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1 Introduction

Let M be an n-dimensional differential manifold. Define a Finsler metric on the differentiable
manifold M. This Finsler metric is known as Finsler fundamental fuction on the manifold M. Let us
first define what is exactly mean by Finsler fundamental function.

Definition 1.1 (Finsler metric)

We say a function F:TM — R is a Finsler metric or Finsler fundamental function on the manifold M
if F satisfies the following conditions:

1. Regularity of F: F € C* on the slit tangent bundle TM\{0} away from zero vectors of the tangent
spaces:

That is, F is smooth on TM\{0} = {(x,y)|x € M,y € T,M,y # 0}. The smoothness property is
desired so that we can apply differential calculus on the Finsler metric F.

2. Non-negativity of function F:
F(x,y) =0 for x € M and all y € T, M.

This property ensures that the length of a tangent vector y € T, M is either positive or zero. In terms
of arc length this property also ensures that arc length defined by the integral 1 is either positive or
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zero.
3. Positive homogeneity of function F:
F(x,Ay) = AF(x,y), V A > 0; for x € M and all y € T, M.

That is, F is positive 1-homogeneous of first degree in the directional argument y. This property
ensures that, length of a tangent vector Ay € T, M is nothing but AF(x,y) € R.

4. Strict convexity of the function F:
F:TM — R is strictly convex over the tangent bundle TM.
It is important to note that strictly convex condition is equivalent to the hessian matrix [g;;], where

i,j €{1,23,...... dim(M)}, defined by anlay]
(x,y) € TM. 1t is the convexity condition on the Finsler metric F that guaranties for the arc length
minimization, given by the following formula, of the admissible curves y:[a, b] = M belonging to

the set C*[a, b]

(x,¥) = gij(x,y) is positive definite for any

sy(®)] = [ Fr(®), 7(t))dt (1)
can be achieved.

In simpler terms, the convexity condition on a Finsler metric is a geometric requirement that ensures
the length of a curve can be properly defined and that the arc length functional s[y(t)] behaves well.
This is crucial for tasks such as minimizing or finding geodesics according to the given Finsler metric
F. Without this convexity, the notion of length and related optimization problems might be undefined
or lack unique solutions.

In the definition above, F(x,y) represents the magnitude of the vector y in the tangent space T,M
at a point x on the manifold M. This quantity is often called the "F-length" or simply the "Finslerian
length" of the tangent vector y in T,M. For a fixed point x € M the function F(x,.) takes any
tangent vector y € T,)M and produces a real number. In physical contexts involving position and
direction, you can think of the Finsler metric F(x,y) as having two arguments: x for location and y
for velocity at any point p € M.

Definition 1.2 (Finsler Manifold)

A differentiable manifold M that is equipped with a Finsler metric F(x,y) is called a Finsler
manifold or Finsler space. This is usually represented as (M, F).

Definition 1.3 (Finsler Geometry)

Consider a Finsler manifold d (M, F), where F(x,y) represents the Finsler metric. The area of
geometry that uses the Finsler metric F(x,y) defined on the manifold M is known as Finsler
geometry.

In Finsler geometry, an important and unique type of Finsler metric is the («, f)-metric. This metric
1s defined as follows:

Definition 1.4 ((@, §)-metric) Consider a Finsler space denoted as (M, F(x,y)), where F(x,y)
represents the Finsler fundamental function. This space is said to possess an (a, 3)-metric if the
fundamental function F(x,y) can be expressed in the following manner:

F(x,y) = F(a(x,y), B(x,¥)).
In this expression, F(a(x,y),B(x,y)) is a differentiable function of two variables a(x,y) and
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B(x,y). Here, a(x,y) is the Riemannian fundamental function defined as /aij(x)yiyf , where

a;j(x) represents a Riemannian metric tensor, and f(x,y) is a differential 1-form defined on the
tangent bundle TM, with b;(x) representing a covariant vector field.

The class of (&, f)-metrics was originally introduced by the renowned geometer M. Matsumoto [10].
Some important examples of (a, §)-metric are:

Example 1.5 The metric defined by
Fx,y)=a+p

is called Randers metric and the space (M,F = a + ) constructed with Randers metric is called
Randers space. This metric was first introduced by Physicist G. Randers in 1941 [16], in his study of
general relativity.

