and connections with related
concepts like micro-To, micro-T1, and micro-T, spaces. The study presented
here not only expands the theoretical framework of micro topology but also
provides insights into the interplay between different types of micro
topological spaces. Overall, this paper contributes to the ongoing
development of micro topology by introducing and analyzing micro semi pre
topological spaces, leading the way for further research in this area and
potentially finding applications in various mathematical and scientific
disciplines.

In Future, connecting separation axioms in topology to the behavior of an
RLC circuit within micro topology provides a rigorous mathematical
framework to distinguish and analyze different states and transitions. This
approach not only enhances our understanding of the circuit’s dynamics but
also offers a robust method to explore micro particle interactions and
configurations within a topological space.
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1. Introduction

Generalized closed sets, initialized by Levine [7] in 1970, laid the groundwork for various
advancements in topological studies. Lellis Thivagar [2] expanded upon this by introducing Nano
topology, which utilizing approximations and boundary regions to define closed sets, interior and
closure using nano open sets. In 1975, Maheshwari and Prasad [11] Ashish Kar and Bhattacharyya [1]
gave the idea about the weak separation axioms. In 2019, A notion of Separation Axioms on Nano
Topological Spaces introduced by Sathishmohan et al. [8] established the concepts of separation
axioms for nano semi pre-open sets and acquired interesting findings.

In 2019, S. Chandrasekar [3] introduction of micro topology as a straightforward expansion from nano
topology, emphasizing micro pre-open and micro semi-open sets. H.Z. Ibrahim [6] introduced micro
[-open sets in micro topological spaces. In 2020, Hariwan Z. Ibrahim [7] introduced the separation
axioms on micro topology with particular focus on micro-open sets. In this paper some new types of
spaces are define and study in micro topological spaces namely, micro semi pre To, micro semi pre Ty,
micro semi pre T2, using the concept of micro semi pre open sets. Also, the properties of these spaces
and the relationship between these spaces with related concepts are found.

2. Preliminaries
The following outlines essential concepts and prerequisites required for the progression of this work.

Definition 2.1.[2] Let U be a non-empty finite set of objects called the universe R be an equivalence
relation on U named as the indiscerniblity relation. Elements belonging to the same equivalence class
are said to be indiscernible with one another. The pair (U, R) is said to be the approximation space.
Let X € U.

(i) The Lower approximation of X with respect to R is the set of all objects, which can be for
certain classified as X with respect to R and it is denoted by Li(X).
That is, Lr (X) = {U,eu {R(x):R(x) € X}}, where R(x) denotes the equivalence class determined by
X.

(i)  The Upper approximation of X with respect to R is the set of all objects, which can be for
certain classified as X with respect to R and it is denoted by Ur(X).
That is, Ur(X) = {Uyeu {RX):R(x) N X # ¢}}

(iti)  The Boundary region of X with respect to R is the set of all objects which can be classified as
neither as X nor as not X with respect to R and it is denoted by Br(X).

Definition 2.2. [2] Let U be the universe; R be an equivalence relation on U and R (X) = {U,
¢, Lr(X), Ur(X), Br(X)} where X < U. tx(X) satisfies the following axioms:

1. U and ¢ € tx(X)

https://internationalpubls.com 84



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 2s (2025)

2. The union of elements of any sub collection of tx(X) is in 7z (X).
3. The intersection of the elements of any finite sub collection of Tz (X) is in tz(X)

That is, 7x(X) forms a topology on U is called the nano topology on U with respect to X. We call
{U,tx(X)} is called the nano topological space.

Definition 2.3. [3] (U, tr (X)) is a Nano topological space here ug(X) = {N U (N’ n p): N,N' € 1y(X)}
and called it micro topology of tg(X) by p where p € tr(X)

Definition 2.4. [3] The Micro topology ug (X) satisfies the following axioms.
1. Uand ¢ € pup(X)
2. The union of elements of any sub collection of tx (X) is in tx (X).

