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to introduce a new type of module , namely weakly quasi-primary K-modules

. A module D whenever anngD = \/anng r D

For each r ¢ anny D, is called weakly quasi-primary K-module , which is a
generalization of weakly quasi-prime K-module ,whenever anng D=anny r
D for every r¢ ann, D, then D is weakly quasi-prime K-module . Here the
author obtain some characterize of weakly quasi-primary K-modules and
investigated some properties of weakly quasi-primary K-modules .We prove
relationships between weakly quasi-primary K-module and other modules ,
like prime module, quasi-prime module , weakly quasi-prime module and
primary module are study in this paper .
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1. Introduction

In this work , K be commutative ring with every ideal is prime and D be a unitary K-module . In [1]
the concept of prime module was introduce ,where an K-module D is called prime if for each B sub-
module of D, anngy B =anng D . It is proved in [2], that a K-module is primary if and only if

\/annKD=\/annKB for each sub-module B of D . In [3] Roman give another definition of primary K-

modules ,where an K-module is primary if anny, B is primary ideal for every non-zero submodule B
of an K-module D .In [4],Fuchs define proper ideal J is primary if for x y € J,then either xe J or y™ €
J for every x, y in K . Hasan , in [5] give a definition of weakly quasi-prime modules , where D is
weakly quasi-prime modules if anngD = anngrD for each r¢& anngD. the concept of weakly quasi-
prime K- module motivated us to introduce and study weakly quasi-primary K-module and we give
several characterized by this module . A part 2 of this paper devoted to study the definition of weakly
quasi-primary K-module and some description for this module . When D be multiplication K-module
and LZanngr D, where L be any proper ideal of the ring K, re K , then every sub-module of weakly
quasi-primary K-module is weakly quasi-primary K-module, we investigate the condition make
weakly quasi-primary K-module equivalent with prime K-module and weakly quasi-prime K-module
and we end the section by the results of direct sum and direct summand of weakly quasi-primary K-
module . In section 3 we study the relation between weakly quasi-primary K-module , quasi prime and
primary K-module.

2. Weakly quasi-primary K-modules

The main goal for this section has been to establish a new concept known as weakly quasi- primary K-
module . The study also explores the hereditary characteristics of weakly quasi-primary K-module.
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Definition (2-1):D is said to be weakly quasi-primary K- module if anng,D =,/anngrD ,for every r¢
anngD.

Examples and Remarks (2.2):
1-Z as Z-module is weakly quasi-primary Z-module , since

ann; Z=0 = \Jann, rZ.
2- Zs as Z-module is not weakly quasi-primary module ,since
ann, Ze¢=6Z and Jann;2Zs = 3Z =3Z,s06Z+ 3Z.

3-Znas Z-module is weakly quasi-primary module if and only if n is prime number.

Proof :to prove n is prime number ,suppose n is not prime number ,so there isk ,w € N;k,w < n ,n=kw
S0 anny Zn = \JanngrZ, ;1€ anng Zn S0 anngZgy,=kw but  /ann,z, ~ =+Vkw while kw # vkw

implies that n must be prime number .The conversely ,it is clear.

4—Z, is weakly quasi-primary K-module , since ann;Z,- =,/ anny rZp» =0, for r¢ anngZp-.
5-1t is clear that not every divisible module over integral domain is weakly quasi-primary module.
6-Every weakly quasi-primary K-module is weakly quasi-prime K-module.

Proof :we must prove that anng D=anny rD for every r¢ anngD Sincer D € D ,s0 anng D € anng

r D .Let X€ anng r D € /anngrD ,by[6].Since D is weakly quasi-primary K-module so x € ann, D
leads to anng rD S anngD,which mean D is weakly quasi-prime K-module.

But the converse is not true for example : every divisible module over integral domain is weakly quasi-
prime module ,see [5],but not weakly quasi-primary module (5 in Examples and Remarks 2.2).

We know that a ring K is called cosemiprime ring if and only if every proper ideal in K is semi-prime
,[6].
Now, we can give the following remark.

Remark ( 2.3) :let K be cosemiprime ring ,then D is weakly quasi-prime K-module if and only if D is
weakly quasi —primary K-module.

Theorem (2.4): Let L be an ideal of ring K; r € anng LD,LZ anngrD,D is weakly quasi-primary K-
module if and only if \/anngLD=ann, D.

