Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 1s (2025)

Solution of Partial Differential Equations and Their Application by
Three Parameters of Integral Transform

Nour K. Salman'*, Aldhlki,Talat Jassim? , Emad A. Kuffi®, Ahmad Issa*
123 Department of Mathematics, College of Basic Education, Mustansiriyah University, Iraq Baghdad.
4 Department of Mathematics, Faculty of science, Karabuk University, Turkey.

Article History: Abstract:

Received: 02-08-2024 This article explains the Nour integral transform technique and denoted by
L "NO transform ", it's fundamental hypothesis and its power to solve the
Revised: 25-09-2024 exact solution of partial differential operator equations (PDOE's) have been
Accepted: 13-10-2024 introduced and shown by the exact solution of various elementary
engineering partial differential operator equations such as: wave partial
equation, heat partial equation, Laplace’s partial equation, telegraph partial

equation, and Klein-Gordon partial equation.

Keywords: (NO) transform, /°° order differential equations, 2"¢ order
differential equations, Wave equation, Heat equation, Laplace’s equation,
Telegraph equation, Klein-Gordan equation.

1. Introduction

PDE's introduce a special type of operator equations, with various partial differentiate of passive
variables. PDE's degree is identified via the highest differentiate that shows in the operator equation
using an arithmetical model that could to solve and evaluate the exact solution of PDE break off a
function converts to identity when shifted into the equation .PDEs have been applied in different
scientific offshoots, which yield from their might to express engineering applications in an
arithmetical model that can be manipulated and find the exact solution via mathematical approach
[1-3]. The Importance of PDEs necessitated applying the most effective arithmetical approaches as
their exact solution [4-7]. Transform techniques’ might to transform applications from one domain
to another to facilitate their exact solution has putted them as a preference in the domain of exact
PDE solution. Authors have suggested many integral transforms to find exactly the solution of PDEs;
every suggested transform has particular states when it shines [8—14]. The material of area of PDE's,
on the other hand, has not yet improved from the revolutionary (Nour) technique. The NO transform
is applied in this paper to evaluate the solution of first and second order PDE's, also some practical
problems of operator equations, which are respected fundamental in the arithmetical engineering
field.

There are many integral transforms with two or three parameters, such as: ZAM transform, Khalouta
transform, Rishi transform [18].But what distinguishes our proposed transform is the ease of
mathematical operations and algebraic simplification and this is clear from the examples and
applications in the article. The main goal of this article is to solve partial differential equations and
use this transform to find the exact solution for the most important and most common physical and
engineering applications .

2. Elementary Properties of NO Transform Technique
The Nour technique "NO technique" is defined as a function f (t) as [15]:
G(s,v,u) = No{g(t)} = (E)ﬁ fowe‘”t g(st)dt,fEZ. (1)
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And v, s, u are complex parameters, t = 0.
Standard as Convergence (1)

(NO) transform Technique as g (t) is a function exists, if it has exponential order and foplg(st)l dt

exist V p > 0. The convergence is required to be proven as sufficiently big u, therefore it is going to
be assumed thats,v, u > cand c > 0.

E)B J:o|e—utg(st)| dt = (;)ﬁ Uon|e—utg(st)| dt + f:|e—utg(st)| dtl_
Where n € [0, )
< ﬁ—ﬁ [fonlg(t)ldt + e Ig(t)ldt] .

For: [0< _e7s <1]

Applying NO Transform on partial.

Sy} [f0n|g(t)| dt+ [~ es'M e“dt],
vh —(E—C)t N
= [f lg(®)|dt + M ——— ( ) |5] (exponential order).

Fors,v,u>rc

wB

= lfon lg(®©)ldt + M %l

21’ld

The /*%integral exists via assumption, and the 2"%term is finite for v,5,u > c.

The integral (E)ﬁ J,. e g(st) dt, converges absolutely and NO {g (t)} exists.

Standard for Convergence (1)

To ensure (1), NO {g (1)} exists if:

° g (t) is a function of exponential order on [0, b].

° g (t) isa limited function , piecewise, continuous function and has a bounded number of
discontinuous requirements so that the integral f; lg(t)|dt.

Where (s,v,u) » 0ass,v,u - .

Assuming g (t) satisfy criterion (1), which implies G (s, v,u) = NO{g (t)}will exist if s,v,u = c for
some c.

B % ©
|G(s,v,u)| = (E) J, eMg(stdt| <[, leTMg(st)ldt = G(s,v,u), s,v,u—
B
oo,S;Te_ut — 0. Fort = 0.