3. The intersection of the elements of any finite sub collection of i, (X) is in p, (X)

Then p, (X) is called Micro topology on U with respect to X. The triplet (U,tr (X), p, (X)) is called
Micro topological spaces and the elements of p, (X) are called Micro open sets and the complement
of a Micro open set is called a Micro closed set.

Definition 2.5. [5] Let (U,7x(X), p, (X)) be a micro topological space and A < U. Then A is called

micro B-open set if A € Mic-cl(Mic-int(Mic-cl(A))). The complement of micro B-open set is called
micro B-closed.

Definition 2.6. [9] If (U,1r(X), (X)) be a micro topological space if A < U, then

(1) The union of all micro B-open sets contained in A is called the micro B-interior of A and is
denoted by Mic-Bint(A).

(ii) The intersection of all micro B-closed sets containing A is called the micro p-closure of A and
denoted by Mic-Bcl(A).

Definition 2.7.[6] Let (U,x (X), pg (X)) be a micro topological space. Then U is said to be:

(1) Micro To if for each pair of distinct points X, y in U, there exist a micro-open set L such that
eitherxelLandy¢Lorx¢Land y eL

(2) Micro Ty if for each pair of distinct points X, y in U, there exist two micro-open sets L and K
suchthatx e Lbuty ¢ Landy € Kbutx ¢ K

(3) Micro T, if for each distinct points x, y in U, there exist two disjoint micro-open sets L and
K containing x and y respectively.

Definition 2.8. [10] Let (U, (X), p, (X)) be a micro topological space. Then

(1) A space U is said to be micro semi-To (resp. micro pre- To) if for each couple of distinct points
x,y € U, 3 amicro semi-open (resp. micro pre-open) set H such that either x e Hand y ¢ Hor x ¢
Hand y € H and micro semi semi-To is denoted by Mic-STo and micro pre-To is denoted by Mic-PTo.
(2) A space U is said to be micro semi-T1 (resp. micro pre-T1) space, for each copule of distinct
points X, y in U, 3 micro semi-open (resp. micro pre-open) sets H and I such that x € H, y ¢ H and

https://internationalpubls.com 8



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 2s (2025)

y €1, x & I, where micro semi -T1 is denoted by Mic-ST1 and micro pre-T1 as Mic-PTx.

(3) A space U is said to be micro semi-T> (resp. micro pre-Tz) space, for each copule of distinct
points X, y in U, 3 a disjoint micro semi-open (resp. micro pre-open) sets sets H and | where micro
semi- T2 is denoted by Mic-ST2 and micro pre-T2 as Mic-PTo.

3. Micro Semi pre-To Space

This section discusses a few characteristics of micro a-Ty space and micro semi pre-T, space. Also
studied the comparison between micro semi pre-T, space with micro-T,, micro semi-T,, micro pre-Ty
spaces.

Definition 3.1. Let ((U,tg(X), ug (X)) be a micro topological space. Then U is said to be:

(i) Micro a-To (or Mic- aTy) if for each pair of distinct points a, b in U, 3 amicro a-open set
such thateithera e Qandb € Qora & Q and b € Q.

(i) Micro B-To (or Mic- BTo) if for each pair of distinct points a, b in U, 3 amicro B-open set
such thateithera e Qand b € Qora ¢ Q and b € Q.

Example 3.2. Let U = {y.8n. ¢}, U/R= {{r}, {& B} X = (.6} yx) = {p U, {¥},
{60} {v.6,n}and pp(X) = {0, U, {1}, {63, {1, 8}, {8, n}. {y, 8,3} be a micro topology on U. We have

MSOW, X) = ¢,U,{y}, {6}, {r, 6}, (v, ¢}, (6,1}, (b, d}, {, 6,n}, (¥, 6, {3, {6,n, {}
MPO(U,X) = {$,U,{y}.{6}.{r, 6}, {6, n}{r.6,n}{r.5,}.

MaO,X) ={¢,U,{r},{6}{r,6}{6,n}{v.6,n}{r.6,0}.