Example 1.6 The metric defined by
F=% 0
= F’ g >

2
is called Kropina metric. A space (M, F = %) constructed with Kropina metric is called Kropina
space. This metric was introduced by the Russian physicist V.K. Kropina [8]. It has many important
and interesting applications in physics, electron optics with a magnetic field, dissipative mechanics
and irreversible thermodynamics, relativistic field theory, control theory, evolution and developmental
biology [1].

Example 1.7 The metric defined by

an+1
F:B—n,ﬁ >O
an+1

is called generalized Kropina metric. A space (M,F =7 ) constructed with Kropina metric is

called generalized Kropina space.

Example 1.8 The metric defined by

F=2 0
by a—p >
2
is called Matsumoto metric. A space (M,F = a‘i—ﬁ) constructed with Matsumoto metric is called

Matsumoto space. This metric was first introduced by M. Matsumoto [12] while investigating the
model of a Finsler space. This metric is also named as slope metric.

Example 1.9 The metric defined by
F=.\ala+p)
is called square root metric. We say the space (M,F = \/m) constructed with square root
metric Finsler space with square root metric.
Example 1.10 The metric defined by
P gyt

an
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n+l
%) constructed with generalized

is called generalized square metric. We say the space (M JF =

square metric the generalized square space or the Shen’s generalized square space.

Among these Finsler metrics this was the square root metric that draws our attention to work with
hypersurface of a Finsler space (M, F).

Let us first define the meaning of a hypersurface:

Definition 1.11 4 hypersurface is an embedded submanifold of co-dimension 1. That is, a submanifold
of dimension less that 1 of a given manifold is called hypersuraface of the underlying manifold.

This means, if we have a manifold M such that dimension of M is n, then the submanifold having
dimension n — 1 will be understood as hypersurface of the given manifold.

A submanifold of dimension n — 1 is generally denoted by the symbol M™!. In this paper, we will
also denote a hupersurafce of a manifold M by the symbol M™~!.

Example 1.12 Let M = R’ be a manifold. Then a straight line denoted by M™™! and defined by linear
equation in two variables x and y, i.e., ax + by +c =0 is a hypersurface of the underlying
manifold M = R’, because dim(M)=dim(R?)=2 while the dim(M™)=n— 1 =2—1=1.

Example 1.13 Let M = R’ be a manifold. Then the unit sphere denoted by M™™! and defined by
x> +y’+2z°=1 is a hypersuarface of the underlying manifold M =R’ , because
dim(M)=dim(R>)=3 while the dim(M™)=n—1=3—1= 2.

Matsumoto [11], a prominent Finslerian, was the first person who studies the hypersurfaces and
charecterised the special hypersurfaces M™~! of a Finsler manifold. He, specifically, characterised the
properties of hypersurface M™~! of Randers space [16]. After this, the number of Finslerians
dramatically increased to show their interest in Finsler hypersurface M™~!. Many authors around the
world ([7], [6], [4], [17], [18], [21], [3], [14], [2], [5]) did study the properties of special hypersurface
M™ ! and derived the conditions under which a Finsler hypersurface M™~! of a Finsler manifold
(M, F(x,y)) becomes a hyperplane of first kind, second kind but not of the third kind. Aim of the
present paper is to investigate the hypersurface M™~! of Finsler space using square root metric F =

Ja(a + B).
2 Preliminaries

We consider the Finsler space (M, F), where F is the square root metric, that is given by

F = a(la+p). 2)
Using (2), we get
_ Qatp)
fo =3 @ 3
a
Fﬁ ~ 2 a(a+p) “4)
—_ 2
Foo = % (%)
Aa(a+p)]2
2
Fpp=———— (6)
4a(a+p))2
164
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3ap
Fop = ———.
4la(a+B)]2

(7

We already know that, in a general Finsler manifold (M, F), the normalized element of support [; =

OF

3y, and the angular metric tensor 4;; [16] are evaluated by the following formula:

hij = pa;j + qob;ib; + q:(biy; + bjyi) + ¥y,

and the coefficients are defined and calculated as follows:

yi = a;;y’
__FFy _ 2a+p
T a 2a

a

D =Flgp = ~1avp

_FFqp 3B
a = a 4a(a+pB)
F(Faa_%x
Q=70
_ 3p%—4a’—6ap
T 4d3(a+p)

