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Arfiels Histor: Absfract:

Kecetved: (M4-08-2004 Accepiance sampling i= oae of the widely used methodolegies in the industory
) . o to zemience about the guality of 2 lot or lot: based on random samplas. [nthiz
Revived: 20-08-2024 modern ndustrial era, the manofacturing proces: is well monttored, hence the
Accepred: 14-10-2024 ocourmence of dafacts is rare. However, the lots formed fom a proces:, m
praciice, kave quality variztions, which ocowr due to random fhuchoations.
Therefore, the proportion of nonconforming omits in the lots cammot be
elminated completely. In this situziion, the approprate distrimrton to modsl
the mmber of defects is the Boral distribution. Thiz paper aims fo develop a
smzle sampling plan by atinbatz: when the pumber of defects follows the
Borel distributton. Farther, the operating characienstic function (0C) of the
sampling plan iz derived and comprehensive analyzis of the performance of
the proposed :ampling plan is described through s O corves. The procadore
for determining the plan parameters wsing amity vahes with operabng ratio az
2 meazure of discrimination iz disouzzed. The methodology for obtzining an
optimal plan iz also presenied through a momerical lhstraben And a
comparative siedy between 35P under Borel distribution and Zzro Troncated
Ppizson distribufion ka: been done.

Kevwords: Single Sampling Plans by aftribate, Operatimg Characteristic
curves, Borel diztribution, unity vahues.

1. Introduction

Chuality control 1= an effectrve method for determining whether any matenals, proceszss, machinez, or
finzl products are deprived of quality. Statistical quality control ensures the guality of products. High-
guality zoodz conmtribute to mereased consumer lovalty and szahsfaction Additionally, it auds m
lowearmg nzk factors and replacement costs for damaged goods. Acceptance zampling 15 ndeed a
gualitv-control approach that allows a manufacturer to azzess the overall product lot's quality through
statiztical amalyvzis and testing of randomly chozen samplez. The fundamental form of acceptanca
sampling 1z smgle samplng by attnbute which relates to dichotomous scenanos. Two parameters that
dezcnbe single samplng plan (35P) by attnbutes are the sample size (n) and acceptance number (c)
and it must be chozen by considermg the needs of both the producer and the consumer.

Specific works of 55P can be zeen in Schulling and Meubaner (2009 which explams the comprehensziva
study on the determination of plan parameters of 33P by attnibutes. Hald (1967) and Schilling (1982)
dezcribed a methed for selecting the parameters of a single sampling plan under the condtions of
Poizson distribution based on the operating ratio and the unity values. 5. Sampath (200%) explamed
the propertes of S5P whan thers 135 imprecizenes: and randomneszs m proporhon of defective units m
a production lot Veerakuman and Azarudhesn (2017) constructed a S5F under the condition of
Intervened Poiszon Dizmbution through unrty value approach and the efficieancy of the daveloped plan
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15 avaluated through operating charactenistic curves and momerical illustration. Kavrvarasu and Devika
(2013) mtroduced a two-parameter dizscrete probability distmibution to establish 2 sampling plan over
Generalized Poizson Distribution through an attribute acceptance sampling plan. The performance of
operation charactenstics curves for different sets of plan parameters of 58P 15 explamed by
Vijavaraghavan et al. (2007) under the conditons of Gamuma Prior and Poizzon sampling distnibutions.

In cartam situations when the number of defects are verv rare and cannot be sliminated completely,
the nonconforming units will follow Borel distnbution. Borel distribution has many applications in the
fields of quenmg theory, public sectors, mamufacturmg ete. The parformance of the estimation methods
lika the method of maxmum lhkelihood, method of moments and the Bayes estimation for the
paramesterz of musclazzified zi1ze biased Borel distnbution are analyzed by Trived: and Patel (2016).

'anas and Khuttar (2020) infroduced the necessary and sufficient condrions for the power seres
whose coefficients are probabilities of the Borel diztnibution to be m the family of analvhe functions
which ars defined in the open umt dizk Dalv and Shneer (2021) explammed the properties of Borel
diztnbution with two objectrres, viz | to create the tools required to use Stain's approach for probability
appromation to problems where the Borel distribution 1= an approxmmating object and the zecond
object 1z to determine the concentration inequalities for the Borel Diztnbuotion. By makng use of Borel
Dhstnbution S B Swamy et al. (2021) infroduced a new family of normalized analytic and bi-unrvalent
fimctions which are azsociated with Horadam polynonuals i the open umt dizk.

Thiz article amms at developmg a smgle sampling plan by attributes when the number of dafects follows
the Borel dizstnibution. The aspect of Borel distmbubion 15 given in the zacond sagment In the thord
segment, schemimg of single zampling plan under the conditions of Borel distribution iz ziven. Fourth
segment provides the operating characteriztics fimchion and operatng characteristics curve analysiz,
Optimization of parameters under Borel distnbution and a numerical llustration are done in the fifth

segment. Last segment providez a comparative study between SEP under Boral diztnbution and Zero
Truncated Poisson distmbution.