MBOU,X) = {o, U, {r} {6} {r,6}{r.{}.{6,n} {b,d}{y.6,n}{r.6,(},{6,n,{}

(1) Mic-aTospace: Leta = {y}andb = {n},a, b are distinct points in U, 3 a micro a-open set
G =1{6{3a€cQ,beqQ

(2) Mic-BTospace: Leta = {y}andb = {n},a, b are distinct points in U, 3 a micro 5-open set
Q =1{rd{3a€Q,be&Q

Theorem 3.3. ((U,1x(X), i (X)) be a micro topological space then every micro Ty (resp. Semi Ty,
Pre-To, Mic-aT) spaces is Mic-BT, space

Proof: Let U be a Mic-T, space and a, b be two different points of U, as U is Mic-T, space 3 a micro-
opensetQ 3 a € Q and b & Q. But every micro-open (resp. semi open, pre open, a-open) set is micro
B-open set. Hence Q is micro semi pre-open set suchthat a € Q, b € Q. Therefore, U be a Mic-BT,
space.

The converse of the above theorem is not generally true, as demonstrated in the following example.

Example 3.4. Let U = {y,6,n,¢}, U/R ={r},{(n} {603}, X ={n}, 1,(X) ={p,U.{n} and
e (X) = {, U, {n}, {r, {3, {v,n, ¢} be a micro topology on U. We have

MSoWU,X) = {¢,U,{n}{r.{}3{6,n}{r. 6,3}, {v,n, {3
MPO(U,X) = {¢, U, {y}, b {3 b v, 3.0, 3. v, 8,03, {v.m. 3. {61, 33}
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MaOU,X) = {p,U,{n}L{r. ¢} {v.n. ¢}
MBOU,X) = {$, U, {v} (n} {{}{y, 6} {v,n} {y, $3,{6,n}, {6, 43, (n, {3, {v, 6,n}, {v, 6, ¢},
{rin, ¢}, {6,n,¢3}.

Mic-BTo space: Leta = {y}and b = {{}, a, b are distinct elements in U, 3 a micro B-open set G =
{r.6,n}sa€G,be¢G.SoUisMic-BT, space but U is not Mic-T, and Mic-ST, space.

Example 3.5. Consider the micro topology given inthe example, 3.2. Leta = {y}andb = {{},a,
b are distinct elements in U, 3 a micro B-opensetQ = {y,6,n} 3a € Q, b ¢ Q. So U is Mic-pT
space but U is not Mic-T, and Mic-ST, space.

Theorem 3.6. A micro topological space U is Mic-BT, space iff the micro semi pre closure of any two
distinct singletons are distinct.

Proof: Leta, b € Uand a # b with U as Mic-BT, space. We have to show that Mic-Bcl{x} # Mic-
Bel{b}. Consider the set A = U — {a}, it is clear that Mic-cl(A) is either A or U. If Mic-cl(A) = A then
Ais Mic-closed and hence Mic -closed. Therefore U — A = {a} isa Mic 3-open set which contains
a butnotb. So, anotinMic-Bcl{b}. Buta e Mic-Bcl({a})and hence Mic-Bcl({a}) = Mic-Bcl({b}).
If Mic-cl(A) = U, then A is Mic B-openso U — A = {a}is Mic B-closed. Therefore Mic-Bcl({a})
={a}. Sincey & {a} and b € Mic-Bcl({b}), it follows that Mic-Bcl({a}), Mic-Bcl({b}) are distinct.
Conversely, assume that a and b are distinct singletons in U in which their micro semi pre closure are
distinct. Therefore 3 ¢ € U for which ¢ € Mic-Bcl({a}) but ¢ € Mic-Bel({b}). We claim that a not in
Mic-Bcl({b}). For if a € Mic-Bcl({b}) then Mic-Bcl({a}) is a subset of Mic-Bcl({b}) and this implies
¢ € Mic-Bel({b}). This contradicts the fact that c € Mic-Bcl({b}). Therefore, our assumption is wrong.
(i.e.,) a not in Mic-Bcl({b}) impliesa € U — Mic-Bcl({b}) and Mic-Bcl({b}) is a Mic B-open set
containing a but not b. Hence U is Mic-BT, space.