We also know that, in a general Finsler manifold (M, F), the fundamental metric tensor g;; =

is evaluated by [16] the following formula:
gij = paij + pobib; + pi(by; + bjyi) + p2yiy;

whereas its coefficients p, p,, p; and p, are defined and calculated as follows:

_ FFy

a

__2a+p
T 2a

po = qo + F§
=0
- Pfp
pr=q+—

__aB
o 2a(a+p)

2
p
p=gpts

__4a’+2B%-5ap
T 2a3(a+p)
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(12)

(13)

1 92F?
2 dytoyl

(14)

(15)

(16)

(17)

(18)
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We know that, in a Finsler manifold (M, F), reciprocal metric tensor of a fundamental metric tensor
1 9%F?
9ij = aniayf

is denoted by g and is evaluated by the formula [16]

9" = 5= Syb'b = S (b'y’ + biy") = Syy'y, (19)
whereas its coefficients b, S;, S; and S, are evaluated by the following formulae:
bt = aY b]
SO — pp0+(p(;p<2_p%)a2 (20)
S] — ppl"‘(pz(;?z_p%)ﬂ (21)
SZ — pp2+(p(;p<2_p12)b2 (22)
¢ =p® +pob® +pi1B) + (pop2 — 1) (@’b* — ), (23)
where b? = aijbibj.
Let us define the hv-torsion tensor Cjj, = %% as follows [19]:
Cijk _ pl(hijmk+hjkmi+2h:imj)+ylmimjmk (24)
and its coefficients y; and m; are evaluated by the formulae
d iB
Vi =paL;)_3PICI0:mi= i_J;_z- (25)

Here m; is known as non-zero covariant vector orthogonal to element of support y'. Let F}kbe the
components of Christoffel symbol of the associated Riemannian space R™ and Vj, be the covariant
differentiation with respect to x* relative to Christoffel symbol. Now we put

2E;; = b;; + bj; (26)
2F;j = bij — bjj, (27)
where b;j = V;b;. Let CT" = (Ff,i,l“{;}'(, Cjik) be Cartan connection of (M, F). The difference tensor
Dj-ik = F]*,l( — F]l:k of the special Finsler manifold (M, F) is given by [19]
i = B'Ejy + FiB; + F{B), + B/ by + Bi.hy; —
bomg ™ Bjie — Cl AR — CimAT* +

CjkmA;ngis +

A5(CELCSk™ + CLnC — CIRCL), (28)
where
By, = poby + D1y« (29)
B' = gYB; (30)
166
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Yiyvj. o
l])+ pO

pi(aij— mpm;
B;j = - (31)
Bf = g*Bj; (32)
™ = BMEg, + B™Ey + B F{™ + BoFI (33)
A = BME, + 2By F™ (34)
Ff = g"F; (35)
B, = B;Y'. (36)

Here as well as henceforward *0’ denotes tensorial contraction with y* besides py,q, and S,.

3 Induced Cartan Connection

Let (M, F) be a Finsler manifold, where F = /a(a + f8) is square root metric. Also, let M™~! be a
hypersurface of the Finsler manifold (M, F).

We will describe this hypersurface M™~! by following parametric equations:
xt=x'(u®), (i =123,........ ma=123........ n—1), (37)

where u® is a parameter that represents coordinates on the hypersurface M™~!. We considered
parametric equation only because of the fact that parametrization always makes our life simpler.
Moreover, using parametrizations we were able to calculate speed of the curves as well as tangent
planes and normal lines of the sphere. In elementary differential geometry we also have learnt that
parametrization helps us to determine the shape, that is, curvature and torsion of a curves and surfaces.
Thus a parametrization has more information than the set of points constituting the hypersurface M™~!.

Now differentiating the equation (37) of the hypersurface with respect to parameters u®, we get B}, =

0x
ﬁ Here each B, = — - for (a=1,2,3,........ n-1) represents components of tangent vectors and these

tangent vectors B& represent a tangent space at a point p of the hypersurface M™~!. Let the matrix
. o ; _ 0xt i axt
corresponding to first derivative B} = ﬁ e [Bx]l == ™ xa] and it has maximal rank , namely, (n-1).