2. Characteriztics of Borel Diztribution

If a3 Galton-Watzon branching process has a2 common Poizson offspring dismbution with mean p. then
the total number of mdriduals m the branching procezs has Borel distmbution with parameter p. In
such a caze, according to Dalv and Shnear (2021), the total descendants X zatizfles

X21+T5, 5 (2.1

Where = denotes equality n distnbution, 30, X: . . are [ID copies of X, and £ ~ Po(l) haz a2 Poizson
diztnbution with mean . < 1, independent of the X;. Thiz random varabla X 1z za1d to have a Borel
diztnbution with paramester i written X ~ Borel (). The corresponding mass function 1=

ELL

P E{=k}=+ (1.2)
FarkeN={1,2._.}.
The mean and vanance of the Boral Distribution with parameter . are given by,

w=E () =(1—4)"" (2.3)
and
& =Var ()=7%(1-3)° (2.2)
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3. Constructing SSP Under the Condition: of Borel Diztribution

A single sampling plan by atinbutes 12 described by the parameters lot size (W), zample zize (n) and
acceptance number (c). Lat uz conzider 2 lot of size N unitz and 2 random sample of z:1ze n from the
lot. If the number of defactive umits in the sample (3{=x) 1= less than the acceptance number (), then
we accept the lot otherwize we reject the lot. The Analy=is of Operating Charactenistic Curves (0OC)
fimction 1z one of the best performance indicators for evaluating the efficacy of samplng plans. The
OC function of 35F 1= defmed as,

P.p)=Px=<] (3.1)
where p 1z the lot quality, given as the proportion defactive or fraction defactiva.

The operating characteristics function of 55P under the condition of Borel distnibution 12 grven by the
followmg,

P e AT

P =i, PX =kl =Ef., —— (3.2)
whare . =np.
Hence the probability of acceptance can be obtamed from
Paip)=Fp_, P(X=klX) =k=1c e "™™k)k-1) K 3.3

for the given valuez of n, ¢ and p. The operating characteristics curve of the plan can be attammed by
plotting P, (p) azamst p. In order to vernify the features of SEP under the condition of Borel Distribution,
three combinations of operating charactenstics curves are drawn corresponding to the parameters (30,
13, {100, 3) and (150, 3) which 15 shown m

Figure 1. From

Figure 1 1t 15 observable that for every value of n and ¢ the probakbility of acceptance decreases as the
proporton defectrve mereases which clearly savs that lot with low guality 1= accepted with low
probabality and lot with hagh quality {1.e., less proportion defective) 1z accapted with hugh ]:-r-::uhahﬂ.lh
of acceptance. A detailed OC curve :mal]. =1z has been done for different values of n and ¢ to exammes
the mmpact of the plan parameters. On the basiz of

Pa(p)=Ff_ P(X =KX =k=1c e M¥(Ak)(k-1) K (3.4)

a set of two OC curves for the propozed zingle sampling plan 15 shown m Fizure 2 and Figure 3, for
the parameters (p=>30, 100, 150, 200, e=1), and {(n=100, e=1, 3, 5, 7). Figure 2 provides the OC curves
for fixed value of ¢ (c = 1) and for different valuez of n (n = 30, 100, 130, 200). Conzaquances of
sample size n can be obtained from Figure 2. At a fixed value of ¢ = 1, 1t clearly demonstrates that, for
Eiven c, as zample zize grows, the chance of acceptance drops at all levels of p, hence azsurnng
consumer protection agamst unsatisfactory productz. Alzo, 1t clearhy demonstrates that, usage of small
sample size will protect the producer's mnterests. For mstance, for (n = 30, ¢ = 1) grves the probability
of acceptance 2z (.55 at p = 0.00] and as 0.60 at p = 0.0] whereaz at (n = 200, ¢ = 1) g1vesz only the
probability of acceptance az 0.8] at p = 0.00] and 0.13 at p = 0.01. In Figure 3, different zets of OC
curves are constructed for fixed n values m order to examme the conzaquences of acceptance number
¢. There are four curves which represent the cazes of c =1, 3, 3, 7. The probability of acceptance wall
merease for a fixed n as ¢ mereaszaz. It 13 clear from the OC curves given 1n Figure 3 that, the plan with
paramaters (n=100, c=1), the probability of acceptance will be 0.99 2t p = 0.000] and 0.90 at p = 0.001
whereas for the plan parameter (n=100, c=3), the probability of acceptance 15 1 at p = 0.0001 and 1s
0.89 at p =0.00]. That 15 when ¢ = 1, 1t ensurss protection for producer for high values of acceptance
number becauze whan p 1z low the probabality of acceptance increasez and when proportion defective
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mereasez probability of acceptance reducss. The protection for the customer 1z mersazing with
decreasmng acceptance number, but producer’s protection increaszes with mereasing valuss of ¢