Theorem 3.7. Let (U, Tr(X), 1, (X))be a micro topological space. If U is Mic-BT, space and V is a
subspace of U then V is also Mic-BT, space.

Proof: Assume U be Mic-BT, space. To show that V is Mic-BT, space. Choose distinct points a, b
fromVand a # b . Since V € U, we have a, b € U. But U is Mic-BT, space, so 3 a micro semi pre-

opensetH> a € Hand b & H. Then V N L is a micro semi pre-opensetinVaa €V nLandb ¢
V n L. HenceV isalso a Mic-BT, space.

4, Micro Semi Pre - T1 Space

This section discusses a few characteristics of micro a-T; space and micro semi pre-T, space.
Also to study the comparison between micro semi pre-T, space with micro-T1, micro semi-Ty, micro
pre-T; space and obtain their basic results.

Definition 4.1. Let (U, tr(X), Ur(X)) be a micro topological space. Then, U is said to be:

(i) Micro a-T; (or Mic-aTy) if for for each pair of distinct points X, y in U, there exist two micro
a-open sets Q and R such that x € Qbuty € Qand y € R but x € R.
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(i) Micro B-Ty (or Mic-BT,) if for for each pair of distinct points x, y in U, there exist two micro
B-open sets Q and R such that x € Q but y ¢ Q and y € R but x ¢ R.

Example 4.2. Let U ={vy.6,n.{} U/R = {{6},{yvn {3}, X = {8}, 7r(X) = {¢,U,{6}} and
up(X) = {¢,U,{6},{r,n},{v, 8,13} be a micro topology on U. We have

Mso(U, X) ={¢, U, {6} {y,n}b {6, 3 Ay, 6:nb{y,n. 3

MPOU,X) = {¢,U.{y} {6} n} v, 6} {y.nb {8 n}b Ay, 6.} {y. 6, 3. {6, 1, {3
MaO(U,X =1{¢, U, {8} {y.n}.{y. 6, n}

Mpo (U, X) = {¢, U.{y}. {6} Inb{y. 6} {y.nd Ay, 3463 {6, 3 In. 3. Ay, 8.m b Ay, 6, 83,
vnL{6n ¢}

(1) Mic-yT, space: Leta = {y} and b = {5} are distinct points in U, 3 distinct micro a-open sets Q =
{y,n}andR ={6}2a€Rbutb¢ Qandb € Rbuta ¢ Q.

(2) Mic-8T; space: Leta = {y} and b = {n} are distinct points in U, 3 distinct micro p-open sets Q =
{y,6}andR ={n,{}2a€Qbuthg Randb € Q buta ¢ R.

Theorem 4.3. Let (U, tr(X), Hr(X)) be a micro topological space then every micro T, (resp. semi-Ty,
pre-Tq, aT,) spaces is Mic-BT; space.

Proof: Let U be a Mic-T, space and let a, b be two distinct points in U. Then by hypothesis, 3 distinct
micro-open sets Q and R 3 a € Q and b € R. As Every micro-open set is micro B-open (resp. semi-
open, pre-open, a-open) set and hence Q and R are distinct micro B-open sets 3 a € Q and b € R.
Therefore, U be a Mic-BT, space.

Converse of the above theorem is need not be true in general is shown in the following example.
Example 4.4. Consider the micro topology given in the example 4.2.

(1) Leta = {y}and b = {n}, are distinct points in U, 3 a distinct micro -opensets Q = {y, §} and
R={6n{}oaeQ,bgRandbeR, ae¢ Q.SoU isMic-BT; space but not Mic-T; (Mic-semi
T1, Mic-aT1) space.