The maximal rank required here is to ensure that tangent vectors forms linearly independent set so that
any generic vector tangent to M™~! is linearly expressible in terms of these linearly independent
tangent vectors. To introduce a Finsler structure in the hypersurface M™~! | the supporting element
y' ata point u® of M™ ! is assumed to be tangential to M™~!, so that we may write

y' = BL(u)v®. (38)

Therefore v¥ is the element of support of hypersurface M™~! at the point u®. The metric tensor Jap
and hv-torsion tensor Cyp, of hypersurface M "1 are defined by

Jap = 9ijBk BB,CaBy = Cijx BBy By (39)

Now the unit normal vector Ni(u, v) at an arbitrary point u% of the hypersurface M™~! is defined as
follows:

Definition 3.1 4 vector N'(u,v) at a point u® of the hypersurface M™~! is said to be unit normal
vector if

9ij(x(w,v), y(u, V))BeN = 0, g;; (x(w, v), y(w, v))N'N/ = 1. (40)
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Let us define angular metric tensor 4;; as follows:

Definition 3.2 We say the tensor h;; an angular metric tensor, if h;; satisfies the following
conditions:

hag = hijB};B/{,hijBéNf = 0,h;;N'N/ = 1. (41)
Let (B%, N;) be the inverse of (B, NY), then we have

Bf = g*f g;;B), BLBF = 85,BEN! =0,

BiN; = 0,N; = gi;N', Bf = g*/By;,

BLBf + N'N; = &;.

We shall denote by ZCT the connection of a hypersurface M™~! induced from the Cartan connection
CT. The induced Cartan connection 4CT = (Fﬁy, Gg, Cg‘y) on hypersurface M"~! induced from the

Cartan’s connection CT' = (I -k,FOk, jk) is given by [11]

Tpy = BF(Bp, + TjiBIBS) + MgH
G§ = B (Bl +T45B))
Cg, = Bf ]kBﬁBk (42)

where second fundamental v-tensor Mg, is defined by
— i pJpk
Mg, = NiCj‘kBﬁBy

= N;g liCljkBé B¥  (using Cj = g'Cyy)

= NlCljkBjB)',c (using Nigh = Nl)

B
= (; jkBéB]{N Kk (adjusting the indices j, k and 1) (43)
Mg = g“" Mgy

and normal curvature vector Hp is defined by

Hg = Ny(Blg +T§3B)),

where
dBL
7B
BBV auY
Big = Begv®.

The quantities Mg, and Hp appeared in above equations are called the second fundamental v-tensor
and normal curvature vector respectively [11]. The second fundamental A-tensor Hp, is defined as

[11]
Hg, = Ni(Bg, + TjkBjBY) + MgH,, (44)

where
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Mg = C}BJN:N* = C;j ByNN*. (45)
The relative /-covariant derivative and v-covariant derivative of projection factor B, with respect to
induced Cartan connection gCT are respectively given by

Biig = HagN" (46)

Biig = MypN'. 47)
The equation (44) shows that Hg, is not always symmetric and

Hgy — Hyp = MgH, — My Hp. (48)
Thus the above equation simplifies to

Hy, = H,, H,, = H, + M, H,. (49)

Definition 3.3 [(11)] 4 hypersurface M™™! of a Finsler manifold (M, F) is said to be a hyperplane
of first kind if each path connecting two different points of the hypersurface M™! with respect to the
induced Cartan connection JCI' is also becomes the path of the ambient Finsler manifold (M, F)
with respect to Cartan connection CT.

Definition 3.4 [(11)] A4 hypersurface M™™! of a Finsler manifold (M, F) is said to be a hyperplane
of second kind if each h-path of the hypersurface M™! with respect to the induced Cartan connection
JCT is also the h-path of the ambient Finsler manifold (M, F) with respect to Cartan connection
Cr.

Definition 3.5 [(11)] 4 hypersurface M”_I of a Finsler manifold (M, F) is said to be a hyperplane
of third kind if unit normal vector B* of the hypersurface M™™! with respect to the metric F is
parallel along each curve (u%,v%).

If one wants to prove a hypersurface a hyperplane of first kind, hyperplane of second kind and
hyperplane of third kind, it is very difficult to prove it only with the help of definitions mentioned
above, in that situation one should incorporate below sufficient conditions given by M. Matsumoto to
prove the same:

Lemma 3.6 [(11)] The normal curvature H, = Hﬁvﬁ vanishes if and only if normal curvature vector
Hp vanishes.

Lemma 3.7 [(11)] 4 hypersurface M™ 'is a hyperplane of first kind if and only if H, = 0.