Proof :since LD < D leads us to anng D € anng LD and by [6],anngLD S \/anngLD,so we have

anngD C \JanngLD.Let x € . anngLD,so x™ € anngLD implies x™LD=0 equivalently to
rx"LD=0,leads us x"LrD=0,50 x"L< anngrD,but LE anngrD so x™ € anngrD,implies x €
JJanngrD but D is weakly quasi-primary K-module so x € anngD,so we have the result.

Contrariwise ,if anng D=,/anngLD to prove D is weakly quasi-primary K-module ,since r DS D ,so
anng D € anng rDC JanngrD ;r¢ anngD let X € \JanngrD,s0 x™ € anngrD,implies x"rD=0

equivalently to Lx™rD=0 ,but the ring is commutative ,s0 x"rLD=0 ,s0 x"re anngLD so by our
hypothesis lead us to x™ € anngLD,so x€ vJanngLD=anngD,then we have the result.

Proposition (2.5): every prime K-module is weakly quasi-primary K-module.
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Proof: because r DED, so anngD S anngrD,by [6]we have anngDC /anngrD. Let X€ \/anngrD;
r¢ anngD ,then x™ € anngr D, thus x™ rD=0,implies x™re anngD, since D is prime module implies
by[7] annD is prime ideal,thus x™ € anngD,leads us to x.x"~! € anngD ,s0 x. x™~/D=0,suppose
that x™®~/=he K,s0 Xx€ annghD,but D is prime module so by [7] implies that X€ annyD,thus D is
weakly quasi-primary K-module.

But the contrariwise is not true for example :let D=2& Z,,,s0 annKD:\/annKr(Z @ Z,,)=0 such that
r¢ anng (Z@ Z,,),50 D is weakly quasi-primary module,but D is not prime module ,see[7].
Proposition (2-6):let D be multiplication K-module and LZanngr D ,where L be any proper ideal of

the ring K ,re K ,then every sub-module of weakly quasi-primary K-module is weakly quasi-primary
K-module.

Proof : let D be weakly quasi-primary K-module and B be non-zero submodule of D ,to prove that B
is weakly quasi-primary module ;r¢ anngB.Since rBSB,so anngBC< anngrB,thus anngBC

JanngrB.

Let X€ \/anngrB,s0x™ € annrB,implies x™ r B =0,since M is multiplication ,so there exist L of K
,such that B=LD ,leads us x™rLD=0 equivalently to x™LrD=0,50 x"L€ anngrD,since LZ anngrD ,s0
x™ € anngrD,leads us to X€ \/anngrD,but D is weakly quasi-primary ,s0 Xx€ anng DS anngB,which
mean X€ anngB,s0 we have the result.

Theorem (2-7): the direct sum of two weakly quasi-primary K-module is also weakly quasi-primary
K-module.

Proof : let D =D, @ D,,where D;and D, are two weakly quasi-primary K-module to prove that D is
weakly quasi-primary K-module. We must achieve anny,D=,/anngrD, for every r ¢ annyD.

JanngrD =Janngr(D; @ D,) =\/anng(rD; @ rD5), see[8].

= \/annKrDl N anngrD, , by[8]

=JanngrD; N . anngrD,
=anngD; N anngD, = anng(D; @ D,) =anngD.
By Mathematical induction we have the following:

Corollary (2-8):let D be an K-module ,if D is weakly quasi-primary K-module ,then for any positive
integer n,D™ is weakly quasi-primary K-module,where D™is the direct sum of n copies of D.

Recall that a sub module B of an K-module D is called a direct summand of D if and only if there
exist a sub-module C of D such that D=B&@C,[9]

Remark (2-9): a direct summand of weakly quasi- primary K-module is not weakly quasi-primary K-
module , for example :let D=2 Zy ,it is clear that annyD=,/anngrD=0,but Zy is not weakly quasi-
primary K-module ,see (3 in examples and Remarks 2-2).

Theorem (2-10): let L be an ideal of K ,which is not contained in anngD ,D be multiplication K-
module ,then the following statement are equivalent

1-D is prime K-module.
2-D is weakly quasi-primary K-module.
3- D is weakly quasi-prime K-module.
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Proof: 1-» 2, by proposition (2-5)
2 = 3, by (6 in examples and remarks (2-2)

3 — 1, to prove anngD=anngB, for every B be non-trivial submodule of D. Since BS D, so
anngD C anngB.Let X € anngB,s0 by [7] we have X€ anngr B, for every r € anngB, implies that
x r B=0,but D is multiplication K-module ,so B=LD, where L be an ideal of a ring K .Thus x r
LD=0,which mean x L < anngrD,but D is weakly quasi-prime K-module and LZ anngD ,implies x
€ anngD

3-Relation of weakly quasi-primary K-module with quasi-prime and primary K-module.