4. Optimization of Parameters Under the Conditions of Borel Diztribution

In the szelection of plan parameters 1n 2 zamplmg plan, a common approach 15 to let the OC curves pass
through the accaptable quality level (AQL, denoted by pi) and the hmiting quality level (LQL, denoted
by p2) quality pomts, which are connected to producer’s nizk (o) and consumer’s nzk (), rezpectively.
By accepting good quality lots with probability 1 - @ and rejecting low gquality lotz with probability B,
the zamplng plan created by considering these twe guality factors will ensure protaction for both the
producer and the consumer. The primary objectrve m datermming the plan parameters 1= to satisfy both
the conditions of producer and the consumer. To accomplizh this for the specified magnitude (o, B, pi,
p:), the followmg requirsments must be satizfiad.

iPip)=l-ua (4.1}

iP.(p:) =P (4.2)

The plan parameters n and ¢ for the given (o, B, pi, pr) can be find by using wmty value approach As
mentioned by Schilling and Neubaner (2009, unity valuss np) and np: are those values which zatisfies
the conditions

Pa(pli=1-a 4.3
And
Paipl)=F (4.4).

By applymg the umty value approach, the wty values are caleulated and tabulated for (e, P, (p)) m
Error! Reference zource not found.. The parametric value: for differant combinations of py, po, @
and P of sampling plans are obtained. Error! Reference source not found. alzo mecludes the operating
ratioz: OF = npo/np| comrezpondme to (o= 0.10, b = 0.02) which will make the sampling plans sazier
to determuine. The following process can be used to establizh the plan parameters.

1) IMeasure the operating ratio OF = p: / p) by specifiing the values (o, B, pi, p2) (Tabla 1}.

2) Asto azsure both the nisks, zelect a valus of O from the table that 1z equal to or shghtly below ths
dazirad value.

1) Drvide np; by p) or np: by p: to get the sample zize, which 1z n

4) The operating ratio OR acqguired m Step (1) 15 used to determins the acceptance number c.

FMumerical Iustration

Lat vz consider a zingzle sampling plan with the given zets of values for (o, B, pi. p2) zay, o=0.05, B =
0.10, py = 0.01, p: = 0.07. Then the operating ratio for the given values 1z obtained as OF. =7 (OR =
p: / pi). Select the acceptance number ¢, the unity values npl and np2, and the clozer operating ratio
for the grven values of (o, B, pi. p:) uzing Error! Keference source not found.. The values obtamed
from the table ara np, =0.321, np: =2.231 and ¢ = 3. The zample sizes obtamned are as followsz, n =32
{(n=np,/p = 32) and n = 36 (n = np:/'p: = 36.13). Choose for the higher n of the two zample si1zez and
therefore, the neceszsary sampling plan for the above critenia 1 (36, 3.

From the umity valus table (Error! Reference zource not found.), the p values for the construction of
OC curves are obtained. For spacifiad valus of ¢, zelect the comrezpondms zet of unrty valuez which
are azsociated with the specifiad valussz of probabilitv of acceptance. Proportion defective (p) values
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can be obtamead by dividing the np valuez with n comesponding to each value of P, (p). And the
corresponding OC curve for the zampling plan 12 shown 1 Figure 4.

From the above mumernical illustration, the optimum parameters for the given strength of values are n
= 36 and ¢ = 3. The valuez of p wnth respect to P, (p) are obtamed as p = % and are given m Takle J,
The operating characteristic curve for thiz zampling plan wnder the conditions of Borel Diztribution 1=
given in Fizure 4.

. Evaloation of AQQL for S5P Under the Conditionz of Borel Distribution

Instead of destructmg the product that could not meet the quality specifications, we can allocate 1t to
rectifying mspection. 100% mspection of rejected lot 1z done m the re-:l:ifl.i.ug mepection. Alzo, ths
defectrve unitz are replaced with good ones or Eqm'mleut screening 1= assumed. After the rectifying
mzpection, the expected quality of the outzoing product 1= called average outgoms quality (AOQQ)) of
the respective lot. The formula for A00) 15 grven by

ADQ=p. P.(p) (3.1)

where P, (p) 1= the probabilhity of acceptance and p 12 the proportion defectrve. Average ontgome quality
Lt (AOQL) 15 the maxrnum value of AQQ). Hence after rectification mepection, AOQL wall be the
worst gquality of a lot 1n terms of percent dafectrve. By plothng AQC) valus agamst percent defectiva
{Figure 3) one can obtain the AQQ curve, and AQQL will be the pomnt which 15 the maximum point
of ADQ curve. The AQQL for the above obtained 35P (=36, c=3) 15 0.0160, which implies that for
any product after rectifying mspection will be no worse than 1.6 percent -:lefea:tu.e under the considered
sampling plan.