(2) Leta = {6} and b = {¢} aredistinct pointsin U, 3 adistinct micro -open sets Q = {y, §,n} and
Q=1{6n{}32a€Q,bgRandb €ER, a ¢ R.SoU isMic-pT, space but not Mic-pre T, space.

Theorem 4.5. Let (U, Tr(X), 15 (X)) be a micro topological space. Then U is Mic-BT: space if and
only if the singletons are micro closed sets.

Proof: Let U be Mic-BT1 space and x is any point of U. Suppose y € U — {x}, then x # y and so
there exist a micro p-open set L such that y € L but x ¢ L. Consequently y € L € U — {x}, that is
U—{x}=U{L:y € U— {x}} which is micro -open.

Conversely, suppose {x} is micro closed for every x € U. Let X,y € U with x # y impliesy € U —
{x}. Hence U — {x} is a micro B-open set contains y but not x. Similarly, U — {y} is a micro -open
set contains x but not y. Accordingly U is Mic-fT1 space
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Theorem 4.6. A a micro topological space (U, Tr (X), 15 (X)) is Mic-pT; space iff each one-point set
is Mic-B-closed.

Proof: Assume U is Mic-BT; space. Leta € U and {a} is a singleton subset of U. Therefore, for every
b € U—{a},3aMicp-opensetV>3beVanda ¢V, thesets {a} and V are disjointand V € U —
{a}. Thus b € V € U — {a}. So, U — {a}, which is a Mic-B-open set which implies {a} is Mic-p-
closed set. Conversely, assume that each one-point set is Mic-B-closed.

Conversely, let a, b are distinct points in U. By hypothesis, we get two Mic-p-open sets U — {a} and
U — {b} containing a and b respectively. so,a e U — {b}and a ¢ U — {a}; b € U — {a} and
b ¢ U — {b}. Therefore (U, Tr(X), ur(X)) is Mic-BT; space.

Theorem 4.7. Let (U, Tr(X), 1, (X))be a micro topological space. Every subspace of Mic-BT1 space
is Mic-BT; space.
Proof: Let U be Mic-BT; space. To show that V is Mic-BT, space.

Let V be a subspace of U. Let a, b are distinct points in V. Since V € U, we have a, b are points of U.
But U is Mic-pT1 space, so 3 a micro - opensetsQand RS x e Qbuty ¢ Q andy € Rbuta ¢ R.
Let/=V nQand/ =V n R. ThenlandJare micro - opensetsa € lbutb & I and b € R but
a & R.HenceV is Mic-BT; space.

5. Micro Semi Pre - T2 Space

This section is to define and study a few characteristics of micro a-T, space and micro semi pre-T,
space. Also, the comparison between micro semi pre-T, space with micro-T,, micro semi-T,, micro
pre-T, space and obtain their basic results.

Definition 5.1. Let (U, Tr(X), (X)) be a micro topological space. Then U is said to be:

(i) Micro a-T, (or Mic-aT>) if for each distinct points a, b in U, there exists two disjoint micro
a-open sets Q and R containing a and b respectively.
(i) Micro B-T, (or Mic-BT,) if for each distinct points a, b in U, there exists two disjoint micro
B-open sets Q and R containing a and b respectively.

Example 5.2. Let U={y,6,n.¢}, U/R={{6}{y,nQ}, X ={6}, r(X) = {¢,U,{6}} and
uR(X) = {¢,U, {53}, {v,n}, {y, 8,1}} be amicro topology on U. Then

MSO(U,X) = {$,U,{6}{y,n}{6, ¢} {r.6,n}b{y.,n. {}

MPO(U,X) = {$,U,{y}. {63}, (n}.{v. 6}, {v.n} {6, n}. {v. 6, n}{r. 6, ¢}, {6,n, C}.
MaOU,X) ={¢,U, {6}, {v,n}{r,6,n}

MBO(U,X) = {o, U, {r} {6}, (n}{r. 6} {v,n}b{r. ¢} {6, n} {6, {n. {1 {y, 6,n} {y. 6,0}
{r,n, ¢}, {6,n,¢}

(1)Mic-aT, space: Let a = {y} and b = {8}, are distinct points in U, 3 disjoint micro a-open sets
Q={y,n}andR ={6}32a€Qandb €R.
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(2)Mic-pT, space: Let a = {y} and b = {n} are distinct points in U, 3 disjoint micro p-open sets
Q={y,6}andR={n,{}2a€Qandb €R.