Lemma 3.8 [(11)] 4 hypersurface M™™! is a hyperplane of second kind with respect to Cartan
connection CI' if and only if Hy, = 0 and Hupg = 0.

Lemma 3.9 [(11)] 4 hypersurface M™ ! is a hyperplane of third kind with respect to Cartan
connection CI' if and only if Hy = 0, Hog = 0 and Mg = 0.

4 Hypersurface M1 of the special Finsler space

A hypersurface M™~! is an embedded subspace with codimension 1, meaning it has a dimension that
is one less than that of the surrounding manifold. In our study, we focus specifically on hypersurfaces,
rather than subspaces of arbitrary dimensions. This paper is concerned with Finslerian hypersurfaces
M™ ' We will now prove the following propositions in the context of Finslerian hypersurfaces.
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Theorem 4.1 Let (M, F) be a Finsler manifold, where F(a,f) =/ a(a+ ), n €N, is a square
root metric and M™! be its hypersurface. Then fundamental function of the hypersurface M™!
induced from the Finsler manifold (M, F) is a Riemannian metric.

Proof. It is given that (M, F) be a Finsler manifold, where F(a,f) =/ a(a + ), n € N, is a square
root metric. Let level equation of the hypersurface M™~! be given by

b(x) =c,
where c is a real number.
Take the gradient of the above level equation representing hypersurface M™~!, we get
b;(x) = 9;b.
Again consider the parametric equation of the same hypersurface M™~! as
xt = xt(u%).
Differentiating the equation of hypersurface b(x(u)) = ¢ with respect to parameter u%, we get

ob(x(w) ox! _

oxt  ou*
b;(x)Bt = 0,
. i
where b;(x) = % and B; = %.

This implies that b;(x) are normal vector field (covariant component) of hypersurface M™~!.
Thus at any point of the hypersurface M™~! we now have
b;BL =0 (50)
b;y* =0,i.e.,f = 0. (51)

Now, we will see how square root metric F =,/a(a+ ), n € N, induces a metric on the
hypersurface M™~!. In this case we will denote induced metric by F. First consider the square root

metric
F=.\ala+p)
= \/\/aijyiyj (\/aijyiyj + biyi>

=\/aijBé(u)v“Bﬁj(u)vﬁ+\/aijBé(u)v“Bé'(u)vﬁbiBé(u)v“,

which is the general induced metric on the corresponding hypersurface M™~!. Using (50), general
induced metric of the hypersurface becomes

F(u,v) = \/aijBé(u)Bé(u)v“vB
F(u,v) = /aaﬁv“vﬁ, (52)
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where aqp = aijBé(u)Bé (w).

Thus function represented by (52) is fundamental function or the metric of the hypersurface M™~!
induced from the ambient Finsler manifold (M, F).

The fundamental function of the hypersurface M™ ! represented by (52) do not have 5 component
as B = b;y* = 0 over the hypersurface M™~! therefore fundamental function of the hypersurface
M™ ! induced from the Finsler manifold (M, F) is a Riemannian metric.

Theorem 4.2 Let (M,F) be a Finsler manifold, where F = \Ja(a + ), n € N, is a square root

metric and M™! be its associated hypersurface. Then the covariant and contravariant components
of normal vector field on the hypersurface M™! are given by

4p2
4-b2?

P 3 — 0> . 4_b2
2. bl = JAZ@E - bON' + -yl

Proof: It is given that M™~! is a hypersurface of the manifold (M, F), where F = \/a(a + B), n €
N, is a square root metric.

1. bi = Ni

Moreover, we know from (51) that § = 0 over the hypersurface M™~!. Let us calculate the value of
D, Do, p1 and p,. For that, substitute the value of f = 0 into (15), (16), (17), and (18), we get

1 2
p=1Lpy=0,p =,p=2 (33)
Using the values of p, py, p;, p, into (20), (21), (22) and (23), we get
1
SO = h2—a (54)
2
S = m (55)
8—b?
S, =— Za0) (56)
4—b?
(=— (57)
Substituting the values of p, Sy, S;, S, from (53), (54), (55) and (56) into (19), we have
ij _ a7 b'pl  aplyl+blyh | 8-b (yiy))
9 =7 " g a(4-b2) a’(4-b2) ° (58)

Multiplying equation (58) by b;b; and using f = b;y' = 0, over the hypersurface M™~!, it becomes
bibjbibj B 2(bly’ + bjyi)bl-bj (8 — bz)(yiyjbibj)
b2 —4 a(4 — b?) a*(4 — b?)