2.2 NO Technique Uniqueness [15]

Assume that functions f and g are functions of exponential kind b ,piecewise functions and
continuous in [0, ). If NO{g (t)}= NO{f(t)} where s,v,u > c, therefore f (t) =g(t) Vt= 0.
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2.3 NO Transform of Partial Derivatives of g(x,t)

Integration by (u dv ) method is applied to get NO technique as partial differentiate , as:
No {Z—‘f (x,t) } = (%)ﬁ fOOO e ut Z—f(x,st) dt,

let uw*=e ¥ |, dv*= 2—‘? (x, st) dt,

du* = —ue ™ dt , v*=g(x,st) ,

I=uv— [ vdu",

= (Z)ﬁ ([e™“tg(x,st) 15 — fooo g(x,st) (—ue ™t dt)),

u (z)ﬁ fooo e % g(x,st)dt— (E)B g(x,0),

N

o {500 f=u Nofgle w3} ~ (%) 7 g . 0) . @
To Find No [62%(:2'“)
let = (Z—‘z) , then by using Eq.(2) .

No [azg(x'“) ] = No [@] =uNo{f (x,u)} — (—) f(x,0),

ot?

No [at2 (xst)]—u[uNo{g(xu)}—G) g(xO)] f(xO)

= No (g} —u (%) 90— (&) 2 0,

Integral the n'" partial derivative:

B — i a(l) ’0
No {dtn (x, st) }: u"N{g (x,u)} - (E) ( nol yn-i-l % )
3. Exact Solutions of Elementary Partial Differential Operator Equations Applying NO
Transform

The exact solutions for first order and second order partial differential operator equations, also the
five basic mathematical models: wave partial operator equation, heat partial operator equation,
Laplace’s partial operator equation , telegraph partial operator equation, and Klein-Gordon operator
equation are explained in this part.

Problem (1)

The linear /*‘order PDE:

9x=29:+g ©)
with g(x,0) = 6e ~*

And u is limited as x, t > 0.

Solution:

Let N be the NO transform of g.
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Take NO transform to both sides of Eq.(3), gets.

% — 2uN (x,u) +2 (g) B g(x,0) = N (x,u) , this operator equation is a linear /°° order

ordinary operator equation.

dN (xu)
dx

— Qu+ DN (x,u)=-12 (E) B e=3x,

The integral factor is P(x) = e~/ 2utldx — o=(Qu+Dx

Ad N(xuw=>[ P.Qdx.

B
Then, N (ou) = e@ux [ e=Cusdx (—12 (2)7 e=) dx |
= gQu+Dx [_12 (g) B J‘ e~ XQutd) g, ]’

— e(2u+1)x [_12 (E) B (__1 e—2(u+2)x +c )] ’

S 2u+4

B
_ ,Qu+Dx v 12 —-2(u+2)x
=€ [(s) 2wsn) € + C]

— v B 6
= e 3% ((;) m) + (Ce(2u+1)x).
Since N is limited, then ¢ should be equal to 0. Take the invertible of NO transform technique gets.
N (x,u) = 6e3* e=* |

N (x,u) = 6e~Cx+20

Problem (2)
Consider the partial Laplace’s equation [16]:
Grex + g =0 ,9(x,0) = 0. (4)

g:(x,0)=cos(x) ,x,t>0.
solution:

Suppose N(x,u) is the NO transform technique of g. Take NO transform technique to both sides of
Eq. (4), gets:

N'(c,u)+u? N(x,u) —u (z)ﬁ g(x,0) — G)ﬁz—‘f (x,0) =0,

N

N'(x,u) +u’ N(x,u) —u (Z)B 0) — (Z)ﬁ cos(x) =0,

N S

N'(x,u) + u’ N(x,u) = (Z)B cos(x) .

N

The concluded equation is 2"

following formula:

order non-homogeneous ODE that has a particular solution as the

Ny = 26 0

1
— D? +1
2
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é (E) B cos(x)

NGow) = 5 (=D+1

_ & eosto
=S )

Where D? = N'(x,u).

Using the invertible NO technique to both sides of Eq. (5) creates the exact solution to Eq.(4)in the
formula:

glx,t) =sinh(t) cos(x) .

