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1. Introduction

In this paper, we are concerned with fuzzy matrices over the fuzzy algebra F' = [0,1] is defined by the
max - min operation a + b = max{a,b} and a - b = min{a,b} for all a,b € F . Let F,,x, be the collection
of all m % n fuzzy matrices in the fuzzy algebra {F : F'=[0,1]}. If there exist X such that AX4 = 4,
then the matrix 4 € F,%, 1s said to be regular, X is known as a generalized (g") inverse of 4. In [2],
Kim and Roush developed a fuzzy matrix theory analogous to Boolean matrices and also investigated
the inverse of Boolean matrices . Meenakshi and Gandhimathi [3], investigated the regularity of
intuitionistic fuzzy matrices. Padder and Murugadas explored idempotent IFMs as well as T-type
idempotent IFMs in [4]. In [5], using the concept of fuzzy sets, Atanassov introduced and developed
the notion of intuitionistic fuzzy sets.. Ben Israel and Greville [6], discussed the idea of generalized
inverses. As a continuation of the work on fuzzy matrices in [7], Pal and Khan developed basic
properties of intuitionistic fuzzy matrices. The minus ordering on matrices is defined by Meenakshi
and Inbam in terms of their generalised inverses. Moreover, they established fuzzy matrices space
ordering in[9], which is a partial ordering on the set of all idempotent matrices in fuzzy matrices.
Sriram and Murugadas explored minus ordering on fuzzy matrices in [10]. In [11], Cen published T-
ordering and the relationship between T-ordering in fuzzy matrices. Poongodi, Padmavathi, Vinitha,
and Hema investigated the idea of ordering for k-regular Interval Valued Fuzzy Matrices in [12], as a
generalization of the minus ordering for regular fuzzy matrices. Cho investigated the consistency of
fuzzy matrix equations in [13]. As a generalization of the regular fuzzy matrix, Meenakshi and Jenita
developed the idea of k - regular fuzzy matrix [14]. The concept of generlized inverse of intuitionistic
fuzzy matrices is introduced by Khan and Paul [15]. Pradhan and Pal [16], offer a method for
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computing the inverse of an intuitionistic fuzzy matrix using the generalized inverses of the original
matrix’s blocks. In [17], Meenakshi and Jenita addressed the k-g inverses of k-regular fuzzy matrices.
In [18], Jenita and Karuppusamy examined the k-regularity of fuzzy and block Intuitionistic fuzzy
matrices. The idea of generalized regular block intuitionistic fuzzy matrices was presented in [19].
Special types of inverses and their characterisation were covered in [20, 21]. [22, 23], are excellent
resources for learning more about fuzzy matrix and its applications. Jenita, Karuppusamy, and
Thangamani proposed the concept of k - regular intuitionistic fuzzy matrices in [24], as a generalisation
of regular intuitionistic fuzzy matrices. Several inverses of k-regular intuitionistic fuzzy matrices were
investigated in [25]. The k-sharp ordering for k-regular intuitionistic fuzzy matrices is described in this
study as a generalisation of the k-minus ordering, and some of its properties related to k-g inverses are
investigated.

2. Preliminaries

The matrix operations on intuitionistic fuzzy matrices as stated in [3] will be followed.
A+ B = ((max{aijy, byju}, min{aij, bijo})),
AB = (<m}3xmin{aik#, bkj“}, mkinmax{al-kv, bkjv}>)
Define the order relation on (IFM),,,«, as follows,
A<B & Aiju < biju and QAijy > bijva for all i andj.

Definition 2.1 [1]
For A € (IFM)yand B € (IFM),, the k-minus ordering denoted as <jis defined as A <, B &
AkU = B¥U,U € A{1¥} and VA* = VB*,V € A{1k]}.

Definition 2.2 [25]

If there exist the matrix X € (IFM),, such that AXXA = A*, for some positive integer k, then the
matrix A € (IFM), is said be right k-regular. Right k-g-inverse of A4 is called X. Let A,.{1%} =
{X/A*XA = A¥}.

Definition 2.3 [25]

If there exists a matrix Y € (IFM),, such that AYA* = A¥, for some integer k, then the matrix A €
(IFM),,, is said be left k-regular. Left k-g-inverse of A is called Y. Let A,{1%*} = {Y /AYA* = A¥}. In
general, right k-regular is different from left k-regular.