Comparative Study

Comparison of smgle sampling planz under different distnibutions can be done through anabyzing
operating charactenistic curves. Wow considering the comparison of 35P under Borel distnbution with
38P under Zero Truncated Poiszon distnbution (ZTPD) (Figure §). While comparmg it 15 noted that
the probability of acceptance 15 low for higher values of proportion defective p under Boral distribution
conditions. For instance, 55F under Borel distnbution with ¢ = 3, n= 30 and p = 0.003, the probability
of acceptance 1z 0.993. Hence the producer haz a rnisk of 0.7% of good lots beme IEJEE'I:EI:I. But when
proportion defectrva p = (.03, the probability of acceptance 1z 0.104. Hence the consumer’s nzk 15
10.4%. But for the same specifications 25P under ZTPD, for p = 0.003, the probability of acceptanca
15 0.599 and for p = 0.03 the probabulity of acceptance 1z 0.733. Therefore, the producer’s nsk 1= 0.1%
and consumer’=z nsk 1z 73.3%. Hence 1t 1z clear that the values obtamed for the samplimg plan under
the condition of Borel distribution 15 lezs than that of the values obtained for the sampling plan under
the conditionz of ZTPD. 5o, we can conclude that the single samplmg plan under the conditions of
Boral distmbution will ensures protection for both producer and consumer.

Concluzion

For many buzmsszses, incluoding mamufacturers, distnbutors, transportation firms, financial zervices
firms, healthcare providers, and government entities, quality control and quality mprovement have
become crucial buziness strategies. A company can outperform their competitors if they can zatisfy
consumers by enhancing and managing quality. In thiz paper, the operating charactenistic funchon 1s
obtamad for the singls sampling plan under the conditions of Borel distmbution. In order to measura
the performance of the 25P under Boreal distribution we have computed the OC curves and analv=is 1=
made on the obtamed OC curves. The paper alsc comes up with the strategy for constructmg and
choozing the plan parameters by usmg umty value approach. A table 1= dezigned for the ziven values
of parameters (o, B, pi, po). A numernical illustration and evaluation of ACCQL for SSP under specified
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paramesterz are dizcuzsed. The comparative study of 5P under ZTPD and 55P under Borel distribution
strongly agrees that the SSP under the condrtions of Borel Distribution 1= providing more protection
for both producers and consumers.

Table | Unitv valuesz for different acceptance sumber ()

Probability of Acceptance Operating
Fatios
099 | 095 | 0.75 05 | 025 | 010 [ 0.05 | OR (0.05,0.10)

C=1|0.001| 0031|0281 | 0691|1381 2.301 | 2.991 4311

C=2| 0081|0201 03561 | 1001|1651 | 2481|3121 1552

C=3|0171 0321|0711 | 1131 1.721] 2,531 ] 3.141 7.88

C=4[0241 04110801 | 12111791 ] 2341 ] 3131 6.18

C=5|0311 | 0481|0861 | 1251 1811|2351 ) 3131 5.30
C=6|0361|0331 0501 | 1281 | 1821|2551 |3.151 4.80

Acceptance C=710401 | 0381|0541 | 13011831 ] 23513131 438
Number C=3|0441 0611|0961 | 1321|1831 ]2351] 3131 417
C=5|0471|064] | 05B1 | 1331|1841 2,321 | 3.131 3.87

C=10]049]1 10671 | 1001 | 134118411 2551) 3151 3.80

able 2 pvaloes Ior ed parametric values o undar the condihons of Sor 1stribution

Table 2 p values for the defined i val f 55P under the condita f Borel Distribut:

F.ip) | 0.9% 0.95 0.75 030 0.23 010 0.03
4] 0.0047 [ 00080 | 00157 | 0.0314 | 0.0436 | 0.0703 | 0872

Figure 2 OC curves for 55P undar the

Fi 1 OC curves for S5P under tha
1gure curves 1ot o conditions of Borel distribution for fixed ¢

condifions of Borel distribution

plamay

= Fropraoriion dleleciiye (1)
I Thos Tl i Eh
Figure 3 OC curves for 55P under the Figure 4 OC curve of smgle sampling plan
condiions of Borel dismbution for fixed n (36, 3) under the conditions of Boral
3 1 CH0 distribution
) Frapartion Dkefoctive (p) Prapsrtion Ikfective
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Fizure 3 AQQ) curve of single sampling plan Figure § OC curves of SSP under the
(16, 3) under tha condrtions of Borsl conditionz of Borel distmibution and Zero
distribution Truncated Poizzon distribution
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