This section we delve into the relationships between weakly quasi-primary module and different types
of module , like quasi-prime and primary K-modules . Recall that in [7] an K-module D is said to be
quasi-prime K-module if and only if anngB is a prime ideal for every non-zero submodule B of D and
the author obtain some characterization of quasi-prime K-module , where the definition of quasi-prime
K-module equivalent with anng B =anngrB ,for each sub-module B of D ,re K ,r B# Oin general not
every weakly quasi-primary module is quasi-prime module for example:Zp- is weakly quasi-primary
K-module, see (4 in examples and remarks(2-2)),but Zp~is not quasi-prime K-module [7]. But if we
put the condition in proposition (3-1) we have the result.

Proposition (3-1): let L be an ideal of commutative ring ,where L € anngD,D be multiplication K-
module ,then every weakly quasi-primary K-module is quasi-prime K-module.

Proof : by [7] we must prove that anngB=anngrB, for each submodule B of D such that rB+0;re
K.Since rBS B,s0 anngBC< anngrB.Let x € anngr B, then x r B=0, but B is multiplication K-module
,50 B=LD ,for L be ideal of K ,thus x r LD =0,implies x LS anngrD S /anngrD, but D is weakly
quasi-primary K-module, so X LE anngD , where LZ anngD, implies X€ anngD,s0 XE anngB,
which mean B is quasi-prime K-module.

Proposition (3-2): let D be multiplication K-module , then every quasi-prime K-module is weakly
quasi-primary K-module.

Proof : by[7] we have every multiplication quasi-prime K-module is prime K-module and by
proposition(2-5)we have the result.

Now , we give the following theorem from proposition(3-1)and proposition(3-2)

Theorem (3-3): let L be an ideal of commutative ring ,where L €anngD,D be multiplication K-
module,then D is weakly quasi-primary K-module if and only if D is quasi-prime K-module.
Proposition (3-4): every cyclic quasi-prime K-module is weakly quasi-primary K-module.

Proof : from [7] and proposition (2-5) we have the result.

Roman in[3] give a definition of primary K-module ,where an K-module is primary if anngB is

primary ideal, for every non-zero sub-module B of K-module D ,where an ideal L is primary ideal if
for x yeL,implies eather xeL or y™ €L;n>0,[8].

Theorem (3-5): let D be multiplication, Let L be an ideal of ring K; r ganng LD, L&anngrD, then D
is primary K-module if and only if D is weakly quasi-primary K-module.

Proof : to prove D is weakly quasi-primary K-module, since r DED,so anngDCE anngrD <
JanngrD . Let X€ /anngrD,implies x™ € anngrD,which mean x.x"~! € anngrD,but D is

primary,so either X€ anngrD or x™! € anngrD.if X€ anngrD then xrD=0,which mean xre
anngD,where r¢ anngD,implies X€ anngD,s0 we have the result.lf x"~! € anngrD,so
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x™rD=0,which mean x.x™~?rD=0 ,by n —copies we have x€ ann,D.Thus D is weakly quasi-primary
K-module.

Contrariwise , by [2],an K-module D is primary if and only if \/annKD:\/annKB .Since BS D,so
anngD € anngB € \/anngB *. Let X€ \JanngD, so x™ € anngD, implies x"D=0.Thus x"rD = 0
50 x™ € anngrD,which mean x€ ,/anngrD,but D is weakly quasi-primary K-module ,implies xe

anng D therefore by *we obtain x€ \/anngB . conversely ,let Xx€ JanngB,s0 x™ € anngB,which
mean x"B=0,but D is multiplication ,so there exist an ideal L of a ring K ,such that B=L D. Thus
x™LD = 0,which mean x"LD=0,lead us x™ € anngLD,s0 X€ vJanngLD and by theorem (2-4),we
obtain xe anngD,s0 X€ y/anngD,which mean that D is primary K-module.

Note that ,the condition M is multiplication in theorem(3-5)is necessary as it is show in the following
example:Zp~is weakly quasi-primary K-module, see examples and remarks(4 in 2-2 ),but Zp~ is not

primary ,since \/anngZp-=0,but /ann,((é + 2)=VP2Z=PZ # 0.

Conclusion

In this article ,we introduced a novel concept called weakly quasi-primary K-module and achieved
several intriguing findings , including various new characterizations for that notion .The link between
weakly quasi-primary K-module with other modules is adopted and we found the conditions for
equivalence of weakly quasi-primary K-modules with other modules.
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