Definition 2. 4[9]

% #
For A € Fi .., and B € F,,y,,, the sharp ordering denoted as < is defined as A < B & A*A = A*B
and AA* = BA.

Lemma 2.1[3]
For Aand B € (IFM)xn, R(B) € R(A) © B = XA for some X € (IFM),,,C(B) € C(A) ©® B =
AY forsome Y € (IFM),,.
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Lemma 2.2[16]
For A € (IFM)xpn and B € (IFM)pyp, R(AB) € R(B),C(AB) < C(A).

Lemma 2. 3[24]

For A,B € (IFM),,, and for a positive integer k, then the following statements hold.

(i) If A is right k - regular and R(B) € R(A¥), then B = BXA for each rightk - g

inverse X of A.

(ii) If A is left k - regular and C(B) € C(A4%), then B = AYB for each left k - g inverse Y of A.

Lemma 2.4[9]

For A € (IFM),and B € (IFM),, the following are equivalent.

1)A<; B

(ii) A¥ = BKUA = AV B¥ for some U,V € A{1*}.

3. k-sharp ordering on Intuitionistic Fuzzy Matrices

This section deals a special type of ordering involving Drazin inverses named as k-Sharp ordering
for k-regular Intuitionistic Fuzzy Matrices.

(IFM);, = {A € (IFM),/A has k — g inverse }, IFM)2 = {4 € (IFM),, /A5 exists }.

Ap is the Drazin inverse of A.
For k = 1, the following result reduces to the result of sharp-ordering on fuzzy matrices [9].

Definition 3.1
For A € (IFM),, the Drazin inverse of A denoted by X is the solution of the following equation

Ak = A¥XA = AXA* for some positive integer k

X = XAX

AX = XA
The smallest positive integer k for which (1) holds is called index of A. For k-regular IFM's it is
called regularity index. The group inverse is a particular case of Drazin inverse with index one.
Already we have proved that, the Drazin inverse is a k-g inverse but the k-g inverse need not imply
the Drazin inverse [25]. Also, if the Drazin inverse of a matrix exists, it is unique.

Definition 3.2

For A € (IFM),, the group inverse of A, denoted as A* is a commuting semi-inverse of 4, that is,
AA'A = A, AAA* = A" and AA* = A*A.

Definition 3.3

# #
For A € (IFM)¥,, and B € (IFM) ., the sharp ordering denoted as < is defined as A < B &
A*A = A*B and AA* = BA".

Definition 3.4
For A € (IFM)xnand B € (IFM),%n, the minus ordering denoted as <™ is defined as
A <™ B © AX = BX, and XA = XB, for some X € A{1}.
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Thus Sharp ordering is the speical case of minus ordering. In general, minus order need not imply

Sharp order.
Example 3.1
(1,0) (1,0) (0,1) (1,0) (0.1,0.1) (1,0)
teia =gy onl X =lao aolm® =" o o)
AuXuAf{[% (12) (1)1 ﬂ}[o 0 [O 01[1 0]=[% (12)]=Au-and
AﬁXﬁAﬁ:{[o 1”0 }[0 1 [1 0[0 ]:[0 1]=A19'
Therefore AXA = [8:8; 2(1):2;] = A.X is a g-inverse of A.
axy=[y oll) 1l=lo dmesx=[" oIl 1=l 1l
A X, = B,X,
AaXe=[3 dlo o=l ol mazsxs=[g" 11l ol=[ ¢
AgXy = ByXg.
Thereforz A)i _1[23212; 2%:g;(]):BX 0 17101 1 1 0
X = 1”1 0]2[1 1]andX“B“:[1 1[1' o]: 1 1]'
X,A, = X,B,
O [ P O [ S
XoBy = X3By.
Therefore, XA = [8:8; 2(1):(1);] = XB.
Hence A is a minus orderlng of Intultlonistic Fuzzy Matrices.
[ i T B A EE

{[ ][8 Do o= 1o Ho ol =lo ol =

Therefore XAX = [<O A (L O>] X.