g”blb] = aijbibj —

b'bib/b;  2{b'b) by N+bib)(biyY} | B-bD)(Biy'b;y))

= (aijbi)bj -

b2-4 a(4-b?) a?(4-b?)
1
= b* — — x b*
b2-4
y 4b?
Up.p, = ——
g’bib; = 0
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Thus at any generic point of the hypersurface M™~!, we have
.. 4b2
g Y bibj = m

Now from the above equation and using (40), we get

’ 4p?
bi = mNi, (59)

which is the covariant component of the normal vector field on the hypersurface M™~!. Now from
(58) and (59) we get

b = alb;

_ [ARA i A
= J4b2 (4 DON' +—y", (60)

which is the contravariant component of the normal vector field on the hypersurface M™~!.

Theorem 4.3 Let (M, F) be a Finsler manifold, where F = \Ja(a + ) is a square root metric and

M™ 1 be its associated hypersurface. Then second fundamental v-tensor of hypersurface M™™! is
given by

1 4b?
Mep = 2q\ 7= ) e

and second fundamental h-tensor Hyp is symmetric, i.e., Hygp = Hgg.

Proof: It is given that M™~! is a hypersurface of the manifold (M, F), where F = \/a(a + B), n €
N, is a square root metric.

Moreover, we know from equation (51) that 8 = 0 over the hypersurface M™~!. Put the value of § =
0 into equations (15), (16), (17), and (18), we get

1 2
P=Lpo=0p =,0=

Now, put the values of p, py, p; and p, obtained above into (14), we get fundamental metric tensor of
the hypersurace M™~!

2 1
9ij = aij + = viyj +5-(biyj + byy). (61)
Let us calculate the value of qy, q; and g,. For that, substitute the value of f = 0 into (11), (12),

and (13), we get

I 1
Go=—790=00=—7

a?
Substituting the values of p, qy,q; and q, into 9, we get angular metric tensor of the hypersurface
Mn—l

I i
hij = aij — 7 bib; — = ¥;y;. (62)

Differentiating equation (16) with respect to 8, we have
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dpy __
5—0.

We know from (51) that 8 = 0 over the hypersurface M™~! so put the value of § = 0 into above

equation and (25), we get

dpo _
25 =0
3
i=g
mi=bi.

Using the values of p,p;,y; and m; in (24), hv-torsion tensor on the hypersurface M™~!, becomes

C _ 4(hijbk+hjkbi+hkibj)+3bibjbk
k= 16 '

Substituting the value of C;j, from (63) into (43) and using (50), we get
— i pJ
Mg, = CijiBgB,N*

Mug = CijBLBJN¥

B
_ 4(hijb+hjibi+hyibj)+3b;b by BiBij
16a atp

(hichixBi;J)kak

4a
Using (41), we get
_ haﬁkak
- 4a )

Using (59) in above expression, we get

1 ’4192

1 4p2 k
—a( 4__bz>ha,8NkN .

We know that N;,N¥ = 1. Use this fact in above expression, we get

1 4p2
Maﬁ' = a( m) ha[)"

Again, substituting the value of C;j, from (63) into (45) and using (50) and (41), we get
Mg = C;jxByN/N¥
oo Ma, = Cl]kBé_,Nij

_ 4(hijbk+hjkbi+hkibj)+3bibjbk
l6a

BLNJ/N¥
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M, = 0. (65)
Substituting the value of M, from (65) into (48) as follows:

Hgy — Hyp = MpHy — My Hp

Hg, —Hy,p =0XH, —0X Hg

Hg, —Hyp =0
Hgy, = Hyp
* Hop = Hgy,

which shows that H,p is symmetric.