Or

glx,t) = é (et —e ) cos(x) = é et cos(x) —é e tcos (x) .
Problem (3)

The partial wave equation [16]:

Jex — 49 =0 , g(x,0) =sin (m,0) . (6)
ge(x,0) =0 ., xt>0.
solution:

Using the NO transform technique to Eq. (6) and using the conditions provided, gets

N'(x,u) —4 (u2 N(x,u) — (E) B g(x,0)+ ag;;tc,o)) =0,

" B B
N"(x,u) — 4u’N(x,u) + 4u (E) g(x,0) + 4(5) ag(;atc,o) —0,

" B

N'(x,u) — 4u’N(x,u) + 4u (E) sin(nx) = 0,
" ﬁ

N'(x,u) —4u’N(x,u) = —4u (E) sin(mx) ,

—é (E)Bsin (1tx)

1
—D2 —]
w?

N(x,u) =

—é (E)B sin (mx)
2
=

1

—4u (E)ﬁsin (1tx)

—112 —4u?
o (3)’
—4(u2 +§ nz)

_u9
()

Using the invertible NO method of output the particular solution of Eq. (6) in the formula:

sin(mx) ,

sin(mx) .
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glx,t) = cos( )(rtx) .
Problem (4)
Consider the linear telegraph partial equation [16]:
Gxx = Gee +29: + g - (7)
Subject to the initial conditions (I.C’s)
g(x,0) =e*, g (x,0) = —2e*,
Solution:
Using the NO transform technique to Eq. (7), gets the following:

N'Cx,w) — [u’N(x, u)—u( ) (x, )_(_)ﬁ 095;; o)]

2 [uN(x, u) — (E)B g(x, 0)] —N(x,u) =0,

Providing the (I.C's) to the concluded equation gets:

N'(x,u) —uzN(x,u)+u( ) g(x, o)+(s) %9 (x,0) — 2u N(x,u) + 2() g(x,0) —
N(x,u) =0

N'(x,u) =N, wWu?+2u+1)+u (E)B e* —2(5)13 e* +2(§)B e* =0,
N'(x,u) =N, W@’ +2u+1)=-u (g)ﬁ e*,

()

1

N'(x,u) —N(x,u) =

u?+ 2u+i w+2u+1 !
B
~u(g)” e
(u+1)2 N'(x,u) —N(x,u) = Y
B
o
N(x,u) = —(“”)2
p2-1 '
(u+1)2
N
ul®
I R O LT
- L - I—(u+n? 1
! (u+1)2[ (1527)2 ]
_u® e —uft) e
w?+2u —u(u+2) '’
_(z)‘* ox
N(x U,) = Tt (8)

Using the invertible of NO transform technique to Eq. (8) creates the exact solution to Eq. (7) in the
formula:

g(x, t) — e—2tex — ex—2t )
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Problem (5)
Consider the 2"®order linear homogeneous Klein-Gordon operator equation [17]:
U = U FUy+2u 0<X< o ,t>0. 9)
Subject to the initial conditions (1.C.'s):
ulx,0) =e* ,u; (x,0)=0.
Solution:
Using NO transform on Eqg. (9), gets
N

wWN(x,u) —u (E)ﬁ g(x,0) — (E) Z—‘j (x,0) — N"(x,u)

—N'(x,u) —2N(x,u) =0,
w’ N(x,u) —u (E)B e* —N'(x,u) —N'(x,u) — 2N(x,u) = 0,

N'(x,u) + N'(x,u) = N(x,u) W’ —2) = —u (E) Bex |

_u(Z)’* ox
1 N"(x,u) +—1 N'(x,u) — N(x,u) = —%—,

(u?-2) (w?-2) (u?-2)
By
—u(g) e
Neow) = F=2——,
w-2) " (w?-2)
B x
~u(g) e
— (u?-2)
ﬁ(1+1—(u2 -2))
v ﬁ
—u() e
EEvreak (10)
Using the invertible of NO technique to Eq. (15) gets the exact solution to Eg. (9) in the formula:
glx,t) =e*.

4. Conclusion

The novel integral NO technique has been used to evaluate the solution of PDEs. The proofs that
accompanied using the NO technique to PDE's and the exact solution of a practical problem
consolidate the NO technique’s capacity to efficiently lever and provide the exact solution for the
PDEs, becoming it a powerful concurrent to another integral techniques in solving PDEs. This
transform was applied to solve partial differential equations for most important applications, namely
the heat ,wave , Laplace Klein-Gordon , and Telegraph equations .1t was demonstrated through the
solution steps that the advantage of this transform is simplicity of the arithmetic and algebraic
operations and obtaining the exact solution is simpler steps.
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