(1,0) (1,0)
_ [{1,0) (1,0) _ [{1,0) (0,1)
AX = 0.1y (1,0) and XA = 1,0y (1,0)]°
_ [{1,0) (1,0) _ [(L0) (0,1)
AX = 0.1y (1,0) and XA = 1,0y (1,0y]"

Here, AX # XA Therefore, minus Ordering need not imply Sharp Ordering.
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Definition 3.5

ForA € (IFM)Z and B € (IFM),, the k-sharp ordering denoted as <E is defined as A <E B &

AkAx = B* A5
and ApA* = A5B*

Ap is the Drazin inverse of A. Since the Drazin inverse is unique, the right k-g inverse and left k-g

Inverse are same.

Remark 3.1
Thus, k-sharp ordering is the special case of k-minus ordering.
In general, k-minus order need not imply k-sharp order.

Example 3.2

(0.7,0) (0.6,0.4)
(0.5,0.2)  (0,0.5)]

0.7 0.6][0.7 0.6] [0.7 0.6
05 o|los o _los 05

LetA =

2 —
4=1"0 o4f| 0 04 “lo o4 * Ao
0.2 0.2 0.5 0.2 04
, _[€0.7,0) (0.6,0. 4)]
Therefore, A [(O 502) (0.5,0.4) A
, , _ [{1,0) (0,1)] _ [€0,1) (1,0)
For the permutation matrices P; = [<0’1> (1,0) and P, = 1,0y (0,1))

AP A, = {[07 06”(1) }[07 0.6

0
(57 *4l; *9-12 594
andAanAﬁ:{[O_z 8;}”1 o]} 0.3 8§]
0 04770 0.4 0 04
=lo2 oslloz osl=loz o4l *40

(0.7,0) (0.6,0.4)] .

Therefore, AP;A = [(0_5’0_2) (0.5,0.4)

s ={los "olly ollos ol
=[0.6 07”07 06] [06 06]¢A

0 05

andAaPzaAa={[02 0.5 ][(1) }[02 8;}
_[0.4 o] [0 0.4 _[0.2 0.4] £ A,

“ 105 0.2110.2 051 102 05

[(0.6,0.2) (0.6,0.4)] 2 A
(0.5,0.2)  (0,0.5)
Therefore, A is not regular. A is 2 regular.

Therefore, AP,A =
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(0.7,0) (0.6,0.4)
0.5,0.2) (0.5,0.4)
XA _{0.7 0.6] [0.7 0.6}[0.7 0.6

S 00%5 0065 00%5 0065 0(')57 006

0.5 0515 0 0.5 0.5

and 455040 ={[05 0allo2 0altlo2 o5

=[ 0 0.4][ 0 0.4 =[ 0 04
02 04llo2 o5l lo2 04
(0.7,0) (0.6,0.4)
0.5,0.2) (0.5,0.4)

ForX=[<

|-

| = 43.

Therefore, A>XA = [< ] = A?

and AuXuAlzx _ { 0.7 0.6] [0.7 0.6 }[0.7 0.6

0.7 0250700(6)'5 %57 8'65 0>
=los osllos osl=los osl=4

0 041 0 04 0 04
AﬁXﬁA%:{[o.z 0.5”0.2 0.4]}[0.2 0.4]
_[ 0 0dy[ 0 041 0 04 p
0.2 041102 04 0.2 04 v
(0.7,0) (0.6,0.4)]_ .
(0.5,0.2) (0.5,0.4) =4~
Hence, A2XA = AXA? = A?. X is 2-g inverse of A.
Here,

and

Therefore, AXA? = [

X AX. = {[0.7 0.6 [0.7 0.6} 0.7 0.6]

n 3711 _060_3 , O.(S) 60.5 . 7O 02_5 0.5
B [0:5 0:5] [0:5 0.5 = [0:5 0:5] =X,
wravrs=(53 0 $003

0 0417 0 04 0 04

“lo2 04l [0.2 0.4]=[0_2 0_4]=Xv-

_ [ (0.7,0) (0.6,0.4)] _

Therefore, XAX = [(0_5’0_2) (0.5,04)] X
[ (0.7,0) (0.6,0.4)] _

Therefore, AX = [<0_5,0_2) (0.5,0.4)] X4

Hence, X is a Drazin inverse of A.

1 (0.7,0) (0.6,0.4)
ForB = [(0.5,0.2) (0.6,0.2)
g =[07 06][07 06]_[07 06
« =los oellos 06l =los o6
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02 o2lloz o2l=lo2 ol

, [ (0.7,0) (0.6,0.4)
Therefore, B~ = [(0.5,0.2) (0.6,0.2)

and B} = [

] = B, B is regular.