Theorem 4.4 Let (M,F) be a Finsler manifold, where F = \Ja(a + [), n € N, is a square root

metric and M™™! be its associated hypersurface. Then the hypersurface M™! will be hyperplane of
first kind if and only if
2bl} = biCj + bjci-
Moreover we show that second fundamental tensor Hyp of M n=1 is proportional to it’s angular metric
co2b

tensor hgp. Thatis, Hyp = \/ﬁhaﬁ-

Proof. Let us differentiate (50) with respect to 5, we get
bigBL + biByz = 0. (66)

Put the value of Bélﬁ from (46) and b;p = bi“-B[{ + biUNjHﬁ into (66), we get

byjjBBi + by;N/HgBj + biHegN' = 0. (67)
We know that

by = —bCl.
Put the value of b, from (59) into above expression as follows:

by; = —bCl;

= — [*2 20 (using (65
= 2 x0 (using (65))

= 0.
Using b; jB(iN J =0 and (59) into (67) and then using the fact that N;N! = 1, we get
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BlBL + |22

bll] 4—p2

Hup = 0. (68)

Itis obvious that b;j; is symmetric. Now contracting (68) with vP first and then with v respectively
and using (38), (49) and (65), we get

by ;BLy’ + /4 e =0 (69)
byy'y’ +,f4 szo = 0. (70)

We know from the Lemma 3.6 and Lemma 3.7, a hypersurface M™~! is a hyperplane of first kind if
and only if normal curvature vanishes, i.e., Hy = 0. Using the value H, = 0 into (70) we find that
hypersurface M™~! is a hyperplane of first kind if and only if by ; y'yJ = 0. This b is the covariant
derivative of with respect to Cartan connection CT of Finsler space F, it may depend on y‘. Moreover
V;b; = b;; is the covariant derivative of b; with respect to Riemannian connection Fik constructed
from a;j(x), therefore b;; dose not depend on y'. We shall consider the dlfference b;jj — b;j of

above covariant derlvatlves in further discussion. The difference tensor D F] k= F] x 18 given by
equation (28). Since b; is a gradient vector, from (26) and (27) we have
= b;;, F;j = 0,F =0. (71)

Using (71) into (28), we get
D}, = bjxB" + boB} + by;Bj. — bomg ™ By
—ARCly — AT Cly + AT Com g™ (72)
+AS(CRC + CI Cl — CLCID.
Using (51), (53), (54) and (55) into (29) to (24), we get

By = (n+ 1)(2n + by + =y, B' = bb' + by (73)
(m+1D){a;ja’-y;yj+2n(n+1)b;b;ja

Bij = : 2;3 L (74)

Bji =0 (75)

k = 0,A™ = B™b,. (76)

Using tensor contraction operation with (74) and (75) by y/, we get By, = 0, B(‘; = (. Further

contracting equation (76) by y* and using the fact that Bé =0, we get Ay = B™b. Contracting

equation (72) by y* and using the facts B;; = 0, Bé =0, Ay' = B™by, and CJ; =0, COm =0,
it = 0 obtained by contracting (74), (75), (76) and (42), we get

io = B'bjo + B bgy — booyB™C}p; (77)
DLy = bbby, + by'byy. (78)

Multiplying (74) by b; and then using (51), (70) and (72), we get
b:Djy = bbjy + bb;boy — bb;b™C},, byy. (79)

Now multiplying (75) by b; and then using (51) we get
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b7
4-b2
From (63) and (65) it is clear that

b;D§y = byo- (80)

4p?

D™ biCl By = =5 Mg = 0. 81)
Contracting the expression b;; = b;j — erirj by y* and y’ respectively and then using (80), we get
by vy = boo — by Dy =~ b
ilj¥y'Y" = boo = brLoo = 77,5 Poo-

Put b;; = b;; — b,.Dj; into (66) and (67) and then using (76), (50) and (78) and the value of biniyj
above, (69) and (70) can be written as

4p2
4-p2

4b? _
mbOO + bH, = 0. (83)

From the (80) it is clear that the condition H, = 0 is equivalent to by, = 0, where b;; is independent

bioBL + bH, = 0 (82)

of y'. Since y' satisfy (51), the condition can be written as bijyiyj = (biyi)(cjyj) for some ¢;(x),
so that we have

2bl] = bicj + bjci' (84)

Thus we shown that a Finslerian hypersurface M™~! will be hyperplane of first kind if and only if
2bl} = bicj + bjci'

Now we try to show that second fundamental tensor Hyp of the hypersurface M n=1 is proportional to
its angular metric tensor /4.

For that, contracting (84) and using the fact that b;y/ = 0, we get by, = 0. This implies that the
condition byy = 0 and 2b;; = b;c; + bjc; are equivalent.