Theorem 5.3. Let (U, Tr(X), 4 (X)) be a micro topological space then every micro-T, (resp. micro
semi-T,, micro pre-T,, micro a-T,) space is Mic-BT, space

Proof: Let U be a Mic-T, space and let a and b are distinct elements in U. Then 3 disjoint micro- open
setsQand R 3 a € Q and b € R. As Every micro-open set is micro -open (semi-open, pre-open, o-
open) set and hence Q and R are disjoint micro B-open sets 3 a € Q and b € R. Therefore, U be a Mic-
BT, space.

The following example illustrates that the converse of the above theorem does not hold true in general.
Example 5.4. Consider the micro topology given in the example 5.2

(1) Leta = {y}and b = {n}, are distinct points in U, 3 a disjoint micro B-open sets Q = {y} and
R={6n{}s5a€Q,bgRandb ER, a ¢ Q.SoU is Mic-BT, space but not Mic-T, (Mic-semi
T, and Mic-aT,) space.

(2) Leta = {B}and b = {{}, are distinct points in U, 3 a disjoint micro B-open sets Q = {f}and R =
{rm{3o2a€Q,b€RSoU isMic-pT, space but not Mic-pre T, space.

Theorem 5.5. Let (U, Tr(X), 4, (X)) be a micro topological space. Every subspace of Mic-BT, space
is Mic-BT, space.

Proof: Let U be Mic-BT, space. To show that V is Mic-BT, space.

Let V be a subspace of U. Let a, b are distinct elements in V. Since V € U, we have a, b € U.

But U is Mic-BT, space, so 3 disjoint Mic p-open setsQand R x € Q and y € R. Thus, we have Q N
V,R N VareMic B-opensetsinVa(Q@nNV)N(RNV)=@NR)NV=0NV =0.Also,x eQ N
Vand y € Rn V. HenceV is Mic-BT> space.

Theorem 5.6. (U, Tr(X), 4,(X)) be a micro topological space. ThenEvery Mic-BT, (resp. Mic-
aT,) space is Mic-BT; (resp. Mic-aT,) space.

(1) Every Mic-BT; (resp. Mic-aT;) space is Mic-BTq (resp. Mic-aTy) space.
(2) Every Mic-semi T space (resp. Mic-pre T,) is Mic-BT, space.

3) Every Mic-semi T, space (resp. Mic-pre T,) is Mic-BT; space.

Proof: (1) and (2) The proof is straightforward from the definitions.

(3) Let U is Mic-semi T, (resp. Mic-pre T;) space. Let a, b are distinct pints in U.

Thus, there is distinct micro semi-open (resp. micro pre-open) setsQandR>a€e Qbutb € Qand b
€ Rbuta# R. Every micro semi-open (resp. Mic pre-open) set is micro -open set. So, Q and R are
micro -open sets 3 eithera € Q butb?Z Qorp ¢ R buta? R. So U is Mic-BT, space.

(4) Let U is Mic-semi T2 (resp. Mic-pre T2) space. Let a, b are distinct points in U. Thus, there is
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disjoint micro semi-open (resp. micro pre-open) setsQandR>a € Qbutp ¢ Qandb € Rbutq ¢ R.
Every micro semi-open (resp. Mic pre-open) set is micro 3-open set. So, Q and R are distinct micro f3-
open sets 3 eitherae Qbuth ¢ Rorp ¢ R but g ¢ Q. So U is Mic-BT1 space.

Remark: The following figure illustrates the relationship between separation axioms and other micro
semi pre separation axioms derived from the above results.

FIGURE 1. Relationship Between micro-Separation axioms
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