Here,

(0.7,0) (0.6,0.4)

0.5,0.2) (0.5,0.4)
, [ (0.7,0) (0.6,0.4)]  up2

Therefore, XA* = (05,02) (0.50.4) = XB~.

Hence, A is 2-Sharp ordering.

Example 3.3

Therefore, A%X = [( ] = B%X.

From Example (3.2), A is 2-Sharp ordering.

[ (07,00 (0.6,0.4)
Here, 4 = [(0.5,0.2) (0,0.5)
_([0.7 0.61[0.7 0.6)[0.7 0.6
A“X”A“‘{[o.s 0 ”0.5 0.5}0.5 0
107 0.61[0.7 0.6]_[0.7 0.6
‘[0.5 0.5] [0.5 0 ‘[0.5 0.5]¢AH
(] 0 047 O 041 0 0.4
andAﬁXﬁA‘?_{[o.z 0.5”0.2 0.4}.0.2 0.5
10 0417 O 04] [ O 04 A
“loz2 0.4 [0.2 0.5]_[0.2 0.4]*&‘4”'
[ (0.7,0) (0.6,0.4)]
Therefore, AXA = [<0.5’0.2) (0.5’0.4)_.AXA #* A.

Therefore, k-Sharp Ordering need not imply Sharp Ordering.

Example 3.4
[ (0.4,0) (0.1,0.2)
Ford = [(0.2,0.1) (0,0.4) |’
> _[0.4 0.1770.4 0.17_ 04 0.1
4= lo.2 0”0.2 o]_[oz 0.1]*“‘1#and
2 _[ 0 021 0 0.27_ 0.2
Al’_[o.1 0.4”0.1 0.4 _[0.1 o.z]iAl"
> [ (0.4,0) (0.1,0.2)]
Therefore, A° = [(0.2,0.1) (0.1,0.2) A
: - _ [(1,0) (0,1)] _[(0,1) (1,0)
For the permutation matrices P; = [<0’1> (1,0) and P, = 1,0y (0,1))
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aPu = ([ YL Ot oL
04 01]04 01] 8421 8.1]7&‘4”
andAanAﬁ—{[o.? oall ollor o
:[02 3'42}”02 8'42}]:[0(.)1 8:3]*&‘419
et = [ 249 0122
AuquAu={[8:g 04j0 104 o
-3 B G- Gy
andAﬁPwAﬁ:{[oa ”é }[0.2 8.421
N R PN
et ara <[220 ©102)
Therefore, A is not regular. 4 is 2 regular.
Forx = 0201 (0102
aix={lo2 o1lloz oMoz o
- S - -
and AgX A9 = {01 831[01 02}02 83}
=[0.(1) gé”o.g g:ﬂ=[o.(1) 8'§]=A%'
(0.4,0) (0.1,0.2) 04 0.1

2 —
Therefore, A“XA = [(0_2 0.1) (0.1,0.2)

02 olloz o1l=l

A19X19A19={[ 0 0.2

and

0.1 0.4] [0(1) 83} 0.1 0.2

] = A% and A, X, A% = {

. 0'2] [0.(1) gé] - [0.

101 0.3
(0.4,0) (0.1,0.2)] e
(0.2,0.1) (0.1,0.2) :
Hence, A2XA = AXA? = A?. X is 2-g inverse of A.
(0.4,0) (0.1,0.2)
(0.2,03) (0.3,0.1)

Therefore, AXA? = [

For B =[
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B2 = [0.4 0.1] [0.4 0.1 _ [0.4 0.1

# 102 0.3/l0.2 03] 102 03
085 =3 oallos o01l=los o1

(0.4,0) (0.1,0.2)

2 _
Therefore, B —[<0_2,0_3) (0.3,0.1)

] = B, B is regular.

Here,
%2105 oilloz 01l=los o1
and 52X, = (00 04 [08 O=[0% o3

Therefore, A3 X, = B;X,,
dxo=[ 0 020 03]=[ 0 02

0.1 0.2 lo.1 0.2
wa 5% =[o3 01llot 02l =l oz

. Therefore, A5Xy = B5Xy.
(0.4,0) (0.1,0.2)

2 —
Therefore, A“X = [(0_2’0_1) (0.1,0.2)

]szX.

5i=102 o1lloz o1l =lo2 ol
wd %87 =05 o102 031=[02 o1
Therefore, X, A2 = X, B2,

%515 = [0 03llot o0al=los 03
andxﬁBt%:[o.(l) 8:3] [0.(3) 8:i:=[0.(1) 83]

. Therefore, X, A3 = X, BZ.
(0.4,0) (0.1,0.2)
0.2,0.1) (0.1,0.2)

%= [0z “olloz 01l =loz "ol

5=l o1llo2 “ol=loz o1l

Therefore, A?X = [( ] = B?X.

Therefore, A, X, # X, A,

AyXy = [Og §A§1.] [02 §§ - [Og §§
Xody = [0.1 0:2] [0.1 0.4l = [0.1 0.21"

Therefore, AyXy # XgAyg. Hence, AX # XA.
Therefore, Drazin inverse does not exist and hence A and B are not in 2-Sharp ordering.
Thus k-minus order need not imply k-Sharp order.

https://internationalpubls.com 358



Advances in Nonlinear Variational Inequalities
ISSN: 1092-910X
Vol 28 No. 2 (2025)

Lemma 3.1

For A,B € (IFM);.If A <;; B with R(A) € R(B¥) and C(A) € C(B¥), then B{1¥} € A{1*}

Proof:
By Lemma [2.3],
A <; B = A¥ = BXUA = AVB¥ for some U,V € A{1¥}

If B is right k-regular with R(A) € R(B¥), then by Lemma [2.3], A = AVB for each right k-g

inverse IV of B.

If B is left k-regular with C(A) € C(B¥), then by Lemma [2.3], A = BUA for some left k-g inverse

U of B.
For X € B{1k},

AkXA = (AVB*)X(BUA)
= AV(B*XB)UA
= AVB*UA
= AKUA = A%

ForY € B{1}},

AY A* = (AVB)Y(B*UA)

= AV(BYB*)UA
= AVB*UA
= AVAF = Ak,
Hence B{1¥} € A{1*}.
Lemma 3.2
For A € (IF M),L;) and B € (IFM),,, the following are equivalent:
(i)A <P B

(i) A*¥ = B¥A5A = AA5B¥, Aj is the Drazin inverse of A.
Proof:
(@) = (i)
A<D B o AkA; = B*Aj;
and AﬁAk = AﬁBk
Ap 1s the Drazin inverse of A.
A¥ = A¥A5A = B*A5A
A¥ = AApA* = AApB*
(i) = (@)

Ap exists = A¥AzA = AA5AF = AF

ApAAp = Ap
Adp = ApA

and Ap is unique.
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AkAs = (B*¥A5A)Ap
= B*(A5AA5p)
= B*Ap

AA* = A5(AA5BY)
= (A5AA5)B*
= AzB*

Corollory 3.1
For A € EP and B € F,, the following are equivalent

()A<? B
(ii) A¥ = B¥Ap,A = AApB¥, Ap is the Drazin inverse of A.

Lemma 3.3

For A, B € (IFM)2,if A <P B then R(4¥) € R(B¥), C(A¥) € C(B¥) and A¥ = A¥A5B =
BAzA¥, Ag is the Drazin inverse of A.

Proof:

By Lemma [3.2],

A¥ = B¥A5A = AA5B* By Lemma [3.1], If B is right k-regular and R(A*) € R(B¥),then A* =
AKA5B, A is a right k-g inverse of B.

If B is left k-regular and C (4¥) € C(B¥), then A* = BA5A¥, A5 is a left k-g inverse of B.

Corollory 3.2
For A,B € EP if A <£ B, then R(A¥) € R(B¥), C(4*) € C(B¥) and A* = A*A,B = BApA*, A is
the Drazin inverse of A.

Lemma 3.4

For A € (IFM )E ,B € (IFM),, the following are equivalent:
() 4 <} B,

(ii) A¥B* = (4%)% = B*4A¥

Proof:

Since Aj exists, A¥t1A5 = Az AR*TY = AF.

A5AA5 = A5 and AﬁA = AA5.

(i) = (ii)

By Lemma [3.2], 4 <P B © 4k = B¥A5A = AA;B*
AkBk — Ak+1AD’Bk

= A¥(4A5B%)

— AkAk — (Ak)Z
B*A* = BXAA**1 = (BKApA)A* = AkAK = (4F)?
(i) = (1)
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A¥Ap = (A" Ap)Ap
= A*(AAp)Ap
= (A**1Ap)(AAp)Ap
= A*(AAp)(AAp)Ap
= A*(AAp)*Ap
= A*(AAp)“Ap
= A*(A)(Ap)*Ap
= (4)*(Ap)*“Ap
— BkAk(A’D”)k+1
= B*A* "1 A5 N (ApAAp)
— BkAk_lA%
= B*A*"2A%5 % (ApAAp)
= BkAk-2457"

= B*A;

Similarly, A5A¥ = A5B¥. Therefore A <2 B. Hence the Proof.

Corollary 3.3

For A € EP, B € F, the following are equivalent
()A<? B

(ii) A¥B¥ = (4%)% = B*A¥

Theorem 3.1

For A € (IFM)2 and B € (IFM),, then A <? B & A*B* = B¥4A¥ and A <; B
Proof:
By Lemma [3.4] and the Definition of k-minus ordering and k-sharp ordering,
A <P B = A <; B and A*B* = BkAk = (4%)2
Conversely A <; B = A*¥ = BXUA = AVB*,U,V € A{1¥} (By Lemma [2.8])
A¥B* = (AV A*)B*
= AVB*AF
— AkAk — (Ak)Z
B*Ak = B*(AkUA)
= A¥B*UA
— AkAk — (Ak)Z
By the Lemma [3.4],

AkB¥ = BkAk = (4)2 = 4 <D B.
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Corollory 3.4
For A € EP,B € E, then A <? B & A*B* = B¥A* and A <} B.

Lemma 3.5

For A,B € (IFM)2 if A <P B and B{1*} € A{1¥} then A¥ = A*B;B = BB;A*
Proof:

By Lemma [3.3]

Ak = A¥A5B = BA5A*

B{1*} € A{1*} and the existence of Drazin inverse is unique

= the Drazin inverse of B is the Drazin inverse of A.

Hence A*¥ = A*B5B = BBA*

Corollary 3.5

For A,B € EP if A <2 B and B{1%¥} € A{1*}, then A* = A¥B,B = BB A*.

Lemma 3.6

For A € (IFM),, if A* exists then A™ has a group inverse for any positive integer m > 1.

Proof:

By using AA* = A*A, we have

(49)™ is a group inverse on A™.

Hence (A™)* exists for all m > 1.

Theorem 3.2

For A € (IFM),,, if G is the Drazin inverse of A with index k, then for any s > k, A® has group
inverse and G° is the group inverse of A°.

Proof:
Suppose A has Drazin inverse G with index k, then A¥*1G = A*,G2A = G and AG = GA.
Claim: G°® is the group inverse of A°.
AkaAk — AkGGk—lAk
= A*GAGF-1A* 1

— Aka—lAk—l
= AkKGA = A*.
AkG* = Gk AK follows from AG = GA.
Now, G*A*G* = GkGkA¥
— (Gk)ZAk
— (GZ)kAk
= (GZA)" = G*.

Thus G* is the group inverse of A¥.
By using Lemma [3.6], for any s > k, A° has group inverse and G° is the group inverse of A%.
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Theorem 3.3

~ ~ #
For A € (IFM)2 and B € (IFM),, A <2= Ak < B¥
Proof:

A <E=> A*G = B¥G and GA¥ = GB¥, G is the Drazin inverse of A.
Since G is the Drazin inverse of A,

Ak+1G — Ak
GAG = G and AG = GA

By Theorem [3.2], if G is the Drazin inverse of A, then G¥ is the group inverse of A¥.
Claim: AG* = B*G* and G*A¥ = G¥B¥, G is the group inverse of A¥.

Aka — AkGGk—l

= B*GG*~' = B¥G*
GkAk — Gk—lGAk

= G*"'GB* = G*B*.

8
Hence A* < B¥

4. Conclusion

Ordering principles are essential for rating and categorising real-world situations. This study extends

the concept of sharp ordering to k-regular fuzzy matrices and k-regular intuitionistic fuzzy matrices.
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