Multiplying (84) by B! and then Blg and using (50) and (51), we have
2b;;Bk = (b;BL)cj + bjc;Bl;
2b;;B} = Oc; + bjc;BL
2by;B;B) = (b;B}) ciB}
2b;BLB) = 0c;B.
2byBLB} = 0
byBLB] = 0.
Again, multiplying (84) by B} and y’ and then using (50), we have
2b;iBLy’ = (b;BY)cjy’ + (bjy’)ciBl
2b;iBly’ = 0% ¢jy) + 0 x ¢;B}
2b;;Bly’ =0
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bijBy’ =0
biyB. = 0. (contraction by y! is taking place)
Again, consider (84)
2b;j = bicj + bj¢;
2b;jy’ = bi(cjy?) + (bjy’)c; (multiplying by y! both sides)
2b;o = bjcy + 0 X ¢; (contraction by yl is taking place)
2byy = b;co
2b;obt = (bibi)co (multiplying by b' both sides)
2bpb' = b*cy (+b* = bib')
byt = 2%,
Using this in (79) gives H, = 0. Now using (72) and (73) and using byy = 0 and b; chirBé =0, we
get ™ =0, AJL:B[{ =0 and Bl-jBéBé = ihaﬁ. Thus using (55), (56), (57), (61) and (69), we get

. . 4b2
byD;BLB] = — Z‘J_Thaﬁ. (85)

Thus using the relation b;; = b;j — erl-rj and (85), (68) reduces to

4p2 / 4p2
__flo—bz ha[)’ + mHaB = 0 (86)

_ co2b
Haﬁ - '—4—b2haﬁ.

Thus we shown that the second fundamental tensor H,p of M n=1 js proportional to its angular metric
tensor Z4p.

Theorem 4.5 Let (M,F) be a Finsler manifold, where F = \Ja(a + ), n € N, is a square root

metric and M™ ! be its associated hypersurface.Then the hypersurface M™ ! will be hyperplane of
second kind if and only if

bij = eblb]

Proof: We know from Lemma 3.8, hypersurface M™~! is a hyperplane of second kind if H, = 0 and
Hqp = 0. Now we consider these two sufficient conditions one by one.

1. If Hyqp = 0, then (86) becomes

co4b? f 4p2 _
Y haﬂ + Y X0=0

Co4b?

__4_b2 haﬂ =0
Cy) = O
Co = cl-yi =0

there exist a function e(x) such that c;(x) = e(x)b;(x) and this c¢;(x) = e(x)b;(x) forces ¢, to
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vanish as follows:

co = ci(x)y"*

= e(x)b;(x)y"*

= e(x)(b:(x)y")

= e(x) X 0 (asalongthehypersurfaceb;y' = 0)

s ¢y =0.
2. Again, if H, = 0, then Lemma 3.6 and Lemma 3.7 imply H, = 0.
We have already shown above H, = 0 is equivalent to

2b;j = b;cj + bjc;.

Now we combine case 1 and case 2. For that, put the value of c;(x) = e(x)b;(x) obtained in case 1
to equation obtained in case 2, we get

2b;j = bie(x)b;(x) + bje(x)b;(x)

= e(bibj + bjbi)

= e X 2b;b;

=~ 2b;j = 2eb;b;

b;j = eb;b;. (87)
Thus we shown that the hypersurface M™~! of the Finsler manifold (M, F) will be hyperplane of
second kind iff b;; = eb;b;.

Theorem 4.6 Let (M,F) be a Finsler manifold, where F = \Ja(a + ), n € N, is a square root

metric and M™! be its associated hypersurface. Then the hypersurface M™ will not be hyperplane
of third kind.

Proof- We know from sufficient conditions of Lemma 3.9 a hypersurface becomes a hyperplane of
third kind if H, = 0, Hog = 0 and Myp = 0. Now we consider these three sufficient conditions one

by one.
1. If Hy = 0, then we get the condition 2b;; = b;e(x)b;(x) + bje(x)b;(x), which has already been
proved above and is termed as the condition of hyperplane of first kind.

2. If Hyap = 0, then we get the condition b;; = eb;bj, which has already been proved above and is
termed as the condition of hyperplane of second kind.

3. Now put Mapg =0 in (64), we get

1 4p2
0 —a( U) hap,

which implies that no condition could be deduced to satisfy M,z = 0, i.e., it is impossible to find a

condition under which a hypersurface becomes a hyperplane of third kind, as term on the R.H.S. of the
above equation can never be zero.

Finally, we shown that hypersurface M™~! is not a hyperplane of third